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Introduction

This thesis is split into two parts. The first part is concerned with the search for Kleisli (coKleisli)
objects for monads (comonads) in the category of internal categories for a monoidal category as
introduced in [2]. The second part is concerned with the construction of Eilenberg-Moore algebras
for a Morita context as in [LI]. The reader should note that these two parts are related through
the theory of monads. The first part deals with the formal theory of monads in 2-categories and
the second part with the classical theory of monads in the usual category theory and extends it
from a single adjunction to a pair of adjunctions which is a particular example of a span.

The importance of these objects rest on the fact that they are universal constructions and
therefore important on their own, even though there are not too many applications or examples
inside this thesis.

This thesis is organized as follows. In Chapter 1, a revision of the definition of an internal
category is done. An internal category is the generalization of a small category within the category
of Sets, but it can exist inside any category C, with finite products and pullbacks.

Internal categories within monoidal categories have been introduced and studied by M. Aguiar
in his PhD thesis [2] as a framework for analysing properties of quantum groups. By choosing
appropriately the monoidal category 91, algebraic structures of recent interest in Hopf algebra
theory, such as corings and C-rings, can be interpreted as internal categories. Internal categories
can be organised into two different 2-categories. The first one, denoted by IntCat(9), has inter-
nal functors as 1-cells, and internal natural transformations as 2-cells. The second one, denoted
by IntCoCat(91), has internal cofunctors as 1-cells, and internal natural cotransformations as
2-cells. The difference between these two structures is that the internal functors can be thought of
as a push-forward of morphisms while the cofunctor can be understood as a lifting of morphisms
from one internal category to the other.

In Chapter 2, the necessary background to deal with monads is given, both in the classical
sense and in the formal sense; see [3] for the classical treatment and [20], [24] for the formal
theory. In the formal theory of monads the main role is played by a 2-category KL(.A), defined
over a 2-category A, which has the particular feature of having all Kleisli objects for any monad
defined in there. In [20], the authors not only provide this 2-category with all the Kleisli objects
but also they give the algorithm to get the Kleisli object out of a the monad defined there, this
last property will be exploited in this thesis.

Chapter 3, which is based on [I0], contains the original results of this thesis. It starts with
a quick review of the definition of a monad in the 2-category IntCat(9?). A monad (comonad)

in the 2-category IntCat(91), i.e. an internal endofunctor with two natural transformations

X



which satisfy the usual associativity and unitality conditions, is called an internal monad (in-
ternal comonad). We show that every internal monad (comonad) arises from and gives rise to a
pair of adjoint functors, by explicitly constructing the Kleisli internal category in IntCat(9). A
monad in the 2-category IntCoCat(9), i.e. an internal endocofunctor with two natural cotrans-
formations which satisfy the usual associativity and unital conditions, is also called an internal
monad. Similarly as before, we show that every internal monad arises from and give rise to a pair
of adjoint cofunctors, by explicitly constructing Kleisli objects in IntCoCat(9t). Both construc-
tions are based on the definition of the classical Kleisli category and the proofs that these indeed
give Kleisli objects are given along the same lines as in [24].

Further in the chapter, the bicategory Bicomod(9M) is constructed and the associated bi-
category KL(Bicomod(9)) is described. This last bicategory is needed in order to construct
several bifunctors which have this bicategory or one of its duals, as a codomain. A main common
feature of these bifunctors is that they are identities on objects and are full embeddings. Now
if such a bifunctor ® : IntCat(9) — KL(Bicomod(9M)) is constructed, then any monad in
IntCat (1) can be pushed-forward into KL(Bicomod(91)), and once it is there one can use the
aforementioned algorithm to get the Kleisli object for it, which happens to be in IntCat(9%).
The method just explained is used to obtain the Kleisli object for any monad and the coKleisli
object for any comonad in IntCat(9) and the Kleisli object for any monad in IntCoCat(90).

Later on, in the same chapter and based on the definition of the Kleisli object for a monad,
a new characterization of an adjunction in IntCat(97) is given. This characterization resembles
that of an isomorphism between the Hom sets for a classical adjunction between categories.

In Chapter 4, which is based on [11], a connection between functorial Morita contexts and pairs
of adjunctions is described. This correspondence is similar to that between (single) adjunctions
and monads, more precisely, between adjunctions with domain a fixed category C and the category
of Eilenberg-Moore algebras C for a monad (F, u”,n") over C. The role of the adjunctions will
be played by the so-called category of double adjunctions and the role of C¥ will be played by
the category of Eilenberg-Moore algebras (A, B)4P) for a Morita context (A, B, T,T). Given this
resemblance, this thesis concludes with a Beck-type theorem for such a relation.



Chapter 1

Internal Categories in a Monoidal Category

1.1 Internal Categories

This section is based on [7] and [13]. Let A be a category with pullbacks. An internal category
7 in A consists of the following data:

i) An internal reflexive graph[], i.e a diagram

d
Ai=—i— Ay, (1.1)

C

such that

doi=1a =c-i. (1.2)

The morphisms d and c are called domain and codomain morphisms, respectively, or source
and target as in [7]; and the morphism i is called identity morphism. Throughout this thesis
a composition of morphisms in the category A is denoted by - and the identity morphism
for the object A is denoted by 14.

ii) A composition m : Ay x4, A1 — Ay, where Ay x4, A; is the pullback of ¢ and d, i.e.,

Al X Ao Al P2 Al (13)

p1

A

Ao

We will write g f = m(g, f), where (g, f) is a generalized element of A; x 4, Ay, understood
as a morphism with codomain A; x4, A;.

This composition satisfies the following properties,

! Henceforth referred to, only, as an internal graph.



a)

1.1. Internal Categories

Compatibility with domain and codomain

c-m = c-pi, (1.4a)

d-m

which, over generalized elements of A, reads as

respectively.

Unitality:

m-ji=1a, =m-jJ2, (1.5)

where j; and j, are defined by the following diagrams,

The notation for these induced morphisms, through the pullback, will be (i - ¢; 14,).
Over generalized elements these equations read:

iy f=F=F"da) -

Associativity of the composition,

m - (La, Xaom) =m - (m xa,1a,), (1.6)

where
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1A1 ><A0m : A1 XAO <A1 XAOAl)—>A1 XAoAla

m X A, 1A1 : <A1 XAOAl) XA0A1—>A1 XAOAl,

and Al X Ag (Al X Ag Al) = (Al X Ao A1> X Ao Al.

The object Ay should be understood as a collection of all objects in Z, and because of that
named as the object of objects of the internal category Z. Furthermore, the object A; is named as
the object of morphisms or arrows of the internal category Z. Then c assigns a codomain object
for a morphism, d assigns a domain object for a morphism and ¢ assigns an identity morphism
for an object in Ay. Furthermore, m is interpreted as a composition of morphisms with matching
domain and codomain. This explains the notation - used in 7). In the case, A = Sets, an
internal category Z is simply a small category.

An internal category Z is denoted by Z = (Ag, A1, ¢, d,i,m), or shortly by Z = (Ag, Ay).
Functors between internal categories Z = (Ag, A1) and J = (By, By) are defined as follows:

A functor F' = (Fy, Fy) : (Ao, A1) — (Bo, B1), is a pair of morphisms Fy : Ay — By and
Fy : Ay — By satisfying the following properties:

i) Compatibility with domain, codomain and identity, respectively:

dy-Fy, = Fy-d,, (1.72)
Cb'Fl = FO'Ca, (17b)
ib’Fo = Fl'ia. (17C)

These equations can be written concisely as the following serially commutative diagram,

da
Al <— g AO
Ca
F1 FO
dy
By =—1u By ,
cy
ii) Preservation of the multiplication:
Fy-mg =my - (F1 X, F1) (1.8)

where I} X, F} is defined through the following diagram,
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p2
Al X Ao Al Al
§ B p2

P1 1 XBO 1 Bl

Lc

p1
Al 4 AO c
x k

B y By

Finally, a natural transformation o : F' — G is a morphism « : Ay — By, such that
i)

db-a = FO s (19&)
a-a = Gy (1.9b)

i) my(a - cq; F1) = my(Gy; - dy), where

(a-ce; F1),(Gr;a-dy) : Ay — By X, By .

For a generalized object f in Aj, this reads explicitly as:

a(ca(f)) " Fi(f) = Gi(f) " alda(f))

and hence it is the naturality condition for the transformation.

The following proposition can be stated:

Proposition 1.1.1. Let A be a category with pullbacks. Internal functors between fixed internal
categories T = (A1, Ao), J = (B1, Bo) and internal natural transformations make a category
IntFunct; ;) where the composition, of - ' — G , : G — H, is given by

ﬁoa:mb'(ﬁ;a)a

and the unit of F' for this composition is F} - i,.

Furthermore, internal categories form a 2-category IntCat(.A) with objects internal categories,
1-cells internal functors and 2-cells internal natural transformations, see ([1.5.1)) for the definition
of a 2-Category.
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1.2 Monoidal Categories

In this section the definition of a monoidal category is recalled. See [23] and [26].

A monoidal category is a sextuple (9, ®, I, o, A, p), where 90t is a category together with a
bifunctor,

QMM — M |

that it is associative up to an isomorphism, and possesses a right and left unit 7, only up to
isomorphism. Explicitly, a, A and p are natural transformations

(=23

aapc: AR (B®CO) (A B)eC |
A I®@A——=A |
paiA@T——=A

such that A\; = p;. It is required also that the following diagrams commute:

A®((B®C)®D)
A®ap,c,p QA BRC,D
QA LB
A®(B®(C®D)) (A®(B®C))®D AQ(I®B)—————>(ARI)®B
(1.10)
ARAp pARB
QAB,CRQD aa,B,c®D
ARB

(A®B)®(C®D) ———— > ((A®B)®C)®D
XA®B,C,D

The left diagram is known as the pentagonal law. If the associativity and unitality are strict,
i.e. the natural transformations o, A and p are identities, then the monoidal category is called
strict monoidal category, in this case the notation is (9, ®, ). According to [23], every monoidal
category is equivalent to some strict monoidal category. This theorem is called the coherence
theorem for monoidal categories. Thus, in what follows, we treat monoidal categories as if they
were strict monoidal.
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Let (M, ®,1,a, A\, p) and (M, Q" I',a/, N, p') be two monoidal categories, then a monoidal
functor (F,¢) : (M, ®,1,a, N\, p) — (N, I',a/, XN, p') is a functor F' : M — M, a natural
transformation

(ap: FA®' FB— F(A® B) ,

and a map

Co:I' — FI .

Such that the following diagrams commute

FA®'(p,c

FA® (FB& FC) FA® F(B®C) 2" F(Ag (B 0))

/
Ap A FB,FC Faa .o

(FAQ'FB)® FC F(A® B)®' FC F((A® B)® ()

€a,B®'FC Ca®B,C
/ )\/
FAg [ —"2 FA ' FA—" > A
FA®' (o Fpa Co®'FA FXu
FAQ FI F(A®I) i FIQ FA F(I®A)
Ca,1 Cr,a

If the natural transformation ¢ and the map (, are isomorphisms, then the functor is called
strong monoidal functor, and if they are identities then is called strict monoidal functor.

1.2.1 Examples of Monoidal Categories

e) The monoidal category (Sets, x, {*}) of Sets, where the tensor product is played by the carte-
sian product and the unit is the singleton set {x}.

e) The monoidal category (Vect,®,k) of Vector Spaces over the field k, with the usual tensor
product and unit the field itself.

e) The monoidal category (Modg, ®g, R) of modules over a commutative ring with unit R, with
the usual tensor product and unit the ring itself.

o) Let (M, ®, 1) be a monoidal category, then the category 9 is also monoidal with the same
tensor product and unit, i.e. (9, ®, ) is a monoidal category.
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1.2.2 Comonoids and Comodules in a Monoidal Category

Let (M, ®, 1) be a strict monodial category . A comonoid in (IM,®,1) is a triple (C, Ac,ec),
where C' is an object in M, Ag : C — C ® C and ¢¢ : C — [ are morphisms in 91 such that
the following diagrams commute:

CRAc CRec
-

CelCxC CeC C=——CxC
Ac®C Ac ec®C N Ac (111)
C®C~—f—0C C®C~—"F—0C

The property corresponding to the first diagram is usually referred to as the coassociativity of the
comonoid and the second one is referred to as the counitality of the comonoid.

A morphism of comonoids fy : (C,A¢,ec) — (D, Ap,ep), is a morphism fo : C — D in
M such that the following diagrams commmute:

fo®fo
—_—

C®C D®D I
Ac Ap e - (1.12)
C fo D ’ ¢ fo D

The category of comonoids in M is denoted by Comonyy.

Let (C,A¢,ec) be a comonoid in Comongy. A left C-comodule is a pair (M, %py;), where M
is an object in 9 and “py; : M — C ® M a morphism in M, called left C-coaction. The left
C-coaction is required to satisfy the commutativity of the following diagrams:

CoCoM~"2 cgM M oo M
C®%nm Cpar — Cpar
CoM M M

PM

The first diagram is referred to as the coassociativity of the left C'-coaction and the second
one as the counitality of the left C-action.

The morphism of left C-comodules is a morphism f : M — M’ in 91 such that the following
diagram commute:
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coM—" . cem
CPJW CpM/
/
M - M

The category, which has left C'-comodules as its objects and morphisms of left C'-comodules
as morphisms, is called the category of left C-comodules and it is denoted by “M. With this
notation, a morphism of left C-comodules can also be referred to, in a simpler manner, as a
morphism in “M. Symmetrically, a right C-comodule is a pair (M, p$;), where M is an object in
M, and p§;, : M — M ® C is a morphism in 9, called right C-coaction. The right C-coaction
is required to satisfy the commutativity of the following diagrams:

MoC- M2 MeoceC Moo M2y
ng ng ng —
M < MxC , M
Py

A morphism of right C-comodules is a morphism f : M —— M’ such that the following
diagram commute:

fel

M C M ®C
PSr P
/
M 7 M

The category, which has right C-comodules as its objects and right C-comodule morphisms
as morphisms, is called the category of right C-comodules and it is denoted by M. Combining
these two categories, the category of C'-bicomodules, or C'-comodules for short, can be constructed.
The objects are triples (M, “pyr, p§;), where (M, py) is a left C-comodule and (M, p§;) is a right
C-bicomodule, such that the following compatibility condition is fulfilled:

Copf;

CeoM CoMeC
Spm Corpr®C
M M®C

P
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The morphisms of this category are morphisms f : M — M’ in 91, such that it is a left
and right C-comodule morphism. This category is denoted by “M®. Note that a comonoid
(C, Ag,ec) is a C-comodule with coactions (C, Ag, Ag).

Consider an object (M, p§;) in M and an object (N,%y) in “M. If the following equalizer
exists:

M®Cpy

MUOeN M &N M@C®N

PSION

then MUOcN is called the cotensor product.

Let us note that if there exists a morphism of comonoids fy : €' — D, then there exists
an induced functor /F : “M — PM between categories of left comodules. On objects, /F is
defined as 'F(M, %) = (M, (f @ M) - ©ppr), while on morphisms ‘F(h) = h. We write /M
for 7/F(M,pys) and 7k for /F(h). Similarly, fy also induces another functor F/ : M% — MP
between the categories of right comodules. We write M/ for F/(M, p¢;) and h'/ for F/(h). The
combination of /F and F/ gives rise to a functor of categories of comodules /F/ : “MY — PMP,

Finally, if fo : C — D is a morphism of comonoids, then for all (M, p§;) in M and (N, “py)

in MY, for which MOgN and M/Op/N exist, there is a morphism ¢f : MOeN — M/Op/N in
9N induced by the following commutative diagram

MOeN (1.13)

M&®N

Remark on Notation 1.2.2.1. Let M be an object in M®, M’ an object in “M and MO-M’ its
cotensor product. Then if f: N — M ® M’ is a fork for the pair of morphisms M ® “py; and
05 @ M, de. (M®%pyp)- f=(p§; ®M')- f. Then there exists the following induced map

\ M&Cpyp

M e M

MCoM -

p€I®M/

which will be denoted by f.
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1.3 Towards Generalization of Internal Categories

Before the definition of an internal category within a monoidal category is given, cf. [2], we look
at small categories as internal categories in Sets. Let Ay, A; be two objects in Sets which are part
of a internal graph as in (1.1). Note that every set, in particular Ay, is a comonoid in a unique
way, with comultiplication given by the diagonal morphism Ay, : Ay — Ao X Ag, z — (2, 2)
and unit €4, : Ag — {*}, the unique map z — .

A morphism d : A; — Ag induces a unique morphism
A —L- Ay x A (1.14)

r——>(x,d(x)) .

With this morphism A; becomes a right Ap-comodule. Similarly, for ¢ : Ay — Ay there exists
¢: A — Ay x Ay, x — (c(x),z), making Ay a left Ag-comodule. Thus (Ay,¢,d) is an Ap-
comodule. With these two morphisms, the requirements (1.2)), on d and ¢, are equivalent to the

following requirements for d and ¢

SH

o= (ix Ag)- Ay, , (1.15a)
cio= (Agxi)-Ay, (1.15b)

Al

This means that 7 is a morphism of Ag-comodules.

The process of transforming requirements for ¢ and d into requirements for ¢ and d consists in
taking appropriate inclusions into cartesian products. In case one wants to recover the original re-
quirements out of the transformed ones, one can use suitable projections over the aforementioned
cartesian products.

Next, it is important and convenient to observe that A;004,A4; = Ay x4, 4; in Sets, where
A0, Ay is the equalizer of the parallel morphisms (A; x ¢, dx A;), the cotensor product of comod-
ules (A;,d) and (A;,¢). With this isomorphism, the requirements given by are equivalent
to the following ones:

= (Ao xm)-(e0a A1) , (1.16a)

(m x Ag) - (A0, d) . (1.16b)

@]l

%l
3 3
|

It can be concluded that these equations, (1.16)), describe a morphism my, : A;04,41 — Ay
in 4oM“4 and equations (1.15)) describe a morphism i : Ay — A; in 4oMA0 as well.

Finally, the requirements given by (1.6) and (1.5)) are equivalent to the following commutative
diagrams:
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A 0. m A0y 4)-d
A Oy ATy Ay 220" 4,00 A A, g4
mag A m (ilagA1)-¢ > m
A1DA0A1 m Ay ; AlonAl e Ay

(1.17)

respectively. The morphisms ¢ : A; — A, A1 and d: A — A0 4,0 are corestrictions of ¢
and d, respectively.

For the functors between internal categories, the equations in (1.7a,b) can be rewritten equiv-
alently for the maps d and ¢, as

dy-Fy, = (FixF)-d, , (1.18a)
Cp+ F1 = (FO X Fl) < Cq - (118b)

Equations (1.8) and (1.7c) are translated, respectively, into the following commutative dia-
grams:

FiOp, Fy

A0, Ay B,0p, By Ao By
Ma my ia i (1.19)
A i By : Al ——F— B

The requirements for a natural transformation, expressed by equation (L.9)), are equivalent to
the following equations:

Cib Qe = (BO X CK) . (FO X Ao) . AAO , (120&)
Cp-a = ((I X Bo) . (AO X GO) . AAO . (120b)
The equality my(a - ¢o; F1) = my(G1; o - d,) translates into

mb((aDBoFl) . 6) = mb((GlmBOa) : d) s (121)
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The composition between natural transformations can be defined through coequalizers as

Boa=my- (adg,pf) . (1.22)

The translation of the proposition ([1.1.1]) will not be done yet, since the generalization can go
further in the next section.

1.4 Internal Categories in a Monoidal Category

In this section several definitions are given which will make some resonance with the requirements
for an internal category in (Sets, X, *) and which constitute the generalization of an internal
category in a monoidal category. This generalization was introduced in [2].

In Section , it was observed how the monoidal structure of the category of sets can be used
to reformulate the notion of an internal category. In particular, the pullbacks can be replaced by
particular equalizers that define cotensor products. Furthermore, the pullbacks commute with the
cartesian product. Therefore, in order to formulate the definition of an internal category inside
a monoidal category (9, ®, 1), it is convenient to require that (9, ®, ) satisfies the following
properties :

i) 9 has equalizers (E, e) for all parallel morphisms f || g, i.e.

E—5—+A B

7
in particular, those of the form,

M® oy

MUeN M &N MC®N .

PRr®N

The equalizer (E,e) can also be denoted by Eq(f, g).

ii) These equalizers are invariant under the tensor product in 9, i.e., the following morphism,
that always exists, must be an isomorphism

X®Eq(f,9) @Y EqX®feY,X®gRY) .

In particular, the following is an isomorphism

(=23

X ®(MON)®Y

(X@M)Oc(N®Y) .
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With the two previous assumptions, “M¢ can be made into a monoidal category, (M, O¢, C),
and the following coactions can be constructed “pyo.n = “puOcN and p§o_y = MOcpf.

At this moment, it is important to introduce the following category. Since (MY, O¢, C) is a
monoidal category, the category Moncyc of monoids in “MY can be constructed. The objects
of this category are triples (A, m4,uy), where A is an object in MY, m, : AdcA — A and
ug : C — A are morphisms in “M called multiplication and unit, respectively. These are
required to fulfill the commutativity of the following diagrams

AOcua

AQAORA 2264 4004 A2 AgLA
malcA ma usaOcA o ma
Ach ma A ’ Ach ma A

Morphisms f : (A,ma,us) — (B, mp,up) in Moncyc are morphisms f : A — B in M
such that ,

AO.A—12¢ . po.B C
/ X
ma mp
A - B . A - B

commute.

In the case of an internal category (Ao, A1, ¢, d,i,m) in Sets, the diagrams in ([1.17) describe
a monoid (Ay,m, 1) in AOM_AO. Due to this observation, ((A,ma,ua), “pa, p4,C) will be the gen-
eralization of ((Ay,m,1),¢,d, Ap), as an internal category inside a monoidal one.

In what follows every object (A, ma,us) in Moncye will be called an internal category in
(M, ®,I). The object C will be called the object of objects and A the object of morphisms, to
simplify the notation we write (A, C') with multiplication and coactions left out.

Note 1.4.1. In [7], the author define the concept of an internal “M-valued functor, x : (A,C) —
“M as a left A-module M in 4M. On the other hand, a natural transformation between internal
CM-valued functors, h : Y — ¥’ is defined as a morphism h : M — M’ of left A-modules.

Consider, on the other hand, the "dual" internal category Z*, which is obtained from the inter-
nal graph by interchanging the roles of ¢ and d, which in turn, gives a twisted composition
in (1.3). If the construction of an internal monoidal category is based on this "dual" internal
category, the concept corresponding to the a internal valued functor is that of a right A-module
M and it is termed in this way as an internal presheaf.
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1.4.1 Examples of Internal Categories

e) In the monoidal category (Vect, ®, k), the internal categories are C-rings or C-semialgebras.

The category of comonoids Comonys,e; is usually referred to as the category of coalgebras.
The construction for internal categories within this monoidal category follows in the same lines as
in the previous sections. For each coalgebra (C, A¢, £¢), one can construct the category of comod-
ules “MY | this last category can be given the structure of a monoidal category (“M¢, ¢, O), see
[29]. Then the internal categories are monoids in M which are called C-rings or C-semialgebras,
see [9].

e) In the monoidal category (Mod%, g, R), the internal categories are corings.

We explain the second example in a more explicit way. In Section was pointed out
that the opposite category of a monoidal category inherits the same monoidal structure. Then
ComonMOd;p = Monpea, = Algy, the category of algebras over a commutative ring, see [1].
An object in Algy is denoted by (A, ma4, ua).

In this case, the category of C-comodules over Mod?, “Mod?)® is seen as the category of
A-modules over Modg, denoted by A(Modg)a or by 4M 4. The category sModg)a consists of
objects (N, “yn, X4 ), where N is an object in Modg and Ay : AQ N — N, x4 : N® A — N
are morphisms in Modpg such that they fulfill the requirements for a comodule in Section [1.2.2]
but with the arrows of the diagrams inverted. A morphism f : (N, %, x%) — (N, Y, X4)
in s(Modg) 4, is a morphism f: N — N’ in Modpg such that fulfills also the requirements in
Section [I.2.2] but with the arrows of the diagrams inverted.

The category Mod} has equalizers and these equalizers are preserved by the tensor product,
as can be seen in the following dual

Proposition 1.4.1.1. The category Modg has coequalizers and these coequalizers are preserved
by the tensor product.

Proof:

Let f,g : M — N be a pair of a parallel arrows, then the coequalizer of (f,g) is the following
module,

M= N—">Q = N/ < [(x) - gla)ix € M >

In order to show that the the second requirement is fulfilled, the previous coequalizer can be
written, in an equivalent way, as the following right exact sequence:

M1 N 0 0.
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Since the functors B® and _ ® C are right-exact functors [29], it follows that B ® Q ® C'is
the coequalizer of the parallel arrows (B ® f ® C, B® g ® C') as required. O

Let (A,ma,ua) be an algebra in Alg,. Then the monoidal category (4(Modg)a, ®4, A) can
be constructed according to [2]. Therefore, a comonoid (C, A¢,e¢) in the category 4(Modg)a4,
is an internal category in Mod%. The definition of an internal category in Mod} coincides with
the definition of a coring, see [12].

1.4.2 Internal Functors and Natural Transformations

Next, functors between internal categories are defined. This definition should be compared with

and (L19)

Definition 1.4.2.1. A functor f : (A,C) — (B, D) between internal categories is a pair f =
(f17f0)7 where

i) fo:C — D is a morphism in Comonyy,

i) fi: A — B is a morphism in 9 that is also a morphism of D-bicomodules, f : TA/ — B.

iii) the following diagrams commute:

AeA —  arg A 1220 gy, c—r .p
ma mp uA uB
A fl B ’ A fl B

Definition 1.4.2.2. Let f,g: (A, C) — (B, D) be internal functors. An internal natural trans-
formation o : f — g : (A,C) — (B, D) is a morphism « : 9C7 — B of D-bicomodules
making the following diagram commute

g10pa

AQC —2— AIO,90 222 B0, B

A B

ciOop’A BOpB

tf alp f

The category constructed with internal categories in (9%, ®, I') as objects and internal functors
as morphisms is denoted by IntCat(91).
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1.5 2-Categories

1.5.1 Definition of 2-Categories

The aim of this section is to describe two different ways in which internal categories in (9, ®, I)
can be made into a 2-category. We begin by recalling the definition of a 2-category; see [2], [23]
and [26]. The datum that forms a 2-category is A = (Ag, A1, Az, -, 0, %), where

i) Ay is the collection of 0-cells, depicted as

A B,C, ...

ii) A; is the collection of I-cells, depicted as

iii) Aj is the collection of 2-cells, depicted as

/ h
TN TN
A | « B, B |~ c, ...
\g/ \kj/

i) (Ao, Ay, ) is a category, with composition depicted as

and the unit of A in Ay for this composition is

La
SN
A A

This category will be referred to as the underlying category of the 2-category A.

ii’) For all O-cells A, B, (A1(A, B), A2(A, B),o) is a category, with composition depicted as
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and the unit of f: A — B in A;(A, B), for this composition is
f
TN
Al 1l B
\f/

The composition o : Ay x Ay — A, will be referred to as the vertical composition. Along
this thesis, the category (A;(A4, B), A2(A, B),0) will also be denoted by Hom (A, B) or
A(A, B).

iii’) (Ao, As, %) is a category, with composition depicted as

f h h-f
TN

SN T T -
Ala B ly C=Alyva C,
N T N T

g k kg

and the unit of A € Ay under this composition is,

1a
N
A l 11A A

1a
The composition * : Ay x Ay — A, will be referred to as the horizontal composition.

The vertical and horizontal composition are required to satisfy two compatibility conditions:

1. Compatibility with the unital natural transformation,

f b h-f h-f
A | 1y B |1 C = Al Lxly C = A41|Lys C
f h h-f h-f

2. The interchange law,
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g-k g-k

2-categories admit more duals than ordinary categories. By reversing all 1-cells in A one ob-
tains the opposite 2-category A°. By reversing 2-cells one arrives at the 2-category denoted by
A, Finally, combining these two operations, one obtains A% = A% the 2-category with the
same O-cells as in A but with 1-cells and 2-cells reversed.

Remark 1.5.1.1. Given a 2-category A with one object A. There exists a monoidal category,
(Hom (A, A),%,11,), where Hom 4(A, A) is the category formed by the 1-cells of the type f :
A— A

1.5.2 Examples of 2-Categories

1- The prototype example of a 2-category is the category sCat whose 0-cells are categories,
1-cells are functors and 2-cells are natural transformations. The vertical structure is given
by the composition of natural transformations and the horizontal one is given by the usual
Godement product. This Godement product is defined as follows, let a : I — G : C — D
and 3 : H — K : C — D be natural transformations or 2-cells in sCat, then the
Godement product of these two natural transformations, usually denoted by [ * « instead
of (B*a, is defined as

(B*a)e = PBec - Hac = Kac - Bre (1.23)

This last equality is called Godement product equality.

Note 1.5.1. Let o : FF — G : C — D be a natural transformation in ,Cat, then for any
morphism f: A — A’ in the category C, the following diagram commutes

Ff

FA FA
A [eYY
GA——(5—=GA

i.e. aga - Ff = Gf-ay. This equality will be referred to as the naturality of o applied
over f or just simply the naturality of o over f. This statement proves to be useful when
argumenting.
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2-

The 2-category of 2-categories, denoted by 2-Cat. The 0O-cells in 2-Cat are 2-categories
A, B, etc. The 1-cells are 2-functors, i.e. operations F' : A — B which send n-cells to
n-cells and are compatible with the compositions and units in A and B. The 2-cells are
2-natural transformations. Given 2-functors F,G : A — B a 2-natural transformation
a: F— G sends O-cells in A to 1-cells in B and satisfies the following property. For any
2-cell v: f — g in A,

Ff Gf
SN N

FA | Fy FB—"2-GB = FA—""~GA |Gy GB ,
Fg Gg
1.€e.
ag-F'f Gf-aa
FA | 1o,%Fy  GB = FA | Gy*xla, GB ; (1.24)
ap-Fyg Gg-aa

see [26]. Note that condition (1.24)) includes the standard requirement ap - F'f = Gf - aa
on the underlying category (Ao, As, -).

At this point it is convenient to make the following observation. In the usual category theory
if a natural transformation is invertible, then its inverse is necessarily a natural transforma-
tion. The same is true for 2-natural transformations, and this is proved by similar methods
as in the standard category theory.

There exists a very closed related concept to a 2-category, that of a bicategory, see [5] and
[23]. A bicategory is the same as a 2-category, but is such that for each triple

f g h
SN 7T TN T T
A B C D,
There exists isomorphic 2-cells
h-(g-f)

A | %gr B,

(h-g)-f

which are natural in f, g, h. These 2-cells are called associativity coherence isomorphisms.
There exists also another two isomorphic 2-cells, for any 1-cell f: A — B,
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Ig-f f1a
/_\ /\
Al Ny B, Al pr B,
\f_’/ \}/

these 2-cells are also required to be natural in f. These 2-cells are called unit coherence
1somorphisms. These three 2-cells are required to satisfy similar commutative diagrams like
in ({1.10)).

The next bicategory is of particular interest in this thesis. Its construction relies on Section
1.2.2| The construction of this bicategory needs a monoidal category (9, ®, I') with equal-
izers that are preserved by ®. Then the O-cells of this bicategory are the comonoids in 901,
namely (C, Ac,ec) as in Section[1.2.2] When writing the 2 diagrams for this bicategory the
comultiplication A¢x and the counit ¢ are left understood in order to avoid complicated
diagrams. The 1-cells for this bicategory

M
7N
C D

are bicomodules (M, “pys, pP) in “MP. The 2-cells of this bicategory

are morphisms of bicomodules f : M — N in “MP. The composition for the underlying
category is defined by the cotensor product of comodules, ¢.e.

N MUOe N
TN SN
C e ¢ = cC cr

)

and the unit of (C, A¢, e¢) for this composition is (C, A¢, A¢). For the vertical structure,
the composition is defined through the following 2-diagram

M M
AT 5N
C M—D = C | gf D ,

M//

N9 N
M//
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and the unit of (M, “pyr, p%y) for this composition is just 15, : M — M. For the horizontal
structure, the composition is defined through the following 2-diagram

M M/ MDC/N

N T TN
clf cclg ¢ =cC | fUeg B ,
N N’ MO N’

and the unit of (C, A¢,ec¢) for this composition is 1o : C — C.

1.5.3 IntCat(91) as a 2-category

The aim of this section is to equip IntCat(91) with the structure of a 2-category, whose 0-cells
are internal categories in 91, 1-cells are internal functors and 2-cells are internal natural transfor-

mations.

In order to give a horizontal and vertical structure to IntCat, let us start by giving the
following definition for a vertical composition for 2-cells. In the case of the following 2-cell diagram,

f

ST a O\

(A, C) r— (B, D)

N

9

The vertical composition o

f

TN
(A,C) | Bxa (B,D)

\/

9

is defined as

AC ,BDDa mp

B . (1.25)

COC —=Z—CrOp"C BOpB

Bxa=C

The unit of f : (A,C) — (B, D), for this vertical product, is upfy. The notation for the
vertical composition of 2-cells is not the usual one, o, because there is already a very well known
and used notation for this composition, called convolution product, and it is .

Before we give the definition of the horizontal product, note that in the following 2-cell diagram
in IntCat(9),
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(1.26)

both kja and ahg are natural transformations.

With this observation at hand, consider the following 2-cell diagram in IntCat(90):

f h

TN T TN
(A,C) la (E,F) | B (BD) . (1.27)

\'_g,/\.,l;./

The horizontal product or the Godement product 3xa of the natural transformations o and 3

hef
N

(4,€) | pxa (B,D)
~_ 7

k-g

is defined as,

Bra = Bgo * hia = ki x S fo . (1.28)

This last equality will be called the Godement product equality. The Godement product is
well-defined because of the proof of the following

Proposition 1.5.3.1. Consider the diagram in (1.27)), the Godement product of internal natural
transformations «, 3 is well defined.

Proof:

That the Godement product is a natural transformation is clear from the note on ([1.26)), the
only thing to prove is the unambiguity of the definition through the equality.

If the factorization Lemma is applied to the convolution products Bgo * hia = mp -
(BgoOphic) - thy - Ac and kyao* Bfo = mp - (kiaOpBfo) - tkr - Ac, then we get the upper and the
lower branch of the following diagram, respectively.
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COC — > 090,90 *25 pOLE — = prophp 222" BO, B

ACT (i) e K

C E (é2d) B
ACJ/ (ii) k %
k[ .k
COcC —; cropfc Ot FUpE — — F*Op"E ST BUpB ;

This diagram commutes because

1. The diagram () is the induced commutative diagram, according to Lemma , by the left
colinearity of «, i.e. fpp-a=(F®a)- (g2 C) - Ac.

2. The diagram (i¢) is the induced commutative diagram by the right colinearity of a.

3. The diagram (ii7) commutes because 3 is a natural transformation.

Therefore

Bgo * hiaw = kia* 3 fo,
as required. O

The unit for the horizontal product of the internal category (A, C) is ua.

Next we state, without proof, the following

Lemma 1.5.3.2. Consider the following 2-diagram in IntCat(90t)

S

ST a N\

(A, C") —— (A, C) r— (B, D) —*~ (B, D)

N

9

Then (6% a)hg = Bho * ahg and k(8% «) = k10 x ko

With Lemma [1.5.3.2| at hand, take internal natural transformations a: f — ¢ : (A", C") —
(A,C),B:h—k:(AC)— (B,D)and y:r — s: (B,D) — (B', D), and compute

vR(Bra) = v*(Bgo * M)
= (ko go) * 11(Bgo * hrv)
= 7vkogo * 11890 * rihicx
= (vko *x118)g0 * rihiax
= (vx08)go * rihi«
= (yx0)*« .
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Along with the aforementioned lemma, the definition of the Godement product and the associa-
tivity of the vertical product * were used. This proves the associativity of the horizontal product

*.

Proposition 1.5.3.3. The vertical and horizontal compositions, x and %, respectively, defined
above satisfy the interchange law.

Proof -

Consider the following 2-diagram in IntCat(907)

mm

r—(E,F)——s—~(B,D) ,

WW

Then

*1

(G*y)x(Bxa) = (0x7)go* (8 *a)
(090 * vg0) * (1B * hiv)
g0 * (790 * h18) * by
090 * (513 * yro) * hiar
= (dgo * 518) * (yro * hi)

= (0%f) * (y*a) .

Lemma [1.5.3.2] has been applied several times along with the definition of the Godement prod-
uct and the associativity of the vertical product. In the fourth equality, the Godement product
equality was used for the definition of (. O

Finally, the proof of the compatibility of unital natural transformations with compositions is
easy and left to the reader. The results of this section are summarized in the following

Proposition 1.5.3.4. IntCat(9) is a 2-category with 0-cells internal categories, 1-cells internal
functors and 2-cells internal natural transformations and vertical and horizontal compositions,

and *, defined by (1.25)) and (1.28)), respectively.
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1.5.4 IntCoCat(9) as a 2-category

Finally, there exist another definition of functor between internal categories, which is termed
cofunctor, see [2]. The notion of a cofunctor gives rise to a completely different 2-category
IntCoCat (1), having the internal categories in 9 as its O-cells. This section is devoted to
the description of IntCoCat (7). Since the 0-cells are the same as in IntCat(91), we start with
the definition of 1-cells

Definition 1.5.4.1. Let (A, C) and (B, D) be internal categories in M. A cofunctor f: (A,C) —
(BaD) is a pair f = <f17f0)7

f = (fhfo)

where
e) fo: D — C is a morphism in Comonyy ,

o) f1: AUc'D — /B is a morphism in “MP such that the following diagrams

Al o O ~
AQeAOD 0 A0 iB —=— A0 /DO, B 25 BO,B CO0D~——D
mADch mp UADCfD upB
f f
AOAD P B , AO'D P B
commute.

The definition of a natural cotransformation, for the 2-cell structure of IntCoCat (1), is given
on the next:

Definition 1.5.4.2. Let f,g: (A,C) — (B, D) be cofunctors. Then a natural cotransformation
a?

(A,C) | « (B,D), (1.29)

is a morphism o : 'D — 9B in SMP such that the following diagram
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= g10pB

ADCgB ADCQDDDB —— BDDB

AOq'D / B

x\ mB

B = DUpB “OoE BUOpB
commutes.
The composition of 1-cells over the following 1-cell diagram
f h h-f
TN T TN
(4,C) (4", ¢") (A%, ¢") = (4,0) (A%, c") -,
is defined by
(h : f)O = fO ' hO )
(h-f)1 = hy-(AO"C") .
The vertical product over a 2-cell diagram
/ f
m N
(A, C)—f—(B,D) = (AC) | foa (B,D),
W ~_ 7
f// f’/

is defined by

Boa=mg-(B0pB)-pp-a:D— B .

The unit cotransformation of f : (A, C') — (B, D), for this composition, is the unit of (B, D),
up : D — B. On the other hand, the horizontal structure over a 2-cell diagram

f h h-f
SN T TN N
(A,C) l a (A,,C,) l ol (AH,C”> _ (A, C) l ”y>T<oz (A”,C”) 7
k-g

is defined by
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"}/;O( = MmMar (WDCWAH) . C"ﬁA” . h‘l . (aDC/hC”) . C/ﬁc// . C” _— A” .

The unit of (A, C), for this composition, is the unit of (A, C), uy : C — A.

Remark 1.5.4.3. Consider the case when the monoidal category (9, ®, /) in IntCoCat(9M) is
(Mod%, ®g, R), see Section |1.4.1L A cofunctor, in this set up, (f1, fo) : (C,A) — (D, B) from
the A-coring C' to the B-coring D is equivalent to a commutative diagram of functors like

I3

M “M

Fo

M AM

MOdR

where the functor Fj is the restriction of scalars corresponding to the R-algebra morphism f; :
A — B and the unmarked arrows are forgetful functors. Therefore, a cofunctor can be identified
with a left extension of corings, [§].
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Chapter 2

Classical and Formal Theories of Monads

In this chapter the concept of a monad will be of main importance, therefore we recall it from
[26]. Let C be a category. A monad on C is a triple (F,u,n"), where F' : C — C is a functor
and p: FFF — F, n" : 1o — F are natural transformations such that the following diagrams
commute:

nF n'F
FFF Fr F FF
F p FnF o p (2.1)
FF————=F FF————=F

The first diagram is referred to as the associativity of the monad, and the second one as the
unitality of the monad. Dually, a comonad on C is a triple (G,6,¢%), where G : C — C is a
functor and § : G — GG, €° : G — 1, are natural transformations satisfying conditions dual
to those in (2.1)).

In this chapter, we describe the classical and formal theories of monads and comonads, follow-
ing [18], [20], [21], [24] and [30].

Note 2.1. If a« : H — K : C — D is a natural transformation in Cat, then the notation a¢ or
aC, over an object in C, will be used indistinctively.

2.1 Monads and the Associated Category of Adjunctions

This section deals with the category of F-Adj of adjunctions associated to a monad (F, u,n") or
F-adjunctions.

Let

29
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be an adjunction with domain C and codomain D, with unit n : 1o — RL and counit ¢ : LR —
1p. When the codomain D of such an adjunction is irrelevant or understood , the statement an
adjunction over C or an adjunction with domain C, will be used instead. Also, the triangular
identity eL o Ln = 1 will be referred to as the triangular identity associated to left adjoint L
and the identity Re o nR = 1g as the triangular identity associated to the right adjoint R. Yet
another convention for an adjuntion like in can be stated, whenever suitable the notation
for the unit n™* and the counit ¢** will be used, in order to differentiate among units and counits
from different adjunctions.

An adjunction like (2.2)) induces a monad

(RL, ReL,n) (2.3)

on C. If (F,u,n") is a fixed monad in C, then one can consider the collection F-Adj(C) of
adjunctions L 4 R with domain C such that (RL, ReL,n) = (F,u,n"). Any such adjunction
will be denoted by (D,L - R,e¢) or simply (D,L 4 R). F-Adj(C) is a category with objects
(D, L 4 R) and morphisms J : (D,L 4 R) — (D', L' 4 R') given by functors J : D — D’
making the following diagram

D
R
/
C J o,
X
\
D/

serially commutative (i.e. both the L and R-diagrams commute). As explained in [25], the above
requirement together with n = n” = n/ imply that

Je=¢€J, (2.4)

which is one of the requirements imposed on J in [21].
Within the category F-Adj(C), there are two very important objects which we describe com-
pletely. The first one is the so-called Kleisli category for the monad (F,u,n"), denoted by Cp.

The objects of the Kleisli category Cr are the same as those of the original category, 7.e.

0bj(C) = Obj(Cr) . (2.5)

A morphism f%: A — A’ in Cr is given by a morphism in C

f:A— FA . (2.6)
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The composition for a pair f#: A — A’ and ¢% : A’ — A” of morphisms in Cr, is defined as

g fF = (pan - Fg- )", (2.7)
7.€.
At o pp T ppar M g

The identity morphism for A in Cp is

(n7)f:A— A, (2.8)

i.e. the morphism given by the unit % : A — FA. That (n%)? is a unit for the composition in
Cr follows by the unitality of the monad and the naturality of n”.

The second category is the so-called category of Filenberg-Moore category of algebras for the
monad (F, 1, n"), denoted by C*". The objects of this category are pairs (M, Fxys), where M is an
object in C and Py, : FM — M is a morphism in C, called the action of the algebra or structure
map of the algebra, such that the following diagrams

M ' M

FFEM FM M FM
FFxn xm _ Py (2.9)
FM - M , M
XM

commute.

A morphism f : (M, Pxar) — (M’,Fxap) in this category is given by a morphism f: M — M’
in C, such that the following diagram

Ff

FM FM' (2.10)
FXM FXM’
M M
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commutes. Both of these categories belong to F-Adj(C), a fact that can be stated as a pair of
propositions:

Proposition 2.1.1. The Kleisli category Cr is an object in F-Adj(C).

Proof (Sketch):

The adjunction over C

Cc=——=Cr , (2.11)

is defined as follows. The functor D; is defined on objects as the identity, and for a morphism
h:C — C"in C, as

Dp(h) = (n"C"- h)* . (2.12)

The functor U, is defined on objects A in Cr, as Un(A) = F A, and on morphisms f%: A —s A’

as
Ue(fHY =pA' - Ff: FA — FA . (2.13)
It is straightforward to check that the unit of the adjunction n* can be defined as n* = n”.
The counit, ¢* : DUz — 1¢,., is defined on objects
as e¥9A = (1pa)". It is easy to check that (D, 4 Uy, £X) is an F-adjunction over C. O

Proposition 2.1.2. The FEilenberg-Moore Category CF is an object in F-Adj(C).
Proof (Sketch):

The adjunction over C

(Cm—

DF

Y

is defined as follows. The functor D”, known as the free algebra functor, is defined on an object
C, as the pair (F'C,uC), and is defined on a morphism h : C' — (', as
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D"(h) =Fh .

The naturality of u implies that Fh is a morphism in C¥. The functor U”, known as the for-
getful functor, is defined on an object (M, y5s) in C¥ as M, and for a morphism f : (M, Fyy) —
(M’, FXM/) as

ur(f)=1r.

It is straightforward to check that the unit n* for this adjunction can be defined as n” = n*

The counit € : D"U" — 1.r is defined on objects

g5 (M,Pxar) : (FM, uM) = D"U" (M, xpr) — (M, Fxnr) (2.14)

as &%(M,xn) = Fxpr. This is well-defined since the first requirement for the action “x,;, (2.9)
can be identified as a requirement for ©y,; to be a morphism in C'. The proof that (D* H U*, &%)
is an object in F-Adj(C) is left to the reader. O

The main property of these two categories is that they are universal objects in the category
F-Adj(C).

Proposition 2.1.3. The Kleisli category Cr for a monad (F, u,n") is an initial object in F-Adj(C).
Proof -

Let (D, L 4 R) be an object in F-Adj(C). Then the a posteriori unique functor Ky,

Cr
Ur
Kr
Dp
—
is defined on objects A in Cp, as
K.(A) =LA, (2.15)

and on morphisms ff: A — A’ as

Kp(f")=eLA - Lf: LA — LA .
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The commutativity of the left adjoint functors is checked in the following way. Let C' be an
object in C. Then K.D,(C) = K,(C) = L(C). Let h: C — C" be a morphism in C. Then

KpDp(h) = Kp(n"C" - h)* =eLC'- L(n"C" - h) = eLC" - Ly"C" - Lh = Lh ,

where the last equality comes from the triangular identity associated to the left adjoint L. Thus,
K.D, = L, as required.

On the other hand, the commutativity of the right adjoints is proved in the following way.
Let A be an object in Cp. Then RK.(A) = RL(A) = F(A) = Uz(A). Let f: A — A’ be a
morphism in Cr. Then

RK.(f") = R(eLA - Lf) = ReLA' - RLf = pA' - Ff = Un(f*) .

Therefore, RK, = Uy, as required.

To prove that K, is unique, suppose that there is another morphism in F-Adj(C), say J :
Cr —> D . Let A be in Cp. Since the functor D; is the identity on objects, then JA = JD,A.
Furthermore, J is a morphism in F-Adj(C) hence JD, = L, therefore JA = LA. On the other
hand, let f*: A — A’ be a morphism in Cp. The requirement JD, = L gives

ID(f) = J(("FA'- [f}) = Lf .

Next, the property (2.4) evaluated at A’, reads J(1p4/)* = eLA’. Therefore

J(f) = J((uA" - n"FA- f)F) = J((pA" F(lpa)-n"FA - f)")
= J((lFA (" FA f))
= eLA Lf,

where in the second equality, the definition of the composition in Cr, (2.7)), was used. The previ-

ous calculation determines the definition of J on morphisms, so J = K ]

Proposition 2.1.4. The Eilenberg-Moore category CY' for a monad (F, pu,n") is a final object in
F-Adj(C).

Proof:
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Let (D, L - R) be an object in F-Adj(C). The a posteriori unique functor K*, called com-
parison functor,

C D
UF
KF
DF
CF
is defined on objects D in D, as
K*(D) = (RD,ReD) . (2.16)

On morphisms r: D — D', K" is defined as

K"(r)= Rr: (RD,ReD) — (RD', ReD') . (2.17)

The commutativity of the left adjoint functors is checked in the following way. Let C' be an
object in C. Then K"L(C) = (RLC,ReLC) = (FC,uC) = Dy(C). Let h : C — C" be a
morphism in C, then

K"L(h)=RLf=Ff=D"(f),

where the definition of the induced monad by an adjunction, (2.3), is used. Thus, K"L = D", as
required.

On the other hand, the commutativity of the right adjoints is proved in the following way. Let
D be an object in D. Then U"K*(D) = U"(RD,ReD) = R(D). Let r : D — D" in D be a
morphism in D. Then

U"K"(r)=U"(Rr) = Rr
Therefore, U* K* = R, as required.

To prove that K* is unique, suppose that there exists another morphism J : D — C! in
F-Adj(A). Let D be an object in D. Then J(D) = (M, xy), since U"J = R the object M is
determined as M = RD. Before determining the action, let » : D — D’ be a morphism in D.
Due to the fact that J is a morphism in F-Adj(C), U"J = R, hence U"Jr = Rr. Using this
behaviour of U*J on morphisms,

ReD = U"JeD = U*5JD = U e*(RD, "xar) = U (Fxar) = .
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Thus, the action 'y, is determined by the value ReD. Furthermore, due to this determination,
we can now conclude that Jr = Rr = K*r. This determines the definition of J on morphisms,
so J = KF*. O

2.2 Comonads and the Associated Category of Adjunctions

Dual to the previous section, consider a comonad (G, d,£%) on the category D. Let us define a
category that has, by objects, adjunctions with codomain D

C D ,

such that the comonad induced on D is precisely the one given at first, i.e. (LR,LnR,e) =
(G,9,e%). The notation for such an adjunction is (C,L 4 R,n), or (C,L - D) for short, leaving
the unit understood. The morphisms of this category J : (C, L + D) — (C’, L' 4 D') are functors
J : C — (' such that the diagram

C
R
X
J D ,
%
=
Cl

commutes serially. Within this category there are also two universal objects, which, contrary
to the previous subsection, are going to be only slightly explained. The Kleisli category for the
comonad (G, d,%) over D and denoted by DY. The objects of this category are the same as the
original one

Obj(D) = Obj (D) .

The morphisms in D are h? : A — A’ if and only if

h:GA— A",

is a morphism in D, and the composition for the pair h?: A — A’ and k% : A’ — A" is defined
as

' hf=(k-Gh-64)": A— A" .
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The unit of A for this composition is

since €4 : GA — A.

The second category is the category known as the Eilenberg-Moore category of coalgebras or
comodules for the comonad (G, d,e°) and denoted by Dg. The objects of this category are G-
comodules or comodules for short, (M, %) in D such that the following diagrams

e
GGM <" GM M~ Gum
G Spmr — Som
GM ~— Mo M

M

commute.

A morphism in this category 7 : (M, %) — (M’,%pyp) is such that v : M — M’ is a
morphism in D and the following diagram

GM Gr

GM'

G,
PM P!

M——F> M

commutes.

These two categories belong also to the category G-Adj(D), and not only that but the fol-
lowing two propositions can be stated

Proposition 2.2.1. The Kleisli category D€, for the comonad (G,d,e%) over D, is an initial
object in the category G-Adj(D).

Proof: cf. O

Proposition 2.2.2. The Filenberg-Moore category Dg, for the comonad (G,6,e%) over D, is a
final object in the category G-Adj(D).

Proof: cf. O
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2.3 Formal Theory of Monads

In this section, the notation a: f — g : A — B for a 2-cell in the 2-category A, is widely used.

The formal theory of monads was developed in [20] and [30]. The following presentation makes
also use of [18] and [24].

For the formal theory of monads, let A be a 2-category, and define the 2-category of monads,
Mnd(A), as follows:

i) O-cells of Mnd(A) are (A, f,u,n’), where (f,u,n’) is a monad on A. A monad in the 2-
category A is understood as a 1-cell f : A — A, and 2-cells p : ff — f: A — A and
n 1y — f: A— A, depicted as

If 1a
7N <N
Al A, Al A
~o_ 7 ~_ 7
/ /
such that the following diagrams
e a— F—" gy
fu Iz fn' — H
If Y f ; If —a f

commute. Sometimes, the shorthand notation (A, f), for such a 0-cell, is used instead.
ii) 1-cells of Mnd(.A) are

(p, 90) : (Aa fa Mfﬂ?f) - (Alahaﬂhvnh) ) (2'18)

where p: A — A’ is a 1-cell in A, and ¢ is a 2-cell in A,

p

A A’ (2.19)
f h

-
A A’
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such that the following diagrams commute:

h ;
hhp —— hpf —— pff

p
h f
pp put / \X (2.20)
, hp % pf

iii) 2-cells of Mind(.A) are,

D :(pp) — (q.¢): (A f) — (A" h) |

where @ is a 2-cell in A,

such that

hp —12 < hg (2.21)

of ——

oy~ 4f

commutes.

The composition of the underlying category (Mndy, Mndy, -), see Section [1.5.1] is defined as
follows:

(p, ) (q,%) (q-p,qp o ¥p)
NN PN
(A, f) (A", f) (A" ") = (A f) (A" ") .

In order to check that (¢ - p,qp o 1¥p) is well-defined, the pasting operation of 2-cells have to
be explained. This operation is explained over one of the most simple possible cases,
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A d B
h
\L a / ! ﬁ\
C - D
The pasting operation for this 2-cell composition is

h-f

Thea ™

A hsg B

N

k-g

(2.22)

In this way, more complex pasting operations can be carried out. For a more detailed expla-
nation the reader is referred to [18]. Resuming to the well-definition of (q - p, g o ¥p), consider

qp

A/
\ Y /\ qpoyp T
i ey
qp

Because of this, the 1-cell (¢-p, gpop) is well-defined. The requirement (2.21]) for the composition
of 1-cells is not going to be done in order to avoid doubling the length of this chapter. The unit
of the O-cell (A, f) for the composition of this underlying category, is (14,1¢) : (A, f) — (4, f).

For the pair of 0-cells (A, f) and (A', h), the vertical structure in Mnd(.A), i.e. the composition
for the category (Mnd;((4, f), (A, h)), Mndy((A4, f), (A", h)),0), is defined as follows. Consider
the following 2-diagram

(p,©) (p, )
| & N
(A, f) —o)—= (A h) = (A f) | Tod (ALR)
NS S~
<q7¢> (q,%)

where Wo® = W o &, which is well defined because of the following equality between commutative
diagrams
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h(Pod
hp hd hr h¥ hq hp (Tod) hq
4 p vo= P
pf of rf T af hWQf

This composition just defined inherits the associativity from the 2-category .A. The unit of
the 1-cell (p, @) for this vertical product is defined as 1(, ) = 1,.

The horizontal structure in Mnd(A), for the category (Mnd,, Mnd,, %) is defined as follows.
Consider the following 2-diagram,

(p, ) ¥, ¢) ('-p,0'p 0 D)
NN N

(Af) 1 & (An) | T Ak = (Af) | Tse (A% k),
~_ 7~ 7 ~_ 7
(¢,%) (¢, ¢) (¢-q,q'Y o 'q)

where T%® = I's®. Due to the lengthy calculation of the respective commutative diagram, the
proof of the well-definition of this composition is not done here. The unit 2-cell of (A, f) for this
composition is 1, 1,) = 1,,. All this provides Mnd(A) with a structure of a 2-category.

Consider the inclusion 2-functor,

Incy: A— Mnd(A) ,

defined as follows. For a 0-cell B, Inca(B) = (B,1p,11,,1;,). For a l-cell b : B — B, is
defined as Incy(b) = (b, 1p),

(b, 1)
TN
(B,1p) (B',1p)

For a 2-cell, B:b — V' : B — B’, Inca(3) = 3, where

(b, 1)
SN
(Ble) l 3 (Blle’)
~_ 7
(b/, 1b’)
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Definition 2.3.1. The 2-category A is said to admit the construction of algebras if the inclusion
functor Incy : A — Mnd(A) has a right adjoint, in which case it is denoted by

AlgA : Mnd(.A) —A

For the sake of referencing, this 2-adjunction is fully displayed as

Alga

A Mnd(A) . (2.23)

Incy

Suppose that the 2-category A admits the construction of algebras. Then according to [19]
and [28], for every pair of O-cells, B and (A, f), in A and Mnd(A), respectively, there is an
isomorphism between the following categories,

Hom (B, Alga(A, f)) = Homnmaca) (Inca(B), (A, f)) ,

which follows by the Yoneda lemma for 2-categories. If the following notations are taken into
account, F = (fauanf)a AP = Alg.A(A7 f)7 AlgF_ = HomMnd(.A)(]ncA(_)v(Av f))a then the
previous isomorphism can be read, over the O-cell B, as

Hom (B, AF) = Alg"(B) .

The 0-cell A¥ is termed as an Eilenberg-Moore object in A, because it represents the 2-functor
Alg"(_), cf. [24]. Therefore, Definition can be rephrased as follows: the 2-category A
admits the construction of algebras if and only if it has Eilenberg-Moore objects for any monad
F=(f,un')over A, in A.

In order to find the Kleisli objects in A, let us make the following observation. According to
[15, 1.6], the following are equivalent

) Ir
if) v o (o
iif) oo 10
iv) [P o peoor

If Definition [2.3.1] is considered, then the 2-category A’ is said to have the construction of
algebras, if the following adjunction takes place
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Alg sop
AP

Inc gop

Mnd(A?) |

which can be read, due to the very previous observation applied to the 2-category 2-Cat, as

op
Inc jop

Mnd® (A7) A (2.24)

Alngp
Therefore, the following isomorphism of categories exists. For all, B in A and (A, f) in
Mnd?(.A°P)

HomMndop Aop) ((A f) InCAop (B)) = HOmA(Angpop(A, f), B) .

In the same way as before, in terms of the notation, F' = (f, u,n’), Ax = Alg%.»(4, f) and
Algr_ = Homnaeraory ((A, f) Inc’,, ), the isomorphism of categories, for the O-cell B, reads

Algr(B) = Homy(Ak, B) . (2.25)

The 0-cell A is called a Kleisli object in A, because it represents the functor Alg.( ), cf.
[24]. And saying that A admits the construction of algebras is equivalent for .4 having Kleisli
objects for any monad F' = (f, u,n') over A in A.

Yet again, if Definition is considered, then the 2-category A is said to have the con-
struction of algebras if the following adjunction takes place

Alg_Aco
Aco Mnd(A®) ,
Incgco
which also reads as
Inci{’w
Mnd“(A) A
AlgSeo

This renders the following isomorphism of categories. For all B in A and (A, g) a comonad over
A,

Homynare (ae0) (A, 9), Incieo(B)) = Hom a(Alg%ee (A, g), B) -

Yet again, if the following definitions are made, G = (g,0,¢?), Acox = AlgF(A, g) and Coalg,_ =
Homyinaeo(aeo)((A, g), IncGeo ), then the isomorphism of categories, over the 0-cell B, reads this
time as
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Coalgs(B) = Hom (Ao, B) - (2.26)

The O-cell A, is known as a coKleisli object in A, because it represents the functor Coalgs( ),
cf. [24]. And saying that A® admits the construction of algebras is equivalent to A4 having coK-
leisli objects for any comonad G = (g, d,¢?) over A in A.

In what follows, the 2-category Mnd”(A) is of particular importance, in order to get the
Kleisli objects in the 2-category IntCat(901), hence we describe it explicitly (with some minor
changes in the notation used for Mnd(A)).

i) The O-cells of this 2-category are (A, f, u’,n’), i.e. monads in A,

ii) The 1-cells of this 2-category are

(r,p) - (A, f)

(AL h)

such that r : A — A’ is a 1-cell in A, and p is a 2-cell in A,

A . A

such that the following diagrams commute:

rff — L hrf — " iy r
rut ubr / \Y
rf ) hr : rf - hr .

i4i) The 2-cells of this 2-category are

Ni(r,p) ——=(s,0) (A f) ——=(A"h)
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where Y is a 2-cell in A4

such that

hr —=—hs

hX

commutes. With this description of Mnd®(A°) at hand the algebraic Kleisli 2-functor can be
fully characterized. This Algebraic Kleisli 2-functor for a monad F' = (f, u,n’) over A is

Algr(_) = Homnmacr(ar)((4A, f), Inch,(_)) : A — Cat |

which acts on O-cells B in A as

Algr(B) = By

where B, = Mon”(A%)((A, f),(B,1p)) is a category. The objects in this category are pairs
(r, p), where p is the following 2-cell

rf
TN
Alpr B ,
\7?/
such that the following diagrams
T rnf
rff ———rf r———srf
of p — P (227)

rf

commute. A morphism in By, ¥ : (r, p) — (s,0), is a 2-cell
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AlY B , (2.28)

such that the following diagram

rf S sf (2.29)

r———>S
2

commutes.

The algebraic Kleisli 2-functor acts on 1-cells b: B — B’ in A, as

Algp(b) = by : B, — B, ,

where by is a functor. This, in turn, acts on objects (7, p) as

bF<T7 p) = (bT‘, bp) )

and over morphisms, X : (r, p) — (s,0), as

be(X) = X : (br,bp) — (bs,bo) .

The algebraic Kleisli 2-functor acts on 2-cells

B lp B
\b//

as Algr(B) = Br, where By : by — V. : B, — B, is a natural transformation such that
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Be(r, p) = Br: (br,bp) —— (', /p) .

This finishes the complete description of the algebraic Kleisli 2-functor Alg,.( ) : A — JCat.

2.3.1 The 2-Category KL(A)

The 2-category KL(.A) is the Kleisli completion of the 2-category A, its construction is fully
explained in [20]. The 2-category KL(A) has by O-cells those given by the 0-cells of Mnd(.A),
that is to say, (A, f,u,n’). The 1-cells of KL(A), from (A, f,u/,n’) to (A’, h, u",n"), are given
by

such that p: A — A’ is a l-cell in A, and ¢ : pf — hp : A — A" a 2-cell in A. Note the
inversion in the 2-cell definition for this 2-category with that of Mnd(.A), given by (2.19). This
2-cell is required to fulfill the commutativity of similar diagrams like those given in (2.20). The
2-cells of the 2-category KL(.A) differ substantially from those of Mnd(A), and are described as
follows.

A:(po) — (q,0) : (A f) — (Ah)
is a 2-cell in A,

such that the following diagram

pf —L—hp —2 hhg

Af

hqf 1
hy

hhq hq

commutes.

The underlying categorical structure of this 2-category, (KL (A), KL;(A),-), is defined by the
following composition
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(p; ) (q,%) (q-p;¥p o qp)
N N N
(A, f) (A", f) (A" ") = (A, f) (A", f")

The unit of (A, f) with respect to this composition is (14,1f). The vertical structure of this
2-category is defined by the following 2-diagram

(+,9) (v.6)
m TN
A o) = (4 m\A/jx/gA' B
A/
W (@)

where A’ o A = phgo hA o A. The unit of (p,¢) for this composition is 7°p : (p, ) — (p, ¥),
since n"p : p — hp.

On the other hand, the horizontal structure is given by the following 2-diagram

(p, | (0", ¢'Por'y)

A f) L A (AR LT (A%k) = (Af) | T*sA  (A"k)
~_ 7 ~_ 7 \J/
(9:9) (¢ 4") (¢-q.¢'q0q)

where T¥A = p*q/q o kT'q o ¢/q o p’A and the unit of (A, f) for this composition is 7 : (14,17) —
(14,1y), since i/ : 14 — f. This completes the definition of KL(.A).

2.3.2 Wreaths

The theory of wreaths is developed in [20]. These are considered as extended distributive laws and
are used in this thesis to get an explicit Kleisli object from any monad on KL(A). To begin with
let us state the following simple

Definition 2.3.2.1. A wreath is a monad in KL(A).

The complete description of a wreath in KL(.A) is the following one. A monad on the object
(A, f,u,m’), or a wreath, ((A, ), (h, )\),5,5) consists, according to the previous section, of an
endo 1-cell (h, \) : (A, f) — (A, f) and two 2-cells 7 : (h, A)-(h, \) = (h-h, AhohA\) — (h, \) and
o : 1,y — (h,\), corresponding to the multiplication and the unit of the wreath, respectively.
The previous data has to satisfy the requirements of a monad in KL(.A). More exhaustively, (h, \)
consists of cells h : A — A and A : hf — fh in A. The last 2-cell satisfies the commutativity
of the following diagrams
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Af fA

hif fhf frh h
hf - fro hf : fho.

The 2-cells in KL(A), v and 7, are 2-cells in A, v : hh — fh and 0 : 14 — fh, such that the
following diagrams commute

hhf —2 s =2 hh—L s prh f—2"frn
vf of

fhf ulh fhf wih
fA 12

ffh o fho Jfh—= fh

The requirements for the associativity of the monad and the unitality, o v(h, \) = vo (h, \)v
and voa(h,\) = 1¢, 5 = Vo (h, A7, respectively, can be translated to the following commutative
diagrams

hhh vh fhh h oh fhh

hv fv ho fv

hfh ffh hfh ) fh
-

Ah ufh Ah uwfh

fhh ——ffh T fho | fhh ——fIh T Ih

Having a wreath in KL(.A) (0-cell in KL(KL(A))), there is an induced composite monad in
A (0-cell in KL(A)) , cf. |20] , called the wreath product. This composite can be seen as the value
over O-cells of the following 2-functor:

Comp 4 : KL(KL(A)) — KL(A) . (2.30)
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This 2-functor is the left adjoint to the inclusion 2-functor Inckrya). This adjunction is
depicted as

Inckra)

KL(KL(A)) KL(A)

Comp 4

see [20). That Inckra) has a left adjoint means that Algkra) = Comp,, and, in particular,
Comp 4 has to send a monad ((A, f), (h,\),7, ) to its Kleisli object, as it was discussed earlier.

The image of the wreath ((A, f), (h, A),7,5) under the 2-functor Comp 4 can be written down
explicitly as (A, fh, u¢, o), where the induced multiplication p¢ for the composite monad is:

u’=p'ho fvou’hho fAh: fhfh — fh . (2.31)



Chapter 3

Internal Kleisli Categories

3.1 Monads and Adjunctions in the 2-Category IntCat(9)

This chapter is based on [10]. In this chapter, Kleisli and coKleisli objects are found in the 2-
category of internal categories, that is to say, that the 2-categories IntCat” (9t) and IntCat“’ ()
admits the construction of algebras. Also, Kleisli objects are found in the 2-category IntCoCat(90).
In order to do so let us begin by giving the definition of an adjunction in the 2-category IntCat(90t).
Let (A,C) and (B, D) be 0-cells in IntCat(90).

Definition 3.1.1. An adjunction from (A,C) to (B, D) is the data (I,r,n,¢), where I and r are
internal functors,

r

(4,0)=——=(B,D) , (3.1)
and (n,e) are internal natural transformations,
n 1(1470) — 7l y
e  lr— 1(B,D) N
that fulfill the so-called triangular identities:
Elo * llT] = 1[ R (33&)
mexnNry = L . (33b)

The shorthand notation for such an adjunction is | - r, leaving the unit and counit understood.

Remember that according to Section [2.1] the first of the triangular identities will be referred to
as the triangular identity associated to the left adjoint [ and the second as the triangular identity
associated to the right adjoint r, this referencing is by no means standard but it helps a lot when
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writing.

Let us rephrase the definition of a monad, given in Section [2.3] but this time within the
2-category IntCat ().

Definition 3.1.2. A monad on the 0-cell (A, C) consists of the following data (f, u,n’), where the
first component is a 1-cell in IntCat(IM), f = (f1, fo) : (A,C) — (A, C) and the rest of the data
is composed of 2-cells ji: ff — f:(A,C) — (A,C) and 1’ : Lac) — f: (A,C) — (A,0),

If 1a
TN RN
A,C0) L v (AC) , AC) Lo (A0
\JC/ \sf/

such that the following diagrams

Hf— s g gy
fin p fin! o p (3.4)
ff——F—/ ; ff——F

commute. The first equation is referred to as the associativity of the monad, and the second one
as the unitality of the monad.

Having given the two previous definitions, the following proposition can be stated

Proposition 3.1.3. Fvery adjunction | - r, from (A,C) to (B,D), induces a monad on the
internal category (A, C') given by

f = r:(AC)— (AC),
pw = rElyrirl —rl

n = 7]11(14’0)%7"[.

Proof -

The first induced map is an endofunctor and the last two are natural transformations due to
Section [1.5.3] there remains only to show the associativity and the unitality.

o) Associativity

Translate the associativity condition given in (3.4) by using f = rl and u = rely, then we
get the following equality
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7"18[0 * T1€l07°olo == ?"1€l0 * 7"1[17’16[0 s (35)

which holds because of the following argument. Use Lemma [1.5.3.2] to factorize r, then the
equality that results is the Godement product equality of a = ely and 8 = ¢, like in ((1.28)).

) Unitality

Applying r; to the triangular identity associated to the left adjoint [ and [y to the triangular
identity associated to the right adjoint r, the following equality can be obtained

riely * nroly = 1, = riely x rilyn . (3.6)

This previous equality is nothing but the commutativity of the 2 triangles in the second
diagram in (3.4), i.e. the unitality of the monad, after translation, using f = rl, u = riely
and n/ = . O

3.2 Explicit Construction of Kleisli Objects in IntCat(90)

In this section a Kleisli object is constructed for a given monad in IntCat(9t). The guideline
for this construction is an ad hoc variant of the Kleisli category for a monad in a category C, see
Section The construction for the coKleisli objects will follow similarly.

3.2.1 Sweedler Notation

This subsection will introduce us to one of the computation methods for a monoidal category used
in this thesis. In order to do so, let us introduce first the Sweedler notation, cf. [16]. Consider as
in Section a comonoid (C, A¢,e¢) in the monoidal category (Vect,®, k), i.e. a coalgebra.
Let ¢ be an element in C, then the image of this element under the coaction can be written
as Ac(c) = >, c) ® ¢z)- In the previous expression the summation can be left out and the
expression can be abbreviated to

Ac(e) =cay ®c)

where the summation is understood. With this notation the coassociativity of the coalgebra can
be displayed as

(C®Ac)-(Ac)(e) = ¢y @) @c@)e) = cu) @ @) @) = caym @ cuye) ®ce) = (Ac®C)-Ac
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If (M, %par, p§;) is a C-comodule for the coalgebra then, for all m € M, the application of the
left C-coaction can be written as “py(m) = mi_y @ myq, also p§;(m) = myg @ mp). Then, the
compatibility condition, for m € M, between these coactions can be written down as

mo][—1] & Mo)[o] © M[1] = M[-1) & M[o)o] © Mo][1] -

On the other hand, if (A, m4,ua) is a C-ring then, for a @ b € AOcA, ma(a ® b) = ab. The
complete details for the Sweedler notation are shown doing calculations.

In [27], the author extends and justifies the use of this notation not only on monoidal cate-
gories like (Vect, ®, k), but on general monoidal categories (9, ®, ), where the objects are not
necessarily sets. The role of the elements of a set is played instead by the generalized elements of
an object A in 91, which are morphisms a : X — A in 91. Such a generalized element is referred
to as a in A, where any reference to X is omitted.

As an example of the extended Sweedler notation, we list the properties of internal functors and
internal natural transformations using generalized elements. Let (A, C') be an internal category
in IntCat(91). Let also ¢ in C' and a, @’ in A be generalized elements, then the following lists
can be stated.

i) For a functor, (f1, fo) : (A,C) — (B, D):

ep - fole) = ecle) (3.7a

fo(e)a) ®@ folc)e = folcay) @ folee) (3.7b
fila)-y ® fila)o = folai-1) ® filap) (3.7¢
fl(a)[o] ® fl(a)[l] = fl(a[o]) ® fo(au]) (3.7d
) = fi-ua(c)

fila)fi(d) = fi(ad)

ii) For a natural transformation, a: f — ¢ : (A,C) — (B, D):

a(c)y®@aldy = golcw) @ alew) (3.8a)
Oz(c)[o] ®O&(C)m = Oz(C(l))(X)fO(C(Q)) (3.8b)
gilap)alap) = ala-y)filap) (3.8¢)

In the forthcoming calculations to be done with generalized elements, the previous listed
properties are important. When an equality in such a calculation uses one of these properties,
the use of this property is going to be pointed out as a reference right on the top of the equality
itself. Also, in doing calculations, there will not be any reference to obvious manipulations just
for the sake of brevity.
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3.2.2 Kleisli Objects in IntCat(9)
3.2.2.1 Construction of the Kleisli objects

The proposal for the Kleisli object in IntCat(90t), for the monad (f, u,n’) over (A, (), is the
following;:

i)

ii)

iii)

The object of objects of the Kleisli object is the same as the object of objects of the internal
category (A, ), according to (2.5). The object of morphisms is defined as CYcA, where
the new object of morphisms is modified by the codomain map through the monad f,
according to . Therefore, the proposed internal category that it is the Kleisli object for
the monad (f, u,n") is (CYOcA, C), in short notation Ay = C/O¢A.

The multiplication m; : C'OcA0-C/OcA = C/OcA/OcA — C/0OcA is defined as

my = (C/'Ocm?) - (CT0cpOc fi0cA) - (500 A) - (ALOCATOCA) | (3.9)

which, over a generalized element ¢ ® ajg ® ap ® @’ in CTO:AO-CTORA, acts as,

c®ap) @ ap) ® a' — ¢y ® ple) fi(a)a’ . (3.10)

Compare this multiplication with the composition of morphisms in the Kleisli category Cp,

B3,
The unit u; : C — C'O¢A is defined as

up = (C'0en’) -1y - A, (3.11)

which over generalized elements ¢ in C' acts as,

cr—ca)y @1 (o) - (3.12)

Compare this definition of the unit with the unit morphism for the composition in Cr, (2.8]).

Having defined the proposed Kleisli object for the monad (f, u,n’), the following proposition
has to be proved:

Proposition 3.2.2.1.1. ((C/O¢A,C),my,uys) is an internal calegory.
Proof

i)

C’O¢A is an object in M.

First of all, C/O¢A is in “MY, since its left and right C-comodule structure maps are,
AéDCA, and C/0OcpY, respectively.
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ii) my is a morphism in “M°C.

iii)

iv)

Let us prove that the morphism my is in “MC, by proving that all the morphisms related
to the definition of it are in “MC. We begin with A¢, which according to Proposition
is a morphism in “M¢, also Aé is a morphism in “M since it is the image of the functor
F7 and, by the same argument, so is (14)/ = 1,s. Therefore A/OcA’O¢A is a morphism
in M if we see it as a horizontal composition (coproduct) of morphisms in Bicomod (90).

Next, according to Corollary ﬂ: the morphism ¢; is in “M, then so is L?zch. By defini-
tion, 4 and f; are morphisms in “MC, therefore so is C/Oqu0¢c fi0cA. Also, by definition,
my is a morphism in “M% and, because of this, C/Tgm? is a morphism in “MY as well.
Finally, the composition of these maps, which gives the definition of my, is a morphism in
CMC, as required.

Note that the previous argumentation could have been summarized by saying that Ac,
f, u, fi and my are morphisms in “MC, then take a suitable combination of vertical and
horizontal compositions in Bicomod () to obtain the morphism my. Note that this combi-
nation is inside the monoidal category (“M ¢, C) which is obtained from the bicategory
Bicomod(9M) by fixing the comonoid (C, A¢,e¢), see Remark [1.5.1.1]

uy is a morphism in M
According to the previous paragraphs Ac and ¢ ¢ are morphisms in CMC, also, by definition,

n’ is a morphism in MY therefore u; is a morphism in “M, as required.

my 1S associative.

Let c® ajg) ® apy ® ajy @ afy; ® a” be a generalized element in C'OcAO0-C/O-AO-COcA,
then

(mf . (CfDCADCmf))(C X Cl[o] X am X &/[0} ® al[l] ® a”) _ C(l) ® ,U(C(2))f1 (a[O}),U(a[l])fl (a’)a”
= cy @ plee)pla-n) frfilag) fi(a’)a”

1) ® ple))pfoles) frfi(a) fr(a)a”

cay @ pleey) fiples) fifi(a) fi(a)a”

cy @ ple) frlples) fila)ala”
(my - (meCCfDCA)) (c®ap ®ap @ ag ® ajy; @ a”).

In the third equality, the fact that ¢ ® a is a generalized element in C/Oc A, i.e. c®aj_1] @
ap] = ¢y ® folc)) ® a, was used and in the fourth one, the associativity of the monad, i.e.
W ifo = p* fip. The sixth equality follows from the right C-colinearity of m 4.

uy is unital.

Let ¢ ® a be a generalized element in C/¢ A, then
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my - (AyOcus)(c @ a) Sila)n’ (apy)

)
)’ (ay)ag
= ¢ ® plc)n ffo( ))a
= cq) @ uafolce)a

= c® UA(G[,H)CL[O]

= c®a.

cay ® p(ce
cay ® p(ce

In the third and fifth equality, the fact that ¢ ® a is a generalized element in C/TgA was
used, and in the fourth one, the unitality of the monad, i.e. p*n’fy = 15. In the sixth
equality, the unitality of u, was applied. On the other hand,

my - (uilcAf)(c®a) = cay® plew) fin’(cm)a
= ¢ ®uafolce)a
= c) ®@ualap-y)ap
= c®a.

Here there is nothing more to add other than the unitality of the monad p * fin’ = 1; was
used in the second equality. O

Let us propose the f-adjunction of the Kleinsli object (Af, C') over the internal category (A, C).

For the left adjoint functor [ : (A, C) — (Ay, C) the following pair of morphisms is proposed:
lop: C — C as

lo=Idc (3.13)
and [ : A — Ay as

ll = (CchmA) . (CfDCnfch) . (LfDCA) . (AcmoA) . CﬁA . (314)

Here the reader is compelled to check on the definition of the left adjoint functor for the Kleisli
object in (2.12). This last morphism acts upon generalized elements as

a+— a1y @0’ (a1 @)a) - (3.15)

As for the right adjoint functor r : (Ay, C') — (A, C) the following pair of maps is proposed:
rog: C — C,
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ro = fo , (3.16)

andr; : Ay — A

ri=ma- (pOcf1) ¢y, (3.17)

a morphism which acts upon generalized elements as

c®ar— p(c)fi(a). (3.18)

These definitions should be compared to the definition of the right adjoint functor for the Kleisli
category, (2.13)).

Before giving the unit and counit of the adjunction, let us prove the following

Proposition 3.2.2.1.2. The pairs of morphisms | and r between internal categories (A,C') and
(Ay,C), just defined, are indeed functors.

Proof:

i) lp is a morphism in Comongy obviously.

i) I o 'A' — Ay is in YM©,

Since Iy is the identity comonoid morphism, ‘A’ = A. The morphism 54 is in “M,
according to Proposition , since “py is a fork for the cotensor product COgrA. The rest
of the morphisms involved in the definition of [; have already been proved to be in M.

iii) Multiplicativity of [y, i.e. the following diagram commutes

AQeA 20 crp, A0LC/O0 A
ma mpg
A CITpA

Let a ® a’ be a generalized element in ACJc A, then
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my- (WOcl)(@@a) = my(ann) @7 (a-1@)ag @ al_yq) © 07 (al_ym)aly)
= my(ag10) @17’ (g 11<2>) [01[01®a[11<1>®77f (ap@)a’)
= aj-1ja )<>®u( o-ume) fi (1 (a-ne)awo) 1’ (ap)d’
a1 @ plag )fl( (a[o[ 1)) filago)n’ (ap)d

iv)

!/

ajp)-1 ®UAfo(a[0[ 11<2>) 1(a 01[01)77f(a[1 Ja

a1y @ uafola-1@) frlago)n’ (agn))d’
ar-1)0) ® ua fola-ne)n’ (ap-n)apyoa’
a1y ® uafola-nem)n’ (a1 e)agd

ai-yw) @1 (a1 @) agd
(aa) i~y @ 0’ ((aad') 1)) (ad’)g
Li-mala®ad’) .

oo g H§ ol

ai—11) ® ua(n’ (a-y@) )’ (1@ 0 apd

In the second equality, the fact that a ® @’ is a generalized element in ACcA, i.e. ap ®
ap®a =a® a’[_l] ® aEO] was used. In the third equality, the right C-colinearity of m 4 was
applied along with the compatibility of coactions for A and the coassociativity of the right
C-coaction of A. In the fourth equality, the coassociativity of As and the multiplicativity
of fi were used. The fifth equality follows by the unitality of the monad, ¢.e. px* fin/ = 1;.
The sixth one is a consequence of the compatibility of the left and right C-coactions of A.
In the eighth one, that “p4 is a left C-coaction for A and the coassociativity of Ao were
used. In the tenth equality, the unitality of w4 was used. The final equality, follows by the

fact that m, is a morphism in M.

Compatibility of units, i.e. the following diagram commutes,
c—"C
ua uy
A Ay

l1

Let ¢ be a generalized element in C, then

uy - lo(c) cay @ n'(¢@)

e @1’ (e)oua(n’ (c@)m)

cay @' (cm)ualeee)

= o @1 (cy)ualce)

= wa(@)ry0) @ 0’ (wale)y@)ualc)o
li -ua(e) .

B8
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In the second equality, the unitality of us was applied and in the fourth one, the coasso-
ciativity of A¢. And finally, the fifth equality is a consequence of the fact that u, is a
morphism in “M, i.e. ua(c)j_1 ® ualc)ig = cay @ ua(ce)).-

i") ro is a morphism in Comongy by definition.

ii’) ry :"A} — A'is a morphism in M,
According to Corollary . A 5| the morphism ¢ is in “MY, and because of the functor /F7, so
is Lf folgcAf — o Os7AS . Tt was already check that p, fi and m4 are morphisms in

CMC therefore T TAT — Aisa Il'lOI‘[)hlSIn mn CMC since 1t is a combination of compo-
sitions of ITlOI'phiSITlS iIl C.A/lc.

Note the difference between proving that r1 : "A} — A is a morphism in OME from
ri : Ay — A being a morphism in “MC, this difference comes from the definition of an
internal functor in Definition [L4.2.1]

iii’) Multiplicativity of 7, i.e. the following diagram commutes

riler:

CIO0-AO-CIO-A C’O:A’O/CfOcA AO-A
mp ma
CiIOcA A

r1
Let ¢ ® ajo) ® ap) ® @’ be a generalized element in C'O-AO-CfO-A, then

(my - (nOer) - 1) (@ ag @ am @ ') = pu(e) filag)ulam) fr(a')
i

(
p(e)plar- 1])f1f1(a[0])f1(a,)
= pleq)pfolee) fifi(a )f1(a)
= u(c (1 )flM(C(z))flfl( )fl(a/)
= 1 -mp(c®@ap ®ap ®dad) .

In the third equality, the fact that ¢ ® a is a generalized element in C/CcA, i.e. ¢y ®
fole) ® a = c® a_1) ® apy) was used, and in the fourth equality, the associativity of the
monad was used.

iv’) Compatibility of units, i.e. the following diagram commutes,

T0

o C
ufs up
Ap — A
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Let ¢ be a generalized element in C, then

ua-ro(c) = uafo(c)
= ple)fin'(c)
= r-ug(e)
where only the unitality of the monad was required. O

Now that the proof has been given, the adjunction can be formulated by giving the unit and
counit of it. For a unit of the f-adjunction, a natural transformation

77K : 1(1470) — 7”[,

is needed. The composition rl will give:

ro-lo = fo-le=fo,
ri-li(a) = ri(aya) @' (a-e)ao)
= plai-yw) fin’ (ai-ye) fi(ag)
= fiua(ai-) fi(agq)

= fi(ualar-1))agp)
= f1<a’) )

where the unitality of the monad was required in the third equality and the unitality of u, in the
fifth one. Therefore, rl = f and the unit can be defined as

n*=n". (3.19)

For a counit, a natural transformation

et lr — a0

is needed. The composition Ir is the following:
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lo-ro = fo,

Li-r(e®a) = hplc)fi(a))
= (p(c)fi(a)) ' ((u(c) fila ))[ 1}2)( (c) f1(a)) )
= plo)- ](1>®77 ( o)1) kle)o f1(a)

iEd f0(01)1)®7]( 2)#0(2)f1a

(e)ay @0’ (folc ) )M(C(:a )fi(a) .

1
Sh
(@)
~— —~

The third equality follows by the hypothesis that m, is a morphism in “M, i.e. for a gener-
alized element b ® V' in AlCA, (bb/)[,l](l) X (bb/)[,l](g) X (bb/)[o] = b[fl](l) X b[,l}(g) X b[o}b/. In the
fifth equality, the fact that f; is a morphism of comonoids was used.

Let us now define the counit ¢¥ : ¢ — CfO-A as

K _ (C’chfl)'Lf'(CfDCUA)'AC . (3.20)

This morphism acts over a generalized element ¢ in C, as

cr— ¢y @ frualcw)) - (3.21)

Proposition 3.2.2.1.3. The morphism €%, previously defined, is a natural transformation from
Ir to 1(,4/,70)

Proof:

i) The morphism % : CY — C/O¢A is in “MC.

Since the composite morphism ¢ - (C'Ocuy) - Ac is in “MC, hence if the functor F/ is
applied to it

FI(ip - (C'0cua) - Ac) =1 (CT0cu) - AL
the resulting morphism is in “M% as well. On the other hand, the morphism C/O¢f; :

C/'OcTAT — C7TO¢ A is in MY, therefore the composition of this two maps that gives ¥
. . C C
is in “M*®.
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ii) Naturality of the counit, i.e. the following diagram commutes

L1 f €K
CITpADRC —26 0iO, AOeC S22 orn. AO.cfO.C

CW x\

C/OcA C/OcA .

@ /

CDCcfchLmeDCfoch KOglyr CflchljcchCc

Let ¢ ® a be a generalized element in C/¢ A, then

(my - (C!0cADE") - (CT00p%)) (c @ a) = my(c @ ag) @ apa) @ frualap)e))
= ¢y @ plce) frlag) fivalap)
= c) ® plc) fila)

= c) @ ua(plce))i-)ulce)o fila)
H.5d

)
c(1) ® uafolee)) e fila)
= ¢1) @ plee)n’ foles)ulew) fila)
= ) ® plc)oualp(ce)m)n’ folee))ulcw) fila)
) @ leq))uafofolew)n’ folew)ules) fila)
= c) ® ple) fifiualea)n’ folew)ulee) fila)

my(cay @ frualee) ® foles) @0 folew)ules)) fi(a))
my - (€KD0l1T1> : (Lflch) (A DcA)(C X CL) .

In the second, fourth and seventh equalities, the unitality of u4 was required. In the sixth
equality, the unitality of the monad was used instead. In the ninth equality, the right C-
colinearity of u, was applied. O

In the previous calculation there is an equality that we want to single out for further references.
Let ¢ be a generalized element in C, then

 fole) (3.22)
ojua(pleqy)np)n’ fole)
ua fofolc)n’ folee)

1fiuale@)n’ fole) -

Once that the naturality of the counit has been proved, only the triangular identities are left
to be proved:

uafolc) = plea
= plea

pleq
= plca

1

)N
)
)
)
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i) e¥ly* lin™ = uyly,

Let ¢ be a generalized element in C, then

e¥lox in"(c) = my(e¥lo(cay) @ Lln™(c@)))

my(cqy ® frualee) ® (0 (@) —n@ © 0’ (0 (c@) —n@)n’ (¢@) o)
my (C(l) & flUA< )) (C(S)) ® 77ff0( ) (C(5))>

c(1) @ p(eqy) frfiualee)n’ folew)n’ (cs))

cy ® uafole))n’ (cm)

cay @ ua(n’ (c)) 1)’ (c@)l

cay ®n'(c)

Uflo(c) .

% TR T > I

In the fifth equality, the equality given in (3.22) was used.

ii) 71" % n"rg = uaro,

Let ¢ be a generalized element in C,

(me* xn*ro)(c) = ma(re*(ca)) @n*ro(c))
= wulewy) frfiva(ee)n’ folcs)
= wuafo(c)
= uaro(c) .

In the third equality, (3.22)) was used.

Just as in the case of standard categories, see Proposition [2.1.1] the following can be stated.

Proposition 3.2.2.1.4. The monad induced by the adjunction

(A, C) (C/0OcA, C)

is the monad which the construction of the Kleisli object started with, i.e. (f,u,n’).

Proof -

i) f =rl, as already explained it follows immediately from the construction of functors r and
l.
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i) pu=re€l.
Let ¢ be a generalized element in C, then

FL.EA

r1e®lo(c) = pley) frfivalee)) = pleay)uafofolee) = ple)gualp(c)n) = p(c) -

In the last equation, the unitality of u4 was applied.

iii) n’ = n*, by definition. O

3.2.2.2 Proof for the Kleisli Object

The previous section dealt with the construction of the a posteriori Kleisli object for the monad
(f,1,m") over (A,C) in IntCat(9), and with its well-defined construction, i.e. that it is an
internal category and the induced monad over (A, C') is precisely the one we started with. In this
section, the proof that this internal category is indeed a Kleisli object is given by showing the
isomorphism of categories required in [24], through the representation of Algy, see .

According to the isomorphism of categories given by (2.25)), the following 2-cell in the 2-
category 2-Cat can be constructed

Algy

/r\

IntCat(9) |~ © Cat |

\/

IntCat((Ar,C), )

where the following substitutions were made in (2.25)) : A = IntCat(9) and Ax = (C/OcA4, O).
Let (B, D) be in IntCat (1), then

Os.p) : Algr(B, D) — IntCat((C/'OcA, C), (B, D)),

is a 1-cell in oCat, that it is to say, a functor, and is defined

i) on objects (s,0) in Alg(B,D) = (B, D)y as,

(G(B,D)(Saa))o = S0,
(@(B,D)(S,U))1 = mp- (c0psy) - ts ;

ii) on morphisms X : (s,0) — (¢,7),
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Omn(X) =% .

where the notation ¥ means that the underlying morphism > : s — ¢ is the same but it
has to fulfill different requirements.

The proposal for the inverse natural transformation © is defined as follows.

i’) On objects g = (g1, 90) in IntCat((C'TUcA, C), (B, D)) as,

(é(B’D)(glng)s)o = golg,
(@(BvD)(glng)s)l = 91l1,

@(BaD)<glagO)o = g15Kl0.

ii’) On morphisms 3 : (g1, 90) — (91, 90),

O,p)(B) = Blo
Having defined the 2-natural transformation © and its expected inverse O, we need to prove
the following
Proposition 3.2.2.2.1. The 2-natural transformations © and © are well-defined.
Proof:

For ©:

i) On objects, the pair ((@(B,D)(s, 0))1, (@(B,D)(s, a))o) is an internal functor.

Since s : (A,C) — (B, D) is already a functor then sy : C — D is a morphism in
Comongy. On the other hand, we need to stablish that mp - (60¢s1) - s is part of an
internal functor:

e mp- (00¢s1) - s : *C/0cA® — B is a morphism in PMP.

First, ¢, is a morphism in “MY, then after applying the induced functor *F'*, *1,* will be
a morphism in PMP. Second, o : °*C*/ — B, s, : *A* — B and mp : BOpB — B
are morphisms in 2MP by hypothesis, therefore the composite mp - (c0¢csy) - ¢4 is in
PMP | as required.
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e The morphism mp - (¢0¢s) - ts is multiplicative.

The proof of this multiplicativity is done with generalized elements and using the
Sweedler notation as before. Let ¢ ® aj) ® ap) ® o’ be a generalized element in
CfchDCcfch, then

(mB ((mp - (60c¢s1) - 15)Op(mp -(60cs1) - i) - (CfDCLSDCA)> (c® ap ® apy @ a)
= o(c)si(ag))o(ap)si(a’)
() (ap1))s1 f1(ag)s:(a)
U(C(l))U(fo(C(2)))81f1(a)sl(a,)

o(cqy)sinlee)sifi(a)s (a’)
((mB - (00cs1) - ts) - mf)(C ® ag) @ apy ® a’)

In the third equality, the fact that the generalized element ¢ ® a is in C/OgA, i.e.
ca) ® folcp)) ® a = ¢ ® aj—1] ® ajg, was used. The fourth equality follows from the
requirement given by the first diagram in (2.27)), for an object in (B, D).

e Compatibility with units.
Let ¢ be a generalized element in C, then

upso(c) = 15(c) = o(cy)sin’(c)) = ((mB < (o0esy) - ts) ~uf)(c) :
In the second equality, the second requirement in (2.27)), for an object in (B, D)y, was
used.

ii) On morphisms, ©p p)(¥) is an internal natural transformation.
The proof of the naturality of ¥: mp - (60¢s1) -ty — mp - (6'O¢s)) - tg is split into the
following two parts:

e ¥ :°C* — B is in P’MP, which follows from the definition of ¥ : s — s’ being a
natural transformation.

e The naturality of 5

Let ¢ ® a be a generalized element in C/[Jgo A, then

(mB. ((mB - (0'O¢sy) -ty DDE) (C'DOety) - (C’fDCﬁg))(c@a):U’(c)s'l(a{o])E(a[l])
B3d
= 0'(c)X(a-1)s1(ap)
= o'(cy)Xfolc@))si(a)
= Slew)olee)si(@) ~
= (mg- (S0p(ms - (60cs1) - 1) - (,0cA) - (ALOcA)) (c®a) .
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In the third equality, the requirement (2.29)), i.e. X %o = o’ * X f;, was used.

For ©:

i) On objects (g1, go) in IntCat((Af, C), (B, D)); (é(B,D)<gl790)57 O(B,p) (91, go)a) is an object
in (B, D).

Clearly, ©(5.p)(g1, 90)s = gl is a functor from (A, C) to (B, D), and © 5 p)(g1, go)o a natural
transformation from glf = glrl to gl. As far as the requirements in (2.27)) are concerned,
they are translated into the following requirements, taking into account that pu = rie%ly,

° gngl(] * glllrlé?Klo = gle’iKlo * gngl(]TOlO'

Due to Lemma (|1.5.3.2)), it is enough to prove the equality £¥ly * l[1r1e%ly = &%y *
eflgroly, but this equality is just the Godement product equality for e*xe*[,.

i 91€Klo * 91l177K = 1y,
Due to Lemma (|1.5.3.2)) and to the triangular identity associated to the left adjoint [,
G1e%ly * g1lin™ = g1 (e¥lo * 11n™) = g11; = 1, as required.

ii) On morphisms 3 in IntCat((Ay, C), (B, D)); (:)(B,D)(ﬁ) is a morphism in (B, D),

e Clearly, §l: gl — ¢'l is a natural transformation.

e The requirement (2.29) translates in this case to Bl * g16%ly = ¢4e"ly * Blorolo. This is
simply the Godement product equality (1.28)), for Gxe*lo. O

Once the proof that © and © are well-defined, has been done, it is natural to state the following

Theorem 3.2.2.2.2. The object (C'OcA,C) in IntCat(9M) is a Kleisli object for the monad
F = (f,p,n?) over (A,C) . That is,

o7

Algr

IntCat((C/OcA,C), ) .

Proof:

i) ©: Alg, — IntCat((C/O¢A,C), ) is a natural transformation.

The following diagram must commute for any (hq, hy) : (B, D) — (B’, D')
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Algr(h)

Algr(B, D) Alg-(B',D")

O(B,p) ©(5!,p)

IntCat((A;, C), (B, D))

IntCat((A;, C), (B, D'
R at((Ay, C), ( )

Since this is a functorial diagram, its commutativity has to be proved as much for objects
as for morphisms. Let (s,0) be in Alg.(B, D), then

(@(B’,D’) o} AlgF(h))(S, O’) hoSU,mB/ . (th'DD/hlsl) : //hs)

(
(hoSO,mB/ . (hlljD/hl) s lp (UDD/Sl) . LS)
(

hoso, hi - mp - (UDDS1) : Ls)
= h.(so,mp - (6Ups1) - 15)
= (IntCat((C'OcA,C),h) o Op.n)(s,0) .

In the second equality, the factorization lemma in Lemma was used.

On morphisms, let ¥ : (s,0) — (s’,0’) be a morphism in Alg.(B, D), then

(O 0 Alge(R)) (%) = M2
= h.(%)
(IntCat((C'OcA, C),h) 0 Opp)) (D) -

Next, O, as a 2-natural transformation, has to fulfill the requirement ((1.24)). Note though
that if in this requirement B = ;Cat, the equality given by (1.24) simplifies to the equality

ap(FyX) = Gva,x ,

for any object X in the category F'A. This simplified equation is verified for © and (s, o)
an object in Alg,(B, D) as follows:

O .01 (Algr(Y)(s,0)) = O, (V50)
= 750
= IntCat((C'OcA,C),~)(mp - (60ps1) - Ls, So)
IntCat((C'OcA, C),7)(O5,p)(s,0)) .

Therefore, the naturality of © is proved. That © is an isomorphism is proved as follows.
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i) 006 = LintCat((4;,0), )-
e On objects, let (g1, go) be an object in IntCat((C/O¢A, C), (B, D)), then

(@0 é)(gl,go) = O(gl, 1e"lo) = (mp - (1" lo0Opgil1) - tg, golo) -

Since Iy = 1¢, there only remains to prove that mp - (¢16*l00pg1ls) -ty = 1. To do
so, let ¢ ® a be a generalized object in Cf ® A, then

(mp - (1£"10pgilh) - tg) (c®@a) = (mp- (10pg1) - tg - (e¥l60pl) - 1) (¢ ® a)

= gumy(e"lo(c) @ i(a))

= gims(ca) ® fruale) @ a-ya) ® 0’ (apne)ag)
= 91®u>®¢d @) fifrwalce)n’ (a-1)ag)
= (0(1) C(2) f1f1UA(0(3) ffo(C(4))a)
= 91(6(1)®UAf0(C( )a)
= g1(cq) @ ualapn)ag)

= gi(c®a) .
In the first equality, the factorization lemma was applied. In the second equal-
ity, the compatibility with multiplications of ¢g; was used. In the fourth equality, the

right C'-colinearity of u4 was applied. In the fifth equality, the fact that the generalized
element c(1)®@c(o) ®a is in COcCYOc A was used. In the sixth equality, (3.22) was used.

e On morphisms, let 3: (g1,90) — (91, ;). then

©00(8) =0(Bly) =plo =0 .
i) ©00 = ly,, .

e On objects, let (s,0) be an object in (B, D)p, then

O 0 O(s1,80,0) = (:)(mB -(00¢s) - tsy S0)
= ((mB - (00cs1) - ts) - 11y solo, (mp - (00cs1) - 1) - 5Klo) .

Therefore, for the first component, if a is a generalized element in A,

~1)2))@[0))

(mp - (0c0cs1) - 1) - li(a) = olayay)si(n’(a
S (a[g])

= (oxs1m')(aj-y)
= syuala)si(ap
= si(ua(ai-1))ap)

= si(a) .

|
)
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In the third equality, the requirement o % s;7/ = 1, was used and in the fifth one, the
unitality of u4.

On the other hand, for the third component, if ¢ is a generalized element of C,

((mB ~(o0cs) - ts) - &?Klo)(c) = o(cqy)sifival(er)

= (C(l Jua(sofolc C(2 ))

= o(e)guale(n)
(c) -

C

g

3.2.3 CoKleisli Objects in IntCat (1)

Let (g,0,£?) be a comonad in IntCat(9t) over the internal category (A, C'). The coKleisli internal
category is defined as follows:

i) The object of morphisms and the object of objects are defined as (AO:7C, C') respectively,
in short notation (A9, C).

ii) The multiplication m, : AOCO-AOC =2 A0 AOIC — AOe?C is defined as

my = (M30c7C) - (ADegi0c00c9C) - (AQcdl) - (ADGADA) (3.23)

which, over a generalized element a ® a’[fl] ® a{o] ® ¢ in AOCO-AORC, acts as,

a® aj_y) @ ajy ® ¢ — agi(a’)d(cq)) ® cz) -

iii) The unit u, : C — AO9C is defined as

Ug = <€QDCQC) “lg - AC )

which, over generalized elements ¢ in C, acts as

c— €(c1y) ® ¢y -
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The next propositions and theorems are given without proof since their proofs are essentially
the same as the respective ones for the Kleisli object, that is to say, mutatis mutandis. Neverthe-
less, the reference of the mate proof is given for each of the following propositions.

Proposition 3.2.3.1. ((AOc7C, C),my,u,) is an internal category.
Proof: cf. 3.2.2.1.1 O

Let us propose here in the same way as before the g-adjunction of the internal category (A, C)
over the coKleisli object (A9, '), that is to say,

r

(AO9C, C) (A, C)

The internal functor [ : (49, C') — (A, C) consists of the following pair of morphisms:

ZO = 9o ,
li = my-(¢:0c9) -1y ,

where the last morphism acts over generalized elements, a ® ¢ in ALJ9C, as

a®cr— gi(a)d(c) .

The internal functor r : (A, C) — (A9, C) is given as the following pair of morphisms,

ro = ]-C )
r = (mADCgC) : (Aljc€g|jcg0) . (Amcbg) . (Alchc) . ﬁg .

Proposition 3.2.3.2. The pairs | and r just defined are functors between the internal categories
(A9,C) and (A,C).

Proof: cf. |3.2.2.1.2 a

If the previous pair of functors has to be an adjunction then a unit and counit must be

provided. The unit 7°* : 149, c) — 7,

UCOK 0 — ADCQC

is the following morphism



Chapter 3. Internal Kleisli Categories 73

1" = (0cC) - 1y - (ua0cC) - Ac

which over generalized elements c in C, acts as

¢ — qrua(c)) ® ¢ -

For the counit of the adjunction, it is clear that [r = g, therefore the counit

e ig=1Ir — Lo ,

is taken as

ef =g’ .
With the previous definition of unit and counit, the following proposition can be stated
Proposition 3.2.3.3. The following is an adjunction

T

(AOe2C, C) (A,C)

and the comonad induced over (A,C') is the one which the construction of the coKleisli object
started with, that is to say (g,9,€%).

Proof: cf. |3.2.2.1.4 O

Just as in Section [3.2.2.2] (AO9C, C) being a coKleisli object means, according to [24] , that
it is a representative object for the coalgebraic functor C'oalg,. According to the isomorphism of
categories in (2.26]), another 2-cell in the 2-category 2-Cat can be constructed

Coalg.
IntCat(9m) |= @ Cat

~_ -

IntCat((4,,C), )
where A = IntCat(9) and A, = (AOC, C). Let (B, D) be an internal category in IntCat(91),
then

Op p) : Coalge(B, D) — IntCat((AD?C, C), (B, D)) ,

is a 1-cell in sCat, that is to say, a functor which is defined as follows.
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i) On objects (s,0) in Coalgs(B, D), © is defined as,

<@/(B,D)(Su‘7))1 = mp-(s10p0) - 15 .

ii) On morphisms X : (s,0) — (¢,7), ©' is defined as

N

(B,D) X)=x .

The proposal for the inverse natural transformation ©’ goes as follows.

i’) On objects k = (k1, ko) in IntCat((4,,C), (B, D)), ©' is defined as,

(é/(B,D)(k17kU>S>O = koro ,
(é)/(B,D)(kka)S)l = kiry
~/(B,D)(]‘Clako)a = kin“ro .

ii’) On morphisms 7 : (k1, ko) — (ki, k), ©' is defined as

~/(B,D)(’Y) =70 -
Without further ado, the following theorem can be stated,
Theorem 3.2.3.4. The morphism © is a 2-natural isomorphism and the object (AOC, C) is
a coKleisli object for the comonad G = (g, 9,¢?) over (A,C), that is
Coalgs  —— IntCat((AD9C,C), ) .
Proof: 3.2.2.2.1 and 5.2.2.2.2] O

3.3 Internal Kleisli Objects and the Formal Theory of Mon-
ads

In order to obtain the Kleisli and coKleisli objects for a monad in the 2-category IntCat (1) and
Kleisli objects for a monad in the 2-category IntCoCat(9t) another tool is developed, namely
by using the properties of the bicategory KL(.A), for a specific bicategory A, see [10] and [20].
Therefore, this section begins by introducing the bicategory KL(Bicomod(9M)), afterwards sev-
eral locally full and faithful bifunctors ®, ® and ¥ into KL(Bicomod(9M)) are defined which will
enable us to find the Kleisli and coKleisli objects mentioned above.
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3.3.1 The Bicategory of KL(Bicomod(90))

The 2-category KL(A), for a 2-category A, and the bicategory Bicomod(9t) have been already
defined, out of these constructions let us outline the bicategory KL(Bicomod()), in order to
have the references and concepts at hand for the theory to follow.

The 0O-cells for this bicategory are monads in Bicomod (), that is

C c , Cc |l ma C , C | ua (C
~ ~

Remark 3.3.1.1. KLy(Bicomod(9t)) = Mndy(Bicomod (1)) = IntCat, (M) = IntCoCaty(M).
The 1-cells for this bicategory are

(M, ¢)
T
(C,A) (D,B) ,
such that

M AOcM

o /\
C D, C | ¢ D,

o

MOpB

are cells in Bicomod (M) such that the following diagrams commute

AQcAQCM 2299 an. MO, B 2225 Mo, BO, B
M
maAOcM MOpmp uADy %DUB
AOcM 5 MOpB AO-M MUOpB .
The 2-cells for this category are
(M, )
/i\
c,A) | A (D,B)
\._.,/
(M',¢")

such that
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M
TN
c | A D ,
N
M'OpB

is a 2-cell in Bicomod (), and the following diagram

AOeM ——2—~ MOeB 2222 vro, BO, B (3.24)
AOeA
AO-M'OpB M'Opmp
#'OpB
M'O,B0OpB et M'OpB

commutes.

For the underlying category of KL(Bicomod(9t)), the composition over the following 1-cell
diagram

(C, A) (C/,A/> (CII’AII)

is defined as

(M, ¢) - (N,v) = (MO N, (MOcr) - (¢0erN))

The vertical structure of KL(Bicomod(9)) is defined over the following 2-cell diagram

(M, )
T 1 O\
(C,A) — w'.¢) — (D, B)
Ly
(M//, ¢//)
as

NOK = (M”DDmB) : (A/DDB) A
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The horizontal structure of KL(Bicomod(91)) is defined through the following 2-cell diagram

(M, 9) (N,7)
TN T
(¢,A) | A (C4) | T (C"A")
~_ 7~
(M, ¢') (N, 7")

as

K;F = (M/DC/NIDC//mAH) : (MIDC/FDC//A”) : (M’DC/’}/) : (ADC/N) .

3.3.2 Bifunctors

This subsection is devoted to the construction of locally full embedded bifunctors to the bicat-
egory KL(B), where B is a bicategory, see [I0]. The reason for such constructions is explained
as follows. According to [20], the bicategory KL(B) is complete with respect to Kleisli objects,
that is to say, for any monad in KL(B), this bicategory has the corresponding Kleisli object.
Therefore, let us give a 2-category M(B'), for a bicategory B’, whose 0-cells are monads in B’ and
the remain structure is known but it is not necessary to be detailed. Then, if there exists a locally
full embedding bifunctor, which is the identity on O-cells, F' : M(B’) — KL(B), any monad in
M(B') will render a monad in KL(B), which has a Kleisli object. In particular, this Kleisli object
is a monad in B hence, using the identification on O-cells of F', this object can be seen as a monad
in B, i.e. a O-cell in M(B’). In summary, the 2-category M(B’) will have Kleisli objects through
the locally full embedding F'.

The first bifunctor to construct with the previous characteristics is ® : IntCat(9) —
KL(Bicomod(M1)). Over O-cells (A, C) in IntCat(9) it is defined as

¢(A7 O? mAyuA) = (CvA’mA)uA) .

That is to say, the identity on O-cells. Over 1-cells,

(1, fo)

TN
(A4,0) (B,D) ,

as

(I)<f17f0) = (Cf7¢f> = (Cfv (CfDCfl) ' L; : CﬁAf) 5

where ¢; : AJ-CY =2 AY — CY'0O¢ B is a morphism in “MP. Over a 2-cell,
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(f1: fo)
SN

(4,C) | a (B,D),

~_ 7

(915 90)

as

(CT, %)
T
(C,4) | ®(a) (D,B),
\_/

(C9, ¢g)

where ®(a) = (COpa) - ¢f - Al, and ®(a) : ¢/ — C90pB is a morphism in SMP. This
definition renders a bifunctor.

Proposition 3.3.2.1. The bifunctor ® : IntCat(9) — KL(Bicomod(9M)) is a locally full
embedding.

Proof

First we show that the bifunctor is locally injective on objects. Let (A,C) and (B, D) be
O-cells in IntCat(90). Take objects f,g: (A,C) — (B, D) such that

O(f) = 2(g) - (3.25)

Then clearly fy = go from C7 = 9. Let a be a generalized element in A, then because of

(3-25), ai_1) ® filag) = -1 ® gi(ag). If mp(upfo(_) ® _) is applied to the left hand side of
this equality, then

wafolap-n) fi(ag) F ua(fi(a) ) fila)) = fi(a) -

On the other hand, if mp (uBgo(_) ® _) is applied to the right hand side of the aforementioned
equality, which is the same as mpg (uBfo(_) ® _) since fo = go, we obtained the morphism g,
hence we conclude that f; = ¢;.

That & is locally faithful, is proved as follows. Let av: f — g and §: h — k be 2-cells in

IntCat(9)((A,C), (B, D)), such that ®(«) = ®(f), then

(C90pa) - 1y - AL = (C*OpB) - 1y - Al
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In the same way as before, we apply mpg (uBgO(_)®_) to the left hand side and mp (uBko(_)®
_) to the right hand side to obtain o = 3.

In order to prove the local fullness, consider the following 2-cell A : (C7, ¢;) — (C9, ¢,) in
KL(Bicomod(9M))((C, A), (D, B)), then define the proposed internal natural transformation as

a=mp-(uggOdpB) - A .

Clearly o : 9C7 — B is a morphism in MP. The naturality of this morphism a(a_1)) fi(aj)) =
g1(a))a(ap)), is proved as follows. If ¢ is a generalized element in C7 then write A(c) = ¢y ® ¢,
where ¢\ ® c5 is a generalized element in CYOpB. Let a in A7 be a generalized element, then

a(ai—y) fiap) = upgo(ar-1r)ays.fi(ap)
= uBgo<(a[0} e(ap)) ) ao(ann) [‘”>a[”i
>a
— ( ajualapny)) >UBQO( apjualapn)) ]>a[1};\
= q (a[o (ua(ap)) >UBQO< ap))) 11)“[1]i
((walapa))m)

= g1\a[0])91 ((UA a[l 0jUA

(ag)

(ajo))gruala 1])\)a[l]A
= g1(ag))usgo(ap)a amx

(o))

= g1\ajo Oé(a )

|
Q
S

In the second equality the fact that A is a 2-cell in KL(Bicomod), (3.24) , was used. The
third equality, follows by the next equality of morphisms

mp - (ugOpB) - (900pg1) - tg- pa = mp- (upOpB) - b5 - g1

mpg - (BDDUB) -ﬁ’é g1
mp - (BOpug) - (¢10pg0) - tg - 7% -

In the fourth equality the equation ae(c) = aua(c) coming from the unitality of us was used. In
the fifth equality, the right colinearity of m was used. Finally, in the sixth equality the multi-
plicativity of g, was used.
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That ®(a) = (CYOp(mp- (upgoOpB)-A)) -1y AL = A, follows by the next calculation, where
c is a generalized element in C7,

P(a)(c) = ca)®ungolc@n)ces
) @ upgo(cae))cs
e\ ® UB<CS\[—1})CS\[O}

C\ ® ¢y,

= Ac) .

In the second equality, the left C-colinearity of A was applied. The third equality follows from
the fact that ¢y ® c5 is a generalized element in CYUpB. The fourth equality uses the unitality
of up.

O

There is another functor of bicategories for the comonads counterpart, with the required
characteristics, ® : IntCat®(9) — KL(Bicomod® (9)) and this is described as follows. Over

O-cells (A, C), ® is defined as

&\)(Aa C) mAauA) = (07A7mA7uA) .

Again, it is defined as the identity on 0-cells. Over 1-cells,

(f1, fo)
N
(A4,0) (B,D) ,

it is defined as

O(f1, fo) = (1C, ¢}) = (C, (AT C) 1y -1 55)

where ¢/, : JcOpA = 7A — BOp/C is a morphism in PMC. Over a 2-cell,

(f1, fo)
N

(A,C) L a° (B,D),

~_ 7

(91, 90)

as
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(fC’ gbf)op

N

(c,A) | T, (D,B),
V
(%, ¢4)"

where T, = (a0p?C) - Tuy - 'A¢ and Ty, : /O — BOp9C is a morphism in PMC. d defined in
this way, is a functor of bicategories too.

Proposition 3.3.2.2. The bifunctor ® : IntCat*(9) — KL(Bicomod®(9M)) is a locally full
embedding.

Proof

In view of the left-right symmetry between definitions of ® and CT>, this proof is analogous to
that of . O

The final bifunctor to describe, ¥, has as its domain the 2-category IntCoCat(9t), cf. Sub-
section [I.5.4f Therefore, this bifunctor will provide us with Kleisli objects in this 2-category.
The bifunctor, ¥ : IntCoCat (M) — KL(Bicomod()) is defined as follows. Over 0-cells in
(A, C), it is described as

\II<A7 CJ ma, UA) - <07 A7 ma, UA) .

Yet again, it is the identity on O-cells. Over 1-cells,

(f1, fo)
TN
(4,0) (B,D) ,

it is defined as

qj(fl?fO) :(D7/Yf) :(D7fDlaB'f1) 3

where v : Ao/D — /DOp B is a morphism in “MP . Over a 2-cell,

(f1, fo)
SN

(4,C) | o« (B,D),

~_ 7

(91, %)
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as

(fD77f>

(€, 4) | ¥(o) (D.B),

~_

(“D,74)

where U(a) = 95 - o and ¥(a) : /D — IDOp B is a morphism in “MP. As expected, ¥ is also
a functor of bicategories.

Proposition 3.3.2.3. The bifunctor ¥ : IntCoCat(9M) — KL(Bicomod(9M)) is a locally full
embedding.

Proof

That the bifunctor is injective on objects and faithful is proved in a similar way as in the proof
of the Proposition |3.3.2.1l That the bifunctor is full can be proved as follows.

Let T : (/D,ys) — (“D,,) : (C,A) — (D, B) be a 2-cell in KL(Bicomod(9M)), then
a:f—g:(AC)— (B, D) such that ¥(a) =TI is defined as

a:mB-(uBDDB) T

This morphism in 90 is easily seen as a morphism in “MP. Its naturality is proved as follows. If
d is generalized element of /D, then write I'(d) = d, ® d5, where d, ® d5 is a generalized element
in 9DOpB. Let a ® d be a generalized element in AC/D, then

gi(a@a(d)y)a(d)g = ¢

)un(dy2))ds
= gi1(a ® dy)up(dsi-1))ds5p
= % dy)d5
= ugp((g1(a® dv)dv)[ 1]) (91(a® d,)ds) [0]
= up((n(a®d,))_y) (g1(a®d,))ds
= us((h a®d))[_1]7 (fi( ®d))[_1]a(f1( ®d))[o]
- @ (fl(a®d))[71] @ (il ®d))[0] '
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In the second and in the seventh equalities the left colinearity of mp was applied. In the third
one, the left colinearity of up was used instead. In the fourth one, the fact that d, ® d5 is a
generalized element in YDUp B, i.e. dy1) ® dy2) ® d5 = dy & d5[—1) @ d5[], was used. In the sixth
equality, the unitality of up was used. The eighth equality follows by the fact that I' is a 2-cell in
KL(Bicomod(9M)), i.e. it fulfills the commutativity of the diagram in (3.24). This requirement
is translated, over the generalized element a ® d in AO-/D, to

(fila®d) @ (fila®d) . (fila®d)y = (g(a@d,)) @ (g1(a®d,))ds -

This completes the proof of the proposition. O

3.3.2.1 Reinterpretation of the Embedding Bifunctoriality

The referee assigned to [10] pointed out another interpretation of the embedding of the bifunctors
®, & and V. In order to write about this other interpretation some background work has to be
done before going into detail.

Consider a 2-category A, a bicategory B and assume that there is a bifunctor ' : A — B with
the property of being locally fully faithful and identity on objects. Then there exists a 2-category
denoted by KL, (B) which can also be embedded into KL(B). Its description goes as follows.
The 0-cells are the same as those of KL(B). The 1-cells in KL (B) are pairs (F'r, ) in B, where
r is a 1-cell in A, this pair renders a typical 1-cell in KL(B). The 2-cells in KL (B) are defined
as n"A : (Fr,o) — (Fs,¢) : (A, f) — (A", h), where A : Fr — Fs: A — A’ is 2-cell in B.
The previous construction provides a locally full and faithful bifunctor KL;(B) — KL(B) and
because of the discussion at the beginning of this section, KL, (B) has also Kleisli objects.

Next, apply this construction to A = Comon(9M) and B = Bicomod(M). Obviously,
Comon(9M) do not have a 2-category structure but it can have one according to the bifunctor F
in order to make it locally full and faithful. We have three options

T) F' : Comon(M) — Bicomod (M), is defined by the identity on the 0-cells and for 1-cells
f:C — D as the 1-cell C/ in Bicomod(9M). The 2-cells in Comon(9M) are defined, in order
to make F locally full and faithful, as o : C/ — C9. This definition gives KL, (Bicomod(90))
as the image under ® of IntCat(9), see Section [3.3.2]

t) F : Comon®(9M) — Bicomod”(9M), is defined by the identity on the 0-cells and for the
l-cells f: C — D as /O : O — D and the 2-cells, a : /C — 9C as the image under F' of a.
This definition gives KL (Bicomod” (90)) as the image under ® of IntCat®(90), see Section
3.2

T) G : Comon®?” (M) — Bicomod (M), is defined yet again as the identity on the O-cells and
for the 1-cells f? : C — D as /D : C — D and for the 2-cells, o : /D — 9D as the image under
G of a®. This definition renders KL (Bicomod(9)) as the image under ¥ of IntCoCat (),
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see Section [3.3.2]

The relation between the alternative method suggested as before and the bifunctors developed
in Section [3.3.2] can be understood by the following commutative diagram of locally full and
faithful bifunctors, defined as the identity on O-cells,

KL (B)

KL(B)
M(B)

3.3.3 Wreaths in IntCat(9)

In this section the composite 2-functor Comp 4 : KL(KL(A)) — KL(.A) is used in order to get
the explicit form of the Kleisli objects corresponding to the wreaths in KL(.A). In general, these
wreaths will come from monads in the domain 2-category M(B') of the locally full embedding
bifunctor F', see Section . Then through the 2-functor Comp, the composite monad will
serve as a Kleisli object, first in the 2-category KL(.A) and then, in the domain 2-category M(5’)
as already explained.

3.3.3.1 Kleisli Objects in IntCat ()

Above, the bifunctor @ : IntCat — KL(Bicomod (1)) was constructed, which is a locally full
embedding. The image of a monad (f,u,n’), over (A, C), under this bifunctor is the following
wreath

Of[]c’f]f) cLfe Ac) . (326)

Therefore the Kleisli object for the wreath ®(f, u,n’) is given by the composite monad
over C'. This composite monad is, in particular, an internal category because it is a O-cell in
KL(Bicomod(9M)), see Remark [3.3.1.1} The explicit form of the Kleisli object is (C, C'Tc A, ue,

(C'Oen?) -1y - Ag) and p¢ : C'OcAOCTOcA — C/OcA is given, according to (2.31]), by

(C'Tema) - ((CITepd) - 1p - A OcA) - (CTOcCT0Oema) - (CTOc(CFOc 1) - 1y - “par)OcA) .

This is nothing but the morphism m; in (3.9). The complete internal category structure is
precisely the one defined in Section |3.2.2.1] as expected.
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3.3.3.2 CoKleisli Objects in IntCat(91)

In order to get the coKleisli objects in IntCat(91), we use in this section the bifunctor >
IntCat®“ (M) — KL(Bicomod”(M)). The 2-category IntCat® () has been used here be-

cause a monad in it defines a comonad in IntCat(91), through the duality. The bifunctor D is a
locally full embedding, hence by using it we can obtain the coKleisli objects in IntCat(91).

Let (g,8,2%) be a comonad over (A4, C), its image ®(g, 8, %) renders the following wreath in
KL(Bicomod”(9M)) :

(2(4,C), ©(g), 2(9), 2(e*)) = ((C, A),
(@00) ),
9ICY - 991, - 99 A,

(C,
(C
(o0
(59D090) - Ac) . (3.27)

Therefore the coKleisli object for the wreath C/Is(g, d,€%) is also given by the composite monad
over C, which is an internal category and it is explicitly given by (C’, AOIC, us, (EQDCgC)'Lg'Ac)>
and p¢: AOICOcAOC — AORYC, according to (2.31)), is

(mADCgC') : (AEIC((§9DCQC’) ‘gng .ggAC)) : (mADCQCDCQC') : (ADC((glﬂch) -gbg gﬁg)chC) .

This morphism is the same as my in (3.23). The complete internal category structure is the same
as the one given in Section [3.2.3]

3.3.3.3 Kleisli Objects in IntCoCat ()

The procedure developed for the both of the previous examples is extended to the case of
cofunctors. This procedure can be applied to this case also because of the existence of the
bifunctor ¥ : IntCoCat(M) — KL(Bicomod”(9M)). Therefore, if there exists a monad
(f,1,m"), over (A,C), in IntCoCat (M), its image W(f, u,n’) renders the following wreath in
KL(Bicomod(9M))

(\I[(Av C)v \Il(f)v \IJ(M)’ w(nf)) = ((Cv A)’ (fca fl)v fcﬁA "y fcﬁA ’ Uf) : (328)

The Kleisli object for the wreath W(f, u,7) is given, yet again , by the composite monad over
C. This composite monad is (C,/CO¢A, ¢, 7“p4 - '), where p¢ is given by

(COcma) - ((FPa- 1)Beca) - ((COICOema) - (COc f18.A) . (3.29)
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As mentioned earlier, the conclusion that IntCoCat(9t) admits Kleisli objects is one impor-
tant result obtained with this procedure.

3.4 String Diagrams

In Section the Sweedler notation was explained in order to use it as a tool to compute
with morphisms in a monoidal category (9%, ®, I). In this section, another tool to compute with
morphisms in a monidal category is explained, the so-called method of string diagrams. Due to
Remark [1.5.1.T] that a monoidal category can be seen as a special case of a 2-category, the tool
of string diagrams applied usually to 2-categories and bicategories, can also be used in monoidal
categories. In the general case, the n-cell notation for a 2-category, used so far in this thesis, is
Poincare dual to the string notation.

The topological background on which this technique relies on will be omitted for the sake of
brevity and this thesis will only focus on the operational description of the method. The refer-
ences that are closer to the notation and depiction of diagrams are [4], [14] ,[I7] . We start the
operational description by giving examples of this particular representation of morphisms in the
bicategory Bicomod ().

Let M and N be C-comodules, then we represent the following morphisms using string dia-
grams as follows

M M M MM

Ly = ., f=9f 0 g-f= ., fOch=f h
g

M N A N N

For a comonoid (C, A¢, ), we have that the induced comultiplication A¢ is depicted as

C
Ac

and its coassociativity as
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For a C-comodule (M, “pys, p5;), the coactions are drawn as

M M
Cx ~
Py Pir
A
c M M C

For the morphism ¢y : MO N — M/O/N given by the commutative diagram in (1.13)), the
corresponding string diagram is the following one

M N

Lffp----

MfIN

There is one important property that needs to be highlighted because it will appear in all
the future calculations. This property is related to the equalizer property of MUsN under the
parallel morphisms M ® “px and p§; ® N, for C-comodules M and N. This property is drawn as

<
=
=
=

Pu | = P : (3.30)

If M is still a C-comodule and N is now a D-comodule, along with a comonoid morphism
fo : C — D, then this equality can be translated, for the right D-comodule (M7, (M & fy) - p$)),
to
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Mt N M/ N
—— O Don——
Jo

M/ D N M/'D N

Finally, for a monoid (A, m,u4) in “M, the morphisms m, and u4 are represented by

A A C

U
ma

Just in the same way as we did for the Sweedler notation in Section |3.2.1, we omit further
details and without further ado we proceed to show the usefulness of the method of string diagrams
in action.

3.5 Binatural Maps and Adjunctions in IntCat(9)

This section is based on [10]. In [25], there are two equivalent definitions for an adjunction L - R,
the first one is through the existence of a unit and a counit and the other one through the bijection

Home(A, RB) = Homp(LA, B) , (3.31)

for all Ain C and B in D. This requirement can be interpreted in terms of internal categories
as follows. Consider the adjunction , for the Kleisli category C, then as above, this gives
a bijection Hom¢(A', FB') = Home,(A', B'). On the other hand, in the previous sections, the
Kleisli object for a monad (f, i, n’) over (A, C) was found to be (C,C/TgA), hence a compari-
son between the object of morphisms C70qA and the class of arrows or morphisms of a Kleisli
category Home(A', F'B') can be given. This provides an insight in how to manipulate adjunctions
within internal categories.

Take an adjunction ! 4 r in the 2-category IntCat(9), as in (3.1]), then the left-hand side
of , can be interpreted as D"0cA and the right-hand side as BOp!C. In order to get the
complete translation of this classic requirement for classical categories in terms of internal ones,
the following definition has to be stated.
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Definition 3.5.1. Let | : (A,C) — (B,D) and r : (B,D) — (A,C) be a pair of internal
functors. Then a D-C'—bicomodule map

0: D'0OcA — BOp'C (3.32)

s said to be binatural if and only if the following diagrams commute

PR 0cA BOpo

BrOqA BO, D OgA BO,BONC (3.33)
Dpr.OcA
DDDBTDCA mBDDlC
DDDTl\ch
r T l
D'OcADCA —m—— D'Oc A . BO,C
0005 OpuplodelOpt
D'OcAOcA —" O, COeAQeC 2224E=eh =0 € p  BO, BO,C (3.34)
DrOcma m%0plC
D'OCA BO,C

0

With this definition at hand, the requirement for an adjunction in IntCat (), c.f. (3.1)), can
have an equivalent characterization resembling that of (3.31)).

Theorem 3.5.2. Let | : (A,C) — (B,D) and r : (B,D) — (A,C) be a pair of internal
functors. The adjunction | 4 r takes place if and only if D"OcA = BOpR'C through binatural
maps of D-C'—bicomodules.

Proof -

Suppose that [ 4 r is an adjunction. We claim that the binatural isomorphism is given by

0 = (mpOp'C) - (e0phOp'C) - 2 - (D'OppS) : D'OcA — BOR'C (3.35)

and its binatural inverse is

0=t = (D'Ocmy) - (D"OeriOen) -2 - (Ppp0p'C) - BOp'C — D'OcA . (3.36)
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That 6 and 0! are D-C'—bicomodule maps follows by the respective bi-colinearity of each of
their composite morphisms. The rest of the prove is done by using string diagrams. First, the
binaturality of 8 is proved by checking the commutativity of the diagrams, and . The
proof starts by translating the upper-right branch of the commutative diagram as a string
diagram:

BT A
B A

pp" B’ A

R

ol i L

o
yb---F---ly \B \A
ce A - e bo-- Ll: -
mp L X6}
mpg
mp mg
B iC B iC
BT A BT A
Dﬁ%/— BT A DﬁBT/—
D~ r
T ,OB — ____LT
k- . r
71 ® ﬁg [ VS
1 —\ - - - -l 1
KA ) B
ceo Il e ol
L F-—---- -——1Y
mg ce YA
mpg \\ﬁ
B e B iC

This last string diagram is the one corresponding to the left-lower branch of the diagram (3.33))
as it was required. In the first equality of the previous string calculation the associativity for mp
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91

was used. The second equality follows by the naturality of €. In the third equality, the bifunc-
toriality of the cotensor product along with the associativity of mp were used. For the fourth
equality, the multiplicativity of [; was used. Finally, for the fifth equality the right C-colinearity
of m4 was used.

The next string diagram shows the commutativity of the second requirement (3.34) for the
binaturality of 0

D’I‘

b

D?”

4

Dr A A
A A
~C ~C
—-PA  —FPa
O e N U N
ol
e R
lpe °l;
“UB =
mp
mp
mp
B iC
A A
Dr A A
~C
—-PA -
N 5
12} \
_______.Ll
yk--- T
l1e ol _ —
lmil
mp ce 1
B e B e

b

~C'

\PA

DT’

)

A

b .

A

b

5
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In the previous string calculation, the following steps were carried out. In the first equality,
the functoriality of the cotensor product along with the equality ug -l = [; - us were used. In
the second equality, the multiplicativity of [; was used. In the third equality, the unitality of
u4 was used only. In the fourth equality, the associativity of mpg and the multiplicativity of [y
were used one after the other. Finally, in the fifth equality, the right C-colinearity of m 4 was used.

The binaturality of 6! is proved by a mirror reflexion of the proof just given and by renaming
the involved morphisms, i.e. by changing [ for ry, € for n, mp for m4 and so on.

The proof for the equality 6 - 071 = 1o, i starts by translating the left-hand side of the
equality using string diagrams:

pB/— PB/—

by F==~|===7 Lr by P77~

e L 3/ e o7 o

\ / . —\PA

T \P4 L
m l
4 g F------4---14
~C'
T\ PA by F--- -y
= = € o ol ol =
Ly r———-- -1 Y
lm%
€ o YA c e L
mp
mpg mp




Chapter 3. Internal Kleisli Categories 93

This string calculation was performed as follows. In the first equality the right C-colinearity
of my was used. In the second equality the multiplicativity of m4 and the associativity of mp
were used at once. In the third equality, just the functoriality of the cotensor product was used
to move the morphisms up and down. In the fourth equality, the naturality of ¢ was used. In
the fifth one, the left C'-colinearity of n was used instead. In the sixth equality, the property in
(3.30)) was used. The seventh equality follows by the coassociativity of Ax and the functoriality
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of the cotensor product, which allow us to move the strings. In the eighth equality, the triangular
identity associated to the left adjoint [ was used. In the ninth equality, the property (3.30)) was
used yet again. Finally, in the tenth equality, the unitality of ug was used.

The proof of the equality 6! - 0 = 1pr.4 can be performed by a mirror reflexion on the one
just given and by renaming the involved morphisms as before. Therefore, for this proof one uses
the multiplicativity of r1, the naturality of  and the triangular identity associated with the right
adjoint r.

Conversely, suppose that there is a D-C'—bicomodule isomorphism 6 : D'O0-A — BOp!C
with inverse §~!. The induced unit and counit for the a posteriori adjunction are defined as
follows:

n = ma- (uaredcA) - 07" (upleOp'C) - 1y - Ac:C — A, (3.37)

e = mgp- (BOpugly) -0 - (D'Oeuary) - tr-Ap: D — B . (3.38)

That 1 : ""C — A is a C-bicomodule morphism follows from the fact that the composition
1 - A¢ can be mapped, using the functor "'F, to the following C-bicomodule morphism "; - "Ac;
the composition §~! - (uplydp!C) can be mapped through the functor "F, to the following C-
bicomodule morphism, "0~ - ("(uply)0p'C); the previous two compositions can be composed also
with the following C-bicomodule map my - (uargOcA) which gives the definition of n. That
e:"D — B is a D-bicomodule map follows in the same way.

Before going into the proof of the naturality of 7, the string diagrams for the binaturality of

6! have to be drawn. For (3.33) and (3.34) we have
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B U
1 ~C
——_Pa
l
B A \ B B lO
l
1C5 oo h
— pA
/ li e
9—1 = ) 9
- 0 (3.39)
ma o1
Dr A
DT A
Dr A

respectively. The last string diagram will be used not in this form but the one after composing
with my - (uargOcA), which results in the following equality of string diagrams

B B C
B B C
B
(9_1
r
’ (3.40)
U
ma
A

With these string diagram equalities at hand, the naturality of n can now be proved.
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A
A _
P
S A A
UA"
- - - = [/l
I — [’l
~C
PA/— I e
1 ~C
Uy T\P4 A
|l %
l
L ma _ */ _ _
n
g1 mpg
o1 ma
To A
To
U
UA
ma ma
A A

In the previous string calculation, the following steps were carried out. In the first equality,
the definition of 1 was taken. In the second equality, the property was used. In the third
equality, (3.40) was used. The fourth equality follows by the multiplicativity of {; and the uni-
tality of us. In the fifth equality, the multiplicativity of [; and the functoriality of the cotensor
product to move strings up and down were used. In the sixth equality, the first requirement for
the binaturality of 0!, (3.39)), was used. In the seventh equality, the associativity of m, along
with were used. Finally, in the eighth equality, the definition of n was applied.

The naturality of ¢ is proved by symmetrical steps as the ones carried out.

As far as the triangular identities go, the one associated with the left adjoint [, namely elyxl;n =
1; = uply, is proved as follows. Applying the definition of the unit n and the counit ¢ in terms of
0 and 671, we start by
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____Ll

Uup lpe
UB“
D~
PB/_
R — LT
7‘071 -
UATQ
ma
0
mpg
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______ Ll
uploe
9—1
>< c c c
1 %a _
/ AC ® uBlo
bpp |
U
—= — Ll — — ® uBlo .
uply uply up
ma
0 mp mp
B B B
UBZO
mpg
B

The first equality follows by the unitality of u4. In the second equality, the multiplicativity of
l; and the associativity of m4 and mp were used. In the third equality, the second requirement for
6 being a binatural map, (3.34)), and the left colinearity of up were used. For the fourth one, the
first requirement for the binaturality of 6, (3.33), was used only. For the fifth equality, the right
colinearity of up and the unitality of us were used. For the sixth equality the multiplicativity of
l; and the associativity of mp were used. For the seventh, the left D-colinearity of 6 was used.
For the eighth equality, the left colinearity of ug and the coassociativity of Ax were used. For the
ninth equality, the left D-colinearity of 6~! was used only. For the tenth one, property was
used. For the eleventh equality, the unitality of u4 and the fact that 6! is the inverse for 6 were
used. For the twelfth equality, the fact that [y is a comonoid map along with the left colinearity
of up were used. For the last equality, the unitality of up was used.

The other triangular equality, the one associated with the right adjoint r, is done symmetri-
cally as this one. This concludes the proof. O

3.5.1 Alternative Proof of the Characterization of Adjunctions

In [6], G. Bohm suggested another proof of the characterization of adjunctions in IntCat(9)
using the locally full embedding bifunctor ® : IntCat(9t) — KL(Bicomod()). This proof
requires the following introduction.
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Let B be a bicategory, and consider the following pair of 1-cells in KL(B)

(3.41)

In particular, [ is a 1-cell in B. Suppose further that in B, k is a right adjoint to [,

(3.42)

with unit v : 14 — kl and counit ¢ : [k — 14. Then there is a bijective correspondence
between adjunctions (I, ¢) - (r,%) and isomorphic 2-cells

0: fr— kh, (3.43)

satisfying the following equalities
Oou'r = kuo (khCh) o (kpkh)o (vfkh)o f6 (3.44a)
kpobh = @oulro fi . (3.44b)

In this section Theorem is restated and reproved using the above characterization of
adjunctions.

Theorem 3.5.1.1. Let | : (A,C) — (B, D) and r : (B,D) — (A,C) be a pair of internal
functors. The adjunction | 4 r takes place if and only if D"OcA = BOpR'C through binatural
maps of D-C'—bicomodules.

Proof:
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The bicategory B is taken as the bicategory Bicomod(9t). Then, due to the locally full
embedding @ : IntCat(9) — KL(Bicomod(9M)), constructed in Section [3.3.2] an adjunction

(3.45)
(4.C0)=——=(B.D) .
in IntCat(9) can be taken to be an adjunction in KL(Bicomod (1)),
(3.46)
(DTad)’l‘)
(C,A) (D, B)
(Cé1)

On the other hand, ¢! 4 'C' in Bicomod(9), with unit ¢ - A¢ : ¢ — C'O!C and counit
lp - ¢ 'C0O-C" — D, where ¢ : CO.C — C is an isomorphism.

Then according to [6], there is a bijective correspondence between adjunctions (C!,¢;)
(D", ¢,) in KL(Bicomod(9)), or because of ® between adjunctions [ 4 r in IntCat (), and
isomorphic 2-cells

0: D'0-A — BOYC |

satisfying the following equalities in Bicomod (901)

0-(D'Ocmya) = (mpOp'C) - (BOp(ly - €)OpBOp'C) - (BOp'COe(ly - ot - “p,H)OpC)
'(BDchchmc(Ll : AC)) : (elch) s (347&)

(mpOp'C) - (BOcO) = 0-(D'Ocma) - ((D'Oery) - o - Pp5)0cA) (3.47b)

These two equations are equivalent to the binaturality requirements for 0 in (3.33) and (3.34)),
respectively. O
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3.6 Kleisli Objects Induced by Mates under Adjunctions

The following construction is based on [18]. Let

(3.48)

(A,C) (B,D) , (A,C) (B, D)

be a couple of 2-adjuntions in the 2-category IntCat(9t) and also let (hy, ho) : (A, C) — (A',C")
and (ky, ko) : (B,D) — (B, D’) be two internal functors. Then, because of Proposition 3.1 in
[18], there is a bijection between the 2-cells, A : I'h — kl and v : hr — r’k. This bijection is
given through the following 2-diagrams

Lear,cr)

(A", C") (A, C") (3.49)
/ l \ \in /
e (A, C) (3.50)
\l n / / lé‘\
B/ D/ o /)

If the pasting operation is carried out according to (2.22]), then this bijection looks like
A—r'keor’Aron'hr and v —— 'kl o l'vl o l'hn.

Consider an adjunction [ - r with the same domain and codomain (A, C') for the second
adjunction in and for the first adjunction consider instead the composition of adjunctions
Il 4 rr, with unit and counit rnly * n and € [ erg, respectively, see [25]. In this set up, take
h =1,y and k = 14 ). Finally, if the right adjoint r is part of a monad R = (r, f,1") then the
bijectivity in (3.49)) gives a natural transformation 6 : [ — [l, out of p: rr — r.

On the other hand, if the first adjunction is taken now as the identity adjunction on (A, C),
and for the second one the same adjunction [ 4 r as before, then the bijectivity in (3.49) gives a
natural transformation &' : | — Lia,cy, out of 0" : 14,0y — r. This procedure can be summa-
rized, according to [22], in the following
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Proposition 3.6.1. Let r: (A, C) — (A, C) be an endomorphism that is part of a monad, i.e.
R = (r,,m"), and let | be the left adjoint of r. Then there is a comonad structure induced on I,
under mating, i.e. L = (1,6,€"). The explicit formula for the comultiplication and the counit is
§ = eloly * Lyplolo * lirimly * Lin and €' = e 11" respectively, where € and n are the counit and the
unit of the adjunction, respectively. This type of adjunction is denoted by L 4 R. O

Note: This proposition was written using the coopposite dual principle over the corresponding
proposition in [22].

With an adjunction of this type, there are two induced internal categories, according to the
previous sections, ((C"OcA, C)Ym,,u,) and ((AO:'C, C), my, u;), the Kleisli and coKleisli objects,
respectively. This section finishes with an adaptation of Theorem 2.14 in [22],

Theorem 3.6.2. Let L - R be an adjunction over (A,C), where L = (I,6,€') is the comonad
induced by mating the monad R = (r,u,n"), then there exists an internal isomorphism between
the induced Kleisli and the coKleisli objects, that is to say, (C"OcA, C) = (AOAC, C).

3.7 Example

See [10]. In this section the monoidal category that will be used to give an example of adjunctions
is the monoidal category (Mod%, ®g, R), see Section In this section the tensor product
®pg will be taken unadorned ®. Let us make the following

Definition 3.7.1. Let A be an R-algebra. An A-coring twisting datum is

(3.51)
(D4><i_C, o)

where, according to C comes with a coring structure over A, (C,A¢,ec) and D is an A-
coring (D, Ap,ep). Alsol and r are A-coring morphisms, i.e. morphisms of comonoids in 4 M 4.
Finally, 6 : D' — "C' is an isomorphism of D-C—comodules.

The definition given above is the same as an adjunction [ 4 r with domain (C, A) and codomain
(D, A), in IntCat(Mod%), where the bicomodule property is equivalent to that of the binatu-
rality.

The coring twisting datum in (3.51)), through the adjunction [ 4 r, induces a Kleisli adjunction
from (C, A) to (A ®4 C, A), which in turn, induces an A-coring twisting datum as follows
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(3.52)

(Co=——=cC. 7)

T

where [ = (ep-07'®4C)-A¢ and 7 = 0 -r and § = 1¢. The A-bimodule Cy is the coring C, but
with twisted structure given by

Al = 0-r®,0)-Ac (3.53a)
el, = ep-07". (3.53b)

In the same way, the coring twisted datum in (3.51), through the adjunction ! - r, induces
a coKleisli adjunction from (D ®4 ;-A, A) to (D, A), which in turn, induces an A-coring twisting
datum as follows

(D——1', #)

r

where the coring D? is the coring D with the following twisted structure

Al = (D071 -1)-Ap (3.54a)
e, = ec-0 . (3.54b)

The process of inducing twisted coring structures does not go indefinitely since, as explained in
[20], the completion of a 2-category for Kleisli objects consists of only one step, hence this process
of inducing twisted structures has to stop after one step. In particular, C; = C and (Cy)? = C.
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Morita Contexts and Double Adjunctions

This chapter is based on [II]. In this chapter, the category of double adjunctions for a pair of
categories is defined, afterwards the category of Morita conterts on a pair of categories is defined.
Altogether it will be the theoretical basis for the development of an adjunction between these two
categories, given a resemblance to the interaction between single adjunctions and monads. This
resemblance will finally lead us to a Beck-type theorem at the end of this chapter.

4.1 Double Adjunctions

In this section, the category of double adjunctions is given, this will be the first and one of the
most important definitions for the whole of the chapter. Without further ado, let A and B be
two categories, the objects of the category of double adjunctions over A and B, Adj(A, B), are
defined as follows

(4.1)

A
Rq
L,
Ry
%
B

where the L’s and R’s are adjunctions, the shorthand notation (L, L, 4 Ry, Ly 4 Ry) will be used
quite frequently. The morphisms in this category are F' : (L,L, < R, Ly, 4 Ry) — (L', L] -
R, L, 4 R;), where F': L' — L is a functor such that the following diagram commutes

107
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(4.2)

The respective diagram for the L’s is not required to commute, but there exist natural trans-
formations

a = (e"FL))o (L") : L, — FL, , (4.3a)
B = (PFL})o (Ly®) : Ly — FL , (4.3b)

such that the following properties hold

(Rya)on*=n"* |  &°F=(F&"o(aR)) , (4.4a)
(Rf)orf =af* . F = (Fe)o (3R)) | (1.40)

4.2 Morita Contexts

Let A and B be categories, then the objects of the category of Morita contexts, denoted by
Mor (A, B) are defined as follows

(A, B,T,T,ev,év) , (4.5)

which is a short notation for monads (A, u*,n*) and (B, u®,n”) over A and B, respectively. The
functors T" and f, on the other hand, deserve a detailed look. The functor 7' : B — A is called
an A-B bialgebra functor provided the natural transformations A : AT — T and p: TB — T
fulfill the following requirements
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AAT T g 7" AT (4.6)
AX A o A
AT T T

for \: AT — T, and for p: TB — B

B B
TB~"""_TBB ;A (4.7)
P pB P _
T . T

Last but not least, the compatibility condition

ATB—E 7B (4.8)
Ap p
AT T

is also required.

A natural transformation o : T'— T”, such that the following diagrams commute
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Aa

AT AT’
A N
T——a—T

TB 7B
P o
T———T

4.2. Morita Contexts

(4.9)

is called an A-B bialgebra morphism.These definitions are the ingredients of a new category called

AaFB.

In a similar fashion, the functor T A — B has to be a B-A bialgebra functor through the
natural transformations A : BT — T and 5 D TA —T.

Finally, the natural transformation ev : TT — A has to be an A-A bialgebra morphism and
év : TT — B a B-B bialgebra morphism along with the requirement that the following diagrams

Tév

TTT TB
evT P
AT ————T
TTT ———TA
aT P
BT T

>)

oT ev

T P A

TAT T
pT év
T ——= B

(4.10)

(4.11)
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commute. The morphisms for this category are

0 = (p1, 02,03, 04) : (A, B, T, T, ev,é0) — (A", B, T", T ev', &) | (4.12)

where the definition of each of the ¢’s goes as follows, ¢ : A — A’ is a morphism of monads,
that is to say, it is a natural transformation such that the following diagrams commute

P1Hp1

AA AA! (4.13)
La
NA PLAI 7 VIA,
A - A A — A

where 1% is the Godement product as in ((1.23)). In the same way, @ : B — B’ is a morphism
of monads over B.

Remark 4.2.1. A morphism of monads ¢ : (F,u",n") — (F',u™,n™") over the category C,
corresponds to the 1-cell (1¢, ) in the 2-category Mnd(;Cat), see (2.18]).

The natural transformation @3 : 7" — 7" has to be a morphism 3 : T — 1", in 4 Fg,
i.e. the following diagrams commute

AT — 22 A 8 g
(4.14)

itplT’ iT'm

)\ A/T/ P T/B/

K g

7 T T

In a similar way, @4 : T — T has to be a morphism ¢y : T — wzf/¢1 in gF4. The final
requirement for the morphism ¢ = (@1, 2, ¥3, ©4) is the commutativity of the following diagrams
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7 pared T ngW o (4.15)
A = A’ B % B’

4.3 Adjunction between Mor(A, B) and Adj(A, B)

4.3.1 The Left Adjoint

In order to construct the left adjoint, a shared codomain category for the a posteriori double
adjunction, corresponding to any given Morita context, has to be constructed. Due to the fact
that the construction of this codomain category is lengthy, it is to be done on its own. Let
(A, B, T,T,ev,év) be a Morita context. The definition of the FEilenberg-Moore category for a

Morita context

(A, B)D) (4.16)

goes as follows. The objects of this category, the so-called Eilenberg-Moore algebras (for a Morita
context), are

(M, ), (N, Pxw),0,m) (4.17)

such that

i) (M,*xy) is an object in A4,

ii) (N,Byy) is an object in BE |
iii) : TN — M is a morphism in A4
iv) w:TM —> N is a morphism in B2 |

and they fulfill the following requirements:
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TTM —M— AM TBN — TN (4.18)
Tw Ayns pN v
TN — M TN —— M
and
77N —*— BN Fanf XM, 2y (4.19)
Tv By n pM w
T™ —= N T™ — = N

The bar notation over morphisms will be omitted whenever is possible in order to avoid compli-
cated expressions.

The morphisms for the category of Eilenberg-Moore algebras are described as follows:

(f,9) (M, xar), (N, Pxn), 0,@) — (M, ), (N, Pxwn), @) (4.20)

such that

i) f: (M, ) — (M, *xpr) is a morphism in A4

ii) g: (N, Bxn) — (N, Pxn) is a morphism in BP |

and also they fulfill the following requirements:
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TN —2 TN FM ———Fr (4.21)
M 7 M’ ; N 5 N’

The short notation (M, N) for an object in (A, B)“®) proves to be helpful. The identity mor-
phism for an object (M, N) in (A, B)45) is Low,ny = (1ar, 1n), as expected. The composition of
morphisms (f’,¢) - (f, g ) is done componentwisely, i.e. (f'- f, ¢ - g).

Once the Eilenberg-Moore category for a Morita context has been described, the definition of
the left adjoint functor

I : Mor(A4, B) — Adj(A,B) |, (4.22)

can be given without further ado. Over objects, it is described as

T(A,B,T,T,ev,év) = (A, B, D* 4 U, D" 4 U") . (4.23)

This object can be represented as the following diagram

The description of the adjunctions goes as follows. For the first one, D* 4 U®, D* is defined
over objects, X in A, as

DY(X) = (AX, 1’ X), (TX,AX),evX, pX) | (4.24)
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and over morphisms h: X — X’ in A, as

D*h) = (Ah,Th) : (AX,TX) — (AX", TX") . (4.25)

At this point, the following proposition is needed.

Proposition 4.3.1.1. The functor D® : A — (A, B)*B) is well-defined.

Proof:

First, it has to be checked that ((AX, u*X), (T\X, XX), evX, pX) is an Eilenberg-Moore alge-
bra. That (AX, u*X) is in A“ is clear since this part of the functor is the free algebra functor
for the monad A as defined in the proof of Proposition . That (TA“X, XX) is an object in
BB can be deduced from the property of T being a left B-algebra functor applied to X. That
evX : TTX — AX is a morphism in AAA is deduced from the fact that ev is a left A-algebra
morphism evaluated in X. That pX : TAX — TX is a morphism in B? follows from the

compatibility condition imposed on the B-A-bialgebra functor T evaluated on X. The diagrams
in (4.18) are translated to the following ones

evAX TOX

TTAX AAX TBTX TTX
TpX pAX oTX evX
TfX evX AX ’ TfX evX AX

Both these diagrams commute, the first one because ev is, in particular, a right A-algebra
morphism evaluated at X, and the second one because this diagram is part of the requirements
for a Morita context, namely the second diagram in evaluated at X. The commutativity of
the remaining diagrams in , can be proved in a similar way. The first one commutes because
it corresponds to the first commutative diagram in , the second one commutes because it
corresponds to the fact that Tis a right A-algebra functor.

Second, we have to check that (Ah,Th) : (AX,TX) — (AX',TX') is a morphism of
Eilenberg-Moore algebras. That Ah : AX — AX’ is a morphism in A4 follows from the
naturality of #, and that Th : TX — T X" is a morphism in BB follows from the naturality of
A. On the other hand, the diagrams in are translated to the following ones
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TAh

TTX TTX' TAX TAX'
evX evX’ pX pX’
AX ———— AX' IX ——=TX

These last diagrams commute because of the naturality of ev over h and because of the natu-
rality of p over h, respectively. O

The functoriality of D® follows componentwisely from the functoriality of A and T. This com-
pletes the definition of D?.

On the other hand, the definition of U® goes as follows. Let (M, N) be an object in (A, B)A45),
then

U((M, *xur), (N, Pxn),0,0) = M | (4.26)

and for morphisms, (f,g): (M,N) — (M’, N’

~—

Y

ve(f.g) =1, (4.27)

where f: M — M’ is a morphism in A. The proof of U® being well-defined and a functor, is
clear.

Proposition 4.3.1.2. D* and U* form an adjunction, D* 4 U*.

Proof:
The unit of the adjunction

n’'Pt i1y — UCD” (4.28)

is defined on objects as

A
N X X T AX (4.29)
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The counit of the adjunction

€DGU¢7« : DaUa _— 1(A,B)<A’B) , (430)
is defined on objects as
arra e (%7;)
eP"v"(M,N) : (AM,TM) ——— (M, N) . (4.31)

Note that (AM, f]\/[) stands, as a short notation, for ((AM,“y), (f]\/[, AM),evM,pM). That
the morphism (%7, @) : (AM,TM) —> (M, N) is a morphism in (A4, B)“B) is proved as follows.
The morphism 4y, : AM — M is a morphism in A4 since this is the definition of the counit for
usual Eilenberg-Moore adjunction, corresponding to the monad A, (2.14). Second, w : TM — N
is a morphism in B?, by hypothesis. Hence, there remains only to prove the commutativity of the
diagrams in (4.21)), but once they are translated they are nothing but the first diagram in ([4.18)
and the second diagram in (4.19)), respectively, whose commutativity holds by hypothesis.

Now that the unit and the counit have been defined, let us proceed to prove the triangular
identities for the adjunction. The first of them, the one associated to the left adjoint D“, is

EDU DaODaT}UD :1D‘l .

In order to prove such a statement, let X be an object in A, then the composition can be
broken down to

D" X = D'n*X = (An*X,Tn*X) ,

and

PV DX = P ((AX, 1 X), (TX,2X), evX, pX) = (' X, pX) |

and finally 1pex = (1ax, 15y ). The composition now looks like

(WX, pX) - (An" X, T X) = (u* X - A" X, pX - T X) = (Lax, 13x) ,

where the equality holds, first because of the unitality of the monad A, and second because of T
being a right A-algebra functor.
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The triangular identity associated to the right adjoint U® is

UaEDU O??UDUa:]_Ua .

Let (M, N) be an object in A“, then the composition can be broken down to
nUaD“Ua(M’ N) — 77U“Da]w — 77A]w 7
and

U(lgD“U“<M, N) - Ua(AYM7w) = AXM )
and also 1ye (M, N) = 1ya(a,ny = L. All together it looks like,

v contM =1y,

which holds since (M, ?y,,) is in A% O

The next proposition is stated without any proof since it is similar to the one just given.
Proposition 4.3.1.3. D° and U form an adjunction, D® - U°.

The unit and counit of the adjunction D 4 U® are given for the sake of completeness and
referencing:

'Y = 9°Y:Y — BY | (4.32a)
eV (M,N) = (v,%xy): (I'N,BN) — (M, N) . (4.32b)

The functor ' : Mor(A, B) — Adj(A, B) is defined over morphisms ¢ : (A, B, T, f) —
(A", B, T, T\’) as follows. The image of the morphism ¢ under the functor I' has to be a functor
such that T'(p) : (A, B)AB) — (A, B)AP). In order to construct such a functor, let us state
the following proposition.

Proposition 4.3.1.4. Let o : (C,F, ", n") — (C, F', u* ,n™") be a morphism of monads, then
there exists a functor ,H : CF" — CF between their Filenberg-Moore categories of algebras.

Proof:(Sketch)

]i);eﬁne oH overFo/bjects (N, F'xn) in C" as (N, xn - ¢n). Define ,H over morphisms h :
(Nv XN) - (NI7 XN’) as

HH(h) =h: (N, Fxw o) — (N, xr - o) (4.33)
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O

Resuming with the construction of the functor, I'(¢) is defined over an object ((P,“xp),
(Q, B/XQ)’ r, s) in (A’ B)(A/vB/

L(p)(P,Q) = (P, *xp - ¢1P). (Q,Pxq - 92Q), 7 93Q, 5 - paP) .

On a morphism (7,7) : ((P,*xp), (Q,%xq),7,8) — (P',"xp), (Q", B'xq), 7", s) it is defined
as

where (P, 4) : (P, A/XP p1P), (Q, B/XQ (2Q), 1 p3Q, S paP) — ((P/7A,XP’ ~p1P) (@ B/XQ/ )
©02@'), 7" 03Q’, 8" 04 P') is a morphism in (A, B)4®). The notation + means, for example, that the
underlying morphism p : P — P’ remains the same but not the requirements over it, i. .c. the bar
notation corresponds to p fulfilling the requirements for the Morita context (A’, B’, T’ T’ ev', ev )
while the notation < corresponds to the requirements for the Morita context (A, B, T, T, ev ,EV)
instead. Without further ado, let state the following

Proposition 4.3.1.5. T'(p) is well-defined and it is a functor.

Proof:

First, on objects, we need to prove that ((P,4xp-¢©1P),(Q,Bxq - v2Q),7 - ©3Q, s - p4P) is an
object in (A, B)A-B).

The object (P,“xp -1 P) is in A* because it is the image of the functor o H , see Proposition
(Q,P'xq - p2Q) is an object in B because is the image under the functor ,, H. The next
thing to get through is that r - p3Q : ATQ — AP is a morphism in A#. This requirement is
translated to the outer most diagram in

Ap3Q
_——

ATQ AT'Q AP
P T'Q (i2) o1 P
AQ @0 AT'Q A'P
NQ (444) Aly b
TQ o 70 P
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This diagram was broken down already in order to help to write the argument for its commuta-
tivity.

The diagram in (7) commutes because @3 : T' — , T is a morphism in 4, in turn, (i) com-
mutes because of the naturality of ¢; over r, and finally, (i77) commutes because r : T'QQ — P
is in A%, That s-@,P : TP — @ is a morphism in BZ, is proved similarly.

It remains to show the commutativity of the diagrams in (4.18)) and (4.19). Starting with the
first diagram in (4.18)), this is translated to the following one

TTP =l AP
Tws P (z) ©1 P
T7p 2 i~ ip
Ts @) T's (i) Axp
TQ 7'Q v P

»3Q

which commutes because in (i) the expression ©3T'P - To, P is the definition of (3 * ©4)(P),
then this diagram corresponds to the first one in for the requirements of a morphism of
Morita context. In turn, (ii) commutes because this diagram is the first requirement in for
the Eilenberg-Moore algebra (P, Q). Finally, (i) commutes because of the naturality of ¢3 over s.

Resuming with the second diagram in (4.18)), this can be translated to the following one

TBQ—EQ9>TRQ4f33»TQ
©3B'Q (#4) 03Q

Q (i) IU?QEE33>TQ
/Q (iid) r

/
TQ w3Q T Q r P ’

which commutes because the inner diagrams commute. The one corresponding to (i) commutes
because the morphism p3B’'Q - TpoQ) is equal, through the Godement equality of (¢3 * v2)(Q),
1.23), to T'2Q - p3BQ; if this morphism is substituted back in (i), it gives the requirement
4.14) for a morphism of Morita contexts. In turn, (i7) commutes because of the naturality of
@3 over 2y, and finally, (4i) commutes because it is the second requirement in for the
Eilenberg-Moore algebra (P, Q).
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The requirements for the diagrams in (4.19) are sorted out similarly.

The fact that the functor I'(¢) is well-defined on morphisms is proved as follows. That P
(P,"\p-¢©1P) — (P',"xpr -1 P') is a morphism in A* follows from the properties of the functor

o H. Likewise, q: (Q,P'xg - 92Q) — (Q',B'xqr - v2Q') is a morphism in BZ. Furthermore, take
the first diagram in (4.21) and translate it to

Tq

TQ TQ
¢3Q (4) P3Q’
TQ— T
IR
P——F—P

The diagram (i) commutes because of the naturality of 3 over ¢, and (i) commutes because
(P,q) is a morphism of Eilenberg-Moore algebras for the Morita context (A’, B',T",T"). The sec-

ond diagram in (4.21)) commutes by similar arguments as the previous one. Therefore, (P, q) is a
morphism of Eilenberg-Moore algebras for the Morita context (A, B, T, T, ev, év).

On the other hand, it is clear that I'(¢)(1(pg)) = I'(¢)(1p,1g) = (1p, 1g) = lrw)rq)- Also,

/

let (p/,¢') - (p,q) be a composition of morphisms, therefore I'(0)(p' - p,q¢' -q) = (0’ -p, ¢ - q) = (p

q) - (E, ) =T(p),q)  T(v)(P,q) . This completes the proof of the proposition. O

It remains to check the interaction of the functor I'(¢) with the right adjoints. In order to do
50, let (P, Q) be an object in (A, B)4"5") then

U*-T(p)(P,Q)=U"P,Q)=P=U"(P,Q) ,

therefore U? - T'() = U’, and the same is true about the U”’s. This finishes the proof that T
is well-defined on morphisms. Once this part has been finished, one can proceed to check the
functoriality of I'. Let us start with ¢ = Loaprs = (14,1p,17,15), then

F(1A7 1Ba 1T> 1?)((Ma AXM)7 (N7 BXN)aU7w):((M7 AX]W . 1AM)7 (N7 BXN . 1BN)7U . 1TN7w : 1fM>

:((Mv AXM>’ (N7 BXN),U,U}) )

which means that F(l(A,B,T,:F)) = 1F(A,B,T,f)-

Consider the following composite ¢’ - p. If T" is applied to this composite and evaluated at
((P,*"xp), (Q,P"xq),, s), then the following calculation can be performed
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Ll 0)(P,Q) = ((P, A"XP (01 91)P), (Q,7 Xxq  (¢h - 92)Q),7 - (5 - 03)Q, s
= (P,"xp-o\P- solP),(Q Xa - h@Q - ©2Q), 7+ PhQ - p3Q, s -
= T()((P."xp- & P),(Q, % Xq  ¢hQ).m - 4Q, s - ¢} P)
= D(p)I'(¥)(P,Q) .

Therefore, I' : Mor (A, B) — Adj(A, B) is a functor.

4.3.2 The Right Adjoint

This section is devoted to the construction of the right adjoint

T : Adj(A,B) — Mor(A,B) ,

of T'.

On objects T is defined as

Y(L,L, - Ry, Ly 4 Ry) = (RyLq, RyLy, RoLy, RyLa, Ra® Ly, Ryc®Ly) .

On morphisms F : (£, L, 7 Ry, Ly 4 Ry) — (L', L) A R, L; 4 R}), T is defined as

T(F) = (RaOé, Rbﬁ; Raﬁv RbOé> :

According to this, the following proposition can be stated.

Proposition 4.3.2.1. The functor T : Adj(A, B) — Mor(A, B) is well-defined.
Proof

T) Over objects.

(¢} - pa) P)
904P ¢4 P)
(4.34)
(4.35)

(4.36)

The monad (RyLg, Rye®La,n®) on A is just the monad induced by an adjunction (2.3)), and
so is (RyLy, RycLy,n°). That (RyLy, Rae®Ly, ReebLy) is an A-B bialgebra functor is proved as
follows. Take the first diagram in (4.6) and represent it with the proposed Morita context, to

obtain
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Rae®LgRo Ly
RaLaRaLaRaLb RaLaRaLb
RoLaRae®Ly, Rae®Ly,
RaLaRaLb Rac®Ly, RaLb s

this diagram commutes because is the result of applying the functor R, to the naturality of €* over
e®L,. Now take the second diagram in (4.6 and represent it with the proposed Morita context,
to obtain the following diagram

N*Ra Ly
RaLb RaLaRaLb
Rae®Ly,
Ro Ly
RaLb s

this diagram commutes because is the triangular identity associated to the right adjoint R, ap-
plied to the functor L.

These two examples exhaust the arguments required to prove all of the details for the well-
definition of the functor T over objects. Nevertheless, the arguments are given for the reader to
know the procedure of the proof. For example, the two diagrams in (4.7) commute because of the
naturality of € over £* and the trlangular identity associated to the left adjoint Lb, respectively.
The compatibility condition is fulfilled because of the naturality of e* over . That Tisa
morphism in gF,4 follows sumlarly.

On the other hand, the properties required for ev : TT — Aand év: TT — B given by
(4.10) follow from the naturality of e® over % and the naturality of ® over €°, respectively. The
final requirements in (4.11) follow in a similar way.

T) Over morphisms.

Consider ¢; = R, The first requirement in (4.13), translates to the following diagram

RoLoRoL, Setefe p [ R, FL. = R L R,L, T R PRI} = RIIR.L!
Rae®La RLee L),
R.L, R,FL. = R.L,

Roa
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which commutes because of the following calculation

Ryovo Rye®Ly, = Ry “FL, o R,L R,
= Ry.(Fe“oaR))L, o R,L,R,«

= R,F&"L o RyaR. L o R,L R,
= Rl&“L! o R,aR. L, o R,L,R,« .

The first equality follows from the naturality of €* over «, the second one is a consequence of
the second equality in , and the fourth one is the requirement for ' to commute with the
right adjoints, i.e. R,F = R!. Note that the previous diagram was written down with all the
details, but in the remaining ones we will omit any reference to the equalities over the R’s.

The second requirement in (4.13)) translates to the following diagram

14

/a

RuL, R.L

R«

whose commutativity property is nothing but the first equality of (4.4a)).

The case py = Ry, is just a mutatis mutandis of the previous case.

That ¢3 : T' — T, is a morphisms in 4Fp, is equivalent to the commutativity of the

following two diagrams

RoLoRoB RoBRyLy
RaLaRaLb —— RQLQR;LZ RaLbRbLb RéLéRbLb
RqaR, L} R, L} Ry
a !/ 7/ !/ 71 !/ 7! !/ T/
Rqe Lb R(ZL(ZR(LLI) RaEbLb RllLbRbLb
Rje'" Ly R,e" L,
/71 !/ T/
RaLb Raﬁ R(LLb 3 RaLb Raﬁ RaLb
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Let us check the commutativity of the first one;

R.&“L 0 RyaR.L} 0 RiLaRuf = RoF"L} 0 RaaR.L, 0 RoLoRaf
= R,(Fe"LjoaR,)L,o R,L,R,03
Ruc"FL, 0 RoLoRaf3 .

The two first equalities are self-explanatory, and for the third and final one the second property
in (4.4a}) was used. For the commutativity of the second diagram,

Re"L, o R.L,RyB3 0 RySRyLy = R.Fe"L, o R, FL,Ry(3 0 R,BRyLy
= R,F<"Lj 0 R,BR,L, o RyLyRy3
= RG<F€/b @) ﬁRg)Lg @) RaLbRbﬂ
= R.,"FLj o R,LyRy3
= R.B0 R.,"L, .

To derive the second equality the naturality of § over L,R,( was used and to derive the fourth
one, the second property in (4.4b)) was used. Finally, for the fifth equality, the naturality of £°
over LyRy(3 was used.

That ¢4 : T' — ,, T}, is a morphism in pJF, is proved in a similar way.

On the other hand, the first condition in (4.15)), translates to the following commutative
diagram

RaLy Ry R.BR,L,

RoLyRyLa RuLyRLL, R.LIRL,
RaEbLa RQE/bLQ
R.L, R, L,

Roa

The next calculation proves its commutativity:

RePL! o RyBR,L, o RyLyRyae = R,Fe’L! o R,BR,L. o R,LyRyox
= (Ru(Fe"L, o BR,)L.) o R,LyRycx
= R.,"FL o R,LyRyax
= R,("FL. o LyRyo)
= Ry(aoe’Ly)
= RyooR.,"L, .
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The third equality follows from the second property in (4.4b]), and in the fifth one the naturality
of €% over o was used. The second condition in (4.15)) is proved similarly. a

Now that the well-definition of T has been proved, it only remains to show that Y (1 1, 4r.,1,4R,)) =
1v(£,Lo-iRa, Ly-R,)- This last equality follows easily from the next calculation, Y(1z) = (R, 1p,, Bolp,,
RalLba RblLa) = (1RaLa7 1RbLb7 1RaLb7 1RbLa)' For the Compatlblhty with COITlpOSitiOIl, T(F/ . F) =

T(F') - Y(F), we have that

(RaO[”, Rb5”7 Raﬁﬂa RbOé”) ; (R;O/a Réﬁ/a R;ﬁla R/ba/) : (RaO[, Rbﬁv Raﬁv RbOé)
= (Rua(Fd' o), Ry(FB o), Ry(Ff3 o B), Ry(Fa' o)) .

Therefore, the equality that has to be fulfilled is o = Fo/ o a, where o' = ¢*FF'L" o L,n"*. A
similar equality takes place for 3”. This equality is verified as follows:

e"FF'L oL,y = (Fe®oaR,)F'L!oLn™
= FF'LoaR,F'L!o Ln"™
= Fe“F'LloaR,F'L) o L,R,o o L,n"
= Fe"F'LoFL,R,o/ oaR,L o L,n"
= Fd' o FeL oaR,L oL,
= Fd' oeFL, oL

= Fdoa .

The first equality follows by the second property in , and the third one by the first prop-
erty in for n”*. For the fourth equality, the naturality of a over R,o’ was used and for
the fifth one, the naturality of &'* over o/ was required. Finally, for the sixth equality yet again
the second property in (4.4a)) was used and the definition of o was applied for the seventh equality.

This completes the proof of the functoriality of T.

4.3.3 The Unit and the Counit of the Adjunction

The two previous sections give the background to propose an adjunction

Mor(A, B) Adj(A,B) , (4.37)

whose unit and counit are defined without any further ado. Let us begin by giving the unit of
this adjunction,

v Imoras) ——= YT .
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First, in order to define this unit over an object (A, B, T, f) in Mor (A, B),

v(A,B,T,T): (A, B, T,T) — YI'(A,B,T,T) ,

TT'(A, B, T, T\) has to be characterized. From the previous sections

T(A,B,T,T,ev,év) = (A B)AP) D*4U*, D" 4U?) .

Therefore, we need to construct the object Y ((A, B)“5) D* 4 U, D* 4 U®). For the part
involving the monad on A, we have

((]al)a7 UagD“U“Da’nU“D“) — <A>MA7 nA) .

Note that this result resembles the statement in Proposition that is to say, the monad in-
duced by the adjunction D* 4 U® is one of the monads that constructs precisely this adjunction,
in this case (A, u*,n*).

For the part involving the monad on B,
(UbDb, UbEDbUbDb, nUbDb) — (B, MB) nB) 7
in a similar way.
For the part corresponding to T,

(Uan, UaEDaUan, Ua€DbUbDb) ,

where

UanY — UG(TY’ BY) — TY 5
U™ DY = U™ ((TY,\Y),(BY, p?Y), pY,@Y) = U*(\Y, &Y) = \Y
U™ DY = U™ ((TY,\Y),(BY,u"Y), pY,é&0Y) = U(pY , u?Y) = pY .

Therefore,

(UDP, UV D, U%P""" Db = (T, \, p) .

For the part corresponding to T , we can obtain in a similar way

(U*D*, U™V D* UPe”"V" D) = (T, \, ) .
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For the part corresponding to ewv,

UangUb Da
then for X in A,

U DX = Ut (AX, 1 X), (T, 3), ev0X, pX) = U*(e0X, AX) = evX .

That is to say,

brrb
Ue? V" D% =ev .

For the part corresponding to év, we can get in a similar way that

UbePv' Db = &y .

All this is summarized by saying that YTI'(A, B, T, f, ev,ev) = (A, B, T, f, ev, ev). Therefore,
the unit of the adjuncion is nothing but the identity natural transformation for Mor(.A4, B3). For
the object (A, B, T, T, ev, év),

V(A, B, T, T, ev, év) = Laprs = (a1 1r,15) . (4.38)

In order to define the counit,

¢:I'T — lagjan)

the value of the functor I'T has to be determined over the object (£,L, < R,, Ly, & Rp) in
Adj(A, B). In order to do so, the functor Y is applied first, to obtain

T(,C, La = Rm Lb = Rb) = (RaLay RbLb, RaLba RbLm RasbLaa RbgaLb) )

and then the functor I,

I'(RuLa, RyLy, RaLy, RyLa, Rae"La, Rye®Ly) = ((A, B)Belatole) po qye pb 410 )
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Thus, for an object (£, L, 4 Ry, Ly 4 R,), the counit can be given as

S(L,Lq 4 Ry, Ly 4 Ry) = ((A, B)(FalasBolo) ‘Do e Db L) K (L, La 7 Ray Ly 4 Ry)

LR?

where K is a morphism in Adj(A, B), that is to say, a functor K™® : £ — (A, B)Fala L),
This functor is defined over objects as

K™7Z = ((RyZ, Ry Z), (RyZ, Rye® Z), Roe* Z, Rye®Z)

and over morphisms z : Z — Z’ it is defined as

K"z = (Ruz, Rp2) .

This definition should be compared with that of the comparison functor K* defined in Propo-
sition [2.1.4] for a monad (F,u",n"). Before resuming the description of the adjunction let us
state and prove the following

Proposition 4.3.3.1. K™ s well-defined and it is a functor.
Proof:

The functor K™ is well-defined on objects.

That (R,Z, R,e%Z) is an object in Afele is proved by translating the diagrams in (2.9) for
the monad given by R,L,. The resulting diagrams commute because of the naturality of £* over
€*Z and because of the triangular identity associated to the right adjoint R,, respectively.

That (RyZ, RyebZ) is an object in Bfels follows by similar arguments.

The commutativity of the diagrams in for an Eilenberg-Moore category are fulfilled. For
example, the first diagram, when translated, looks like R,e%Z - Rye®LoRoZ = RuebZ - Ry Ly Rye®Z
and this is nothing but applying the functor R, to the naturality of ¢* over €2Z. The second
diagram is translated to R,e®Z - Roe’LoR,Z = R.e®Z - R,LyRye®Z which holds since it is the
functor R, applied to the naturality of €” over 7.

The pair of diagrams in (4.19) are proved similarly, i.e. the first one because of the functor
Ry applied to the naturality of €% over €*Z and the second one because the functor R, has been

applied to the naturality of £* over €% Z.

The functor K™ is well-defined on morphisms.
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In order to prove this statement let z : Z — Z’ be a morphism in £. Then R,z is a morphism
in Aflale hecause of the naturality of € over z. That Rz is a morphism in Bf% follows in the
same way.

It remains to show that the maps fulfill the requirements given in (4.2I). Let us start with the
first one, which translates to R,e’Z’ - R,LyRyz = Roz - Roe®Z. This equality holds because it is
the result of applying the functor R, to the naturality of ® over 2. And the second requirement
in also holds, because it is the result of applying the functor R, to the naturality of €% over z.

The functoriality of K*.
Let Z be an object in £ and 1 its unit, then K™ (1) = (Rolz, Rylz) = (lp,z,1r,z) =
L(R.z,Ry2) = 1g1r(z). Let 2'- 2 be a composite in L, therefore K™ (2'- 2) = (R.(2"- 2), Ry(2' - 2))

(Roz', Rp?') - (Roz, Rpz) = K™(2') - K™ (2). O

After the proof of this proposition, it only remains to check the commutativity with the right
adjoints. First,

U - K7 = U (RoZ, RyZ) = RuZ

and the same argument can be applied to R,. Therefore, the counit can be defined as
C(L, Lo o Ry, Ly 4 By) = K™ . (4.39)
The naturality of the counit is proved as follows. Let F : (£, L, 4 Ry, Ly 4 Ry) — (L', L,
R!.L, 4 R;). We need to show that the following diagram of underlying functors

TY(F)

IY(L)

IY(L)

cL! L

L L

commutes.

Since it is a diagram of functors, the commutativity has to be proved for objects and for
morphisms. Let Z’ be an object in £’, then
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(TYF-¢L)Z' = TYF((R,Z'\R,“Z"),(RZ \Rig"Z"), Rie"Z', Ry Z")
= T(R.a, Ry, R, Rya) (R,Z' R, Z'), (R, Z', Rie" Z"), RLe" Z', Ry Z")
= (R.Z',R "7 - R,aR.Z"), (R, Z', Rie" 7' - RyBR.Z'),
R "7 - R,BR,Z', Ry Z' - RyaR.,Z')
= (RFZ' R, F"Z - RyaR.Z'), (RyFZ' , RyF"Z' - RyBR.,Z),
R, FE"Z' - R,BR,Z', RyF<"Z' - RyaR. Z')
(RyFZ' Ry FZ"), (RyFZ' Ry Z'), Ry’ F 7' Ry F Z')
CL-F)(Z) .

In the first three equalities just the definitions of the involved functors are used. In the fourth
equality, R’s are substituted by the RF’s, and in the fifth equality, the second equalities of (4.4a))

and (4.4b)) were used.

Over morphisms, the calculation goes as follows:

(TYF - CL)z

IYF(R,z, R;z)

= I'(Rqo, RyB, R, 0, Ryar)(R! 2, R} 2)
= (R Ry2)

= (R:FZ,R;}Z)

= ((L-F)(2) .

This completes the proof of the naturality of the counit.
Let us proceed to prove the triangular identities for the adjunction (4.37)). In order to do so,
let us begin with the triangular identity associated to the left adjoint I,

(T'oTv=1p . (4.40)

Let (A, B, T, YA“) be an object in Mor(.A, B), by breaking down the composition, we have

Tv(A, B, T,T) =T (1, 1p, 17, 17) = T upman -

On the other hand,
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(T(A,B,T,T) = C((A, BB D* 4 U, D" 4 U |

which amounts to the following functor
KPU . (A, B)(A’B) N (A, B)(D“U“,DbUb) :
where D*U® = A. Let ((M,*\a), (N, Pxn),v,w) be an object in (A, B)45) then
KPY((M,*xm), (N, Pxn),v,w) = (U*(M,N),U%“(M,N)),(U(M,N),U"(M, N)),
Use®(M, N),U’*(M, N))

= ((M7Ua(AyMaw))’(N>Ub(EaBYN))7Ua(EvBYN)’Ub(AYMvw))
= ((M7AXM)7(N73XN)7U7w)u

and for morphisms, (7, g_) in (A, [3)(1‘175)7

Thus KPY = Liag)an- All this amounts to the following conclusion,

T(A}B)(A,B) . T(A,B)(A’B) = T(.A,B)(A7B) ,

which is the required equality.

Let us prove the triangular identity associated to the right adjoint T, namely

YCovY =1y . (4.41)

Let (£,L, 4 R4, Ly 4 Rp) be a double adjunction, then breaking down the composition, we
have first

VY (L, Ly 4 Ry, Ly 1 Ry) = v(RyLa, RyLy, RyLy, RyLa, Rac® Ly, Rye®Ly)

= (RyrLo> 1RyLys LRoLys LRyLs) -
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On the other hand,

Y((L, Lo A Ry, Ly 4 Ry) =T (KPV: (A, B)Felaliole) Do 4 e DV 4 UY) — (L, Ly + Ry, Ly 4 Ry))
= (U"a,U"6.U"3,U"G)

where & is the composite

a.a ED“U“ DU “
po—2" . paR.L, = DUK®L, KL

KL, .

and similarly for 5. The first component for Y((£, Ly + Rq, Ly 4 R,) over the object Z in £
comes out as

UtaZ=U"<""""K""L,Z -U"D"n"Z
=U%"""(RyLoZ, Ree"LoZ), Ry Ly Z, Ry’ Ly Z), Ry’ Lo Z, Rye® Lo Z) -U*(Ro Lan* Z, Ry Lyn" Z)
= U"(Rue"LoZ, Rye*LoZ) - RyLan*Z
= R.eLoZ - RyLon®Z
= R,1.,7

=1r,L.z -

In the previous calculation several definitions given in this section where used. The only equality
highlighted is the fifth one, where the triangular identity associated to the left adjoint L, was used.

On the other hand, 3 = e?"V" KPV [, o Dbn = 1g,1,. Hence,

Y((L,L, 4 Ry, Ly 4 Ry) = (U4, UeB, U3, Ua) = (1,10, LRyLys LRuLys LRyL,) -

Substituting the components of the composition,

(1RuLos LryLy> LRaLys LRy L) © (LRuLas LRyLys LRoLs LRyLe) = (LRuLe> LRoLy» LRoLy> LRyL.) -

where the last result was the one looked for in (4.41). In summary, one can state the follow-
ing proposition which holds since the unit of the adjunction (4.37), v, is the identity natural
transformation, see [25].

Proposition 4.3.3.2. (I', 1) is an adjoint pair, and T is full and faithful. O
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4.4 Moritability

In this section, the necessary and sufficient conditions for the functor K** : £ — (A, B)(Fala:fiols)
to be an equivalence of categories are given, this equivalence renders a Beck-type theorem for a
categorical Morita context. In order to do so, let us begin by giving the following definition which
becomes important in the development of the theory to come.

Definition 4.4.1. Let (L, L, 7 Ry, Ly, 1 Ry) be an object in Adj(A,B). The pair (R, Ry) is said

to be moritable if and only if the functor K™ is an equivalence of categories.
Also it is convenient to give the following

Proposition 4.4.2. Let (A, B, T, f) be an object in Mor(A, B) and (f,g) a morphism in (A, B)A5),
Then (f,g) is an isomorphism in (A, B)P) if and only if f and g are isomorphisms in their
respective categories.

Proof:

If (f,3) is an isomorphism in (A, B)“®) then so is U%(f,g) = f, since functors preserve iso-
morphisms. Obviously, the same result applies to g.

Suppose that for the morphism (f,g) in (A, B)4P), f and g are isomorphisms, and let f~*
and g~! be their respective inverses. Since (f,g) is a morphism in (A, B)45) it fulfills the
requirements given in and . Take the first requirements in each pair, and compose
them as showed

F7 O - Af = f- M) -AfTH (0 Tg=f-v)-Tg™" .

Then Ay - Af 7 = f71-Axpp and v - Tg™! = f~1 ./, which gives the fulfillment of the first
requirements for the inverses. The same can be done for the second requirements. Therefore,
(F g7 is in (A, B)AB),

O

We continue with the following

Proposition 4.4.3. Let (R,, Ry) be a moritable pair. Then any morphism z in L such that R,z
and Ryz are isomorphisms is an isomorphism.

Proof:

Since R,z and Rz are isomorphisms in A and B, then, by Proposition (4.4.2)

(Roz, Rpz) = K"z .

is an isomorphism in (A, B)4%). Since K™ is an equivalence of categories, it reflects isomor-

phisms, therefore z in £ is an isomorphism.
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Let us give, in order to proceed, another

Definition 4.4.4. The pair (R., Ry) is said to reflect isomorphisms if for z in L such that R,z
and Ryz are isomorphisms, it can be concluded that z is also an isomorphism.

In order to analyse the functor K** : £ — (A, B)(Falafols) more deeply, the existence of
certain colimits in the category £ has to be supposed. Let (M, N) be an object in (A, B)45),
and consider the following diagram in L,

L R,L,M L,R,LyN LyRyL, M LyRy Ly N (1)

b Ly N L
LaRaLaxM caL. M Lgv e’ Lo M e?Ly, pW

L, M LyN

This diagram will be referred to as the diagram of type I for the object (or corresponding to)
(M, N). The colimit of such a diagram is a universal cocone like the following one

L, M LyN
M\ %

JJVI ‘N

(4.42)

Now if we consider the morphism (f,g) : (M, N) — (M’, N') in (A, B)(Fala:FsLo) and consider
also the following diagram,

L,R,L,M L,R,LyN LyRy L, M LyRyLyN
Ln.RaLaf LaRang LbRbLaf LbRbng
Lo,R,L M’ LoRoLyN’ LyRy L M’ LyRy Ly N’

Lgv'

Loftalay, | (e Lo M’

J M'N'
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then since (Jyr, j%n, Joun) i @ universal cocone for a diagram of type 1, it is also a cocone for
the very previous diagram. For example, begin with 5%, , - L,fetay = %, , - 2L, M’, therefore
Jonr - La®toxay - LaRoLof = j% i - €*LoM' - LyR, L, f, and so on.

On the other hand, (f,g) : (M, N) — (M’, N’) is a morphism in (A, B)fala:fslo) hence the
previous equality can be substituted by the following one j¢, /- Lo f-Lo®*tox yr = §9, Lo f-€ Lo M,
because f is a morphism in A%<l and because of the naturality of €* over L,f. This proce-
dure can be continued with all the morphisms involved in the previous diagram. In summary,
(Jarwrs 3% Lafy 0 Log) is a cocone for the diagram of type I corresponding to (M, N). There-
fore, there exists a unique morphism j,, : Jyny — Jun such that the bottom pair of diagrams
commute

LRy L, M LoRoLyN LyRy L, M LyRy Ly N

e*Ly N Lyw
Loftalax | |e*LaM ePLyN| | Ly o loxy

L, M LyN
Laf .a 1 ng
JmN JmN
LyN’

j?\/f’N’

(4.43)
The previous procedure allows one to define a functor

J: (A, B)Balafoly) (4.44)

which, over objects (M, N) in (A, B)ataFols) and morphisms (f,g) : (M, N) — (M', N') is
defined as

J(Mv N) = Jun ) (4.45&)
J(?ag) = Jp (4-4519)

respectively. It is indeed a functor. For a sketch proof, consider 1y, n) = (1ar, 1n), then ji,, 1y
makes the double rectangle commute in a diagram like (4.43)), i.e., j1,,15 - Jow = Jow - Lalar and
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so is 1,,,,. Therefore, by uniqueness, ji,,1, = ly,,y. Also, by uniqueness J(F.9) - J(F,9) =
J(T?7 7 - g). Once the functor J has been defined, the following lemma can be stated.

Lemma 4.4.5. Let (ColimF,~;) be the colimit of the functor F' : I — C, and consider the
following diagram in C

fij

such that r-~; = s -, for all i in I. Then, r = s.
This lemma helps to prove the following

Proposition 4.4.6. The functor J : (A, B)FelaBols) s £ s left adjoint to the comparison
functor K* : L — (A, B)(lalafioLo),

Proof:

i) The unit of the adjunction

KJ . LR
n . ]_(A,B)(RQLQ,RbLb) — K™J s

has to be a morphism in (A, B)Relefiols) for any object (M, N) in the same category. First,
compute the image of the functor K**.J on (M, N)

KLRJ(M: N) = KLRJMN - ((RaJJMNa R(lga(]l\/[N)7 (RbJAINa Rbng]MN)a Rang]\/INu RbEaJ]MN) .

Because of this, the definition of the unit n*/(M, N) is the following

77KJ<Mﬂ N) = (Rajzc\l/ﬂv ’ naM7 ijIIiIN ’ UbN) : (4'46)

This proposal has to be a morphism in (A, B)falafole) - that is to say, it has to fulfill the
requirements in (4.20) and (4.21). For example, the first requirement for R,j%, - n*M to be an
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object in AFela is translated to the following diagram

RoLan®M RaLaRajyy
_—

RaLaM RaLaRaLaM —— RQLQRQJ]\/IN

Ralay,, Rae*Jun

M R, L, M

n*M

Ra JJW N

Rajyn

This diagram commutes because of the following calculation,

Rue"Jux - RaLuRajly - RaLal™M = Rajly - Rac"LoM - RoLoyf*M
Rojyw - Ralp, M

Rajyw * 1R, LaM

Raj®, - Ruc®LoM - n*RyLo M
Rojin - RaLa™ " xar - 1" Ro Lo M
= Raji - n™M - Taloxy

where in the first equality, the functor R, was applied to the naturality of ¢* over j¢,,. In the
second equality, the triangular identity associated to the left adjoint L, was used. In the fourth
one, the triangular identity associated to the right adjoint R, was used. In the fifth equality, the
property of the cocone was used, in particular, that of j{, being a cofork. And finally, in the
sixth equality, the naturality of n® over fefay,/ was used.

The fact that Ryj°,, - n°N is an object in B%L» is proved similarly.

On the other hand, the requirement given by the first diagram in (4.21]) renders, after trans-
lation, the following diagram

RaLbT)bN RaLbij?\qN
v Rae®Jun
R,L, M R, J,,
M na]\/j aHa R(Irj]%{N a MN

which commutes because of the following calculation,
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Rae®Juw - RaLyRoj . - RaLon® N = R.j%. - ReeLyN - RyLyn® N
= Rujy - Ralp,N
= Rujiw 1, LoN
= Ruj’. - Ree®LyN - " Ry LyN
= Rujuy - RaLov - n*RoLyN

= Rojuw n"M-v .

In the first equality, the functor R, was applied to the naturality of € over 5%, . In the second
equality, the triangular identity associated to the left adjoint L, was used. In the fourth equality,
the triangular identity associated to the right adjoint R, was used instead. In the fifth equality,
the cocone property was used, in particular, that of j¢, and j2. being a push-out. And finally,
in the sixth equality, the naturality of n® over v was used.

The requirement given in the second diagram in (4.21]), is proved similarly. Putting together
all of this proves that the unit is well-defined.

_ Let us proceed to show that the unit is indeed a natural transformation. For such a proof, let
(f,g) : (M, N) — (M’, N") be a morphism in (A, B)Fala:folo) "then the following diagram must
commute

/ !
(M, N) (M',N")
(Ra,jifN’ﬂaM,ij?\JN"ﬂbN) (Raj?M/N’ 'U“M’7ijzl/N/ '77le)

(RCLJILIN7 RbJJ\/IN) (RaJM’N’7 RbJM’N’)

(Rajfg,Rojsg)

The next calculation shows that the commutativity is fulfilled,

(RanJ’N’ : naM, ' f7 ij]li{’w’ : ,r]bN/ : g) = (Raj]%I’N/ ' RaLaf : naM7 ij]li{’N/ : Rbng : nbN)
= (Rajfg ’ Rajz?m ' naMa ijfg ’ ij;‘vm ’ 77bN) :

In the first equality, the naturality of n* over f was applied in the first component and the nat-
urality of n° over g was used in the second component. In the second equality, the properties of
commutativity of the map j,, were used.

i) The counit of the adjunction
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g™ JKH — 1[; s

has to be a morphism in £ for any object Z in the same category. Following the same procedure
as before, let us first compute the image of the functor JK** over Z,

JK"Z = J((RoZ,Ruc"Z), (RyZ, Ry Z), Re"Z, Rye" Z) = Jpozmyz =: Jnuz -

In order to construct the counit, let us note that (Z,e%Z,¢%Z) is a cocone for a diagram of
type I corresponding to the object (R,Z, RpZ). It is worth to display the cocones to discuss the
statement just made

L,R,L,R.,Z L,R,LyRyZ LyRyL,R,Z LyRyLyRyZ

LoRaebZ
LoRae®Z||e*LaRaZ

Lb RbEaZ
e?LyRyZ| | Ly Ryt Z

L,R,Z LyRyZ

- -b
IR« Z IRy z

The map £%Z is a cofork for the first parallel vertical arrows because of the naturality of £°
over €2Z. The pair (¢Z,¢"7) is a cocone for the first push-out because of the naturality of 2
over e’Z and it is also a cocone for the second push-out because of the naturality of €* over £%Z.
And finally, the map £°Z is a cofork for the right parallel vertical arrows because of the naturality
of € over 7.

Since (Z,e%Z,e%7) is a cocone, there exists, because of the property of colimits, a unique
arrow, termed ’% which makes the bottom triangular diagrams commute. This unique arrow is
the definition of the counit over the object Z

e 7 Jp, — 7 . (4.47)

In order to check for the naturality of the counit, let z : Z — Z’ be a morphism in £, then
the diagram
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Ty —222 T (4.48)
EJKZ EJKZ,
A A4

must commute. This diagram can be doubly embedded in the following one.

L,R,Z LyRyZ
% bz y
LaRaz // Jr,z LyRyz
AN /
N\ /
N / e/Kz
L,R,7Z' IRz A JRyz LyRyZ’
N\

N\ J R.Z

erz’ %\

Consider the following calculation,

z-eZ 4%, = z-€'Z
= 2" L, R,z
= &7 -5t .- LoRez

JK !/ . -
= €772 Jre: I g -

The first equality follows since (Z,e%Z,c%Z) is a cocone for the diagram of type 1 corresponding
to the object (R,Z, RyZ). The second equality follows because of the naturality of * over z. The
third equality follows also because (Z',e°Z’,e%Z’) is a cocone for the object (R,Z', RyZ'). And
finally, the fourth equality follows because of the commutative property for the map j,, which in
this case is jg, ..

Likewise,

JK -b _ _JK rzl -b
2 €L Jp, =€ 2L “JrJps -
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Then if Lemma is invoked, the following equality must hold independently of j% , and
b
]R*Z7

27 =7 ju.. .

This is the commutativity requirement for the diagram in (4.48)), i.e. that the counit is a natural
transformation.

iii) The triangular identity associated to the left adjoint J.

The following identity has to be proved,

EJKJO JT]KJ — 1]

In order to prove it, let us break down the composition evaluated on the object (M, N) in
(A, B)Halafiolo) - Firgt,

77KJ<M7 N) - (Rajzcxlﬂv ’ naM> ijzliﬂv ’ UbN) :

Then the functor J applied to it looks like,

LyN
Jnn Ihn b b
LaRajiyn-Lan®M Ly Rpjpn-Lon” N
MN MN LbRb MN
KJ(M
TRe iy JR*JMN
JR*JI\/IN

On the other hand, the diagram associated to ¢’ .J(M, N), reads
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LaRaJMN LbRbJJVIN

If the last two diagrams are glued one after another, then the resulting diagram can be written
down as

. b
Jun JMN
L, M J LyN

LaRaj§n-Lan®M eI J.Jn®I (M,N) Ly Ryj8 - Lan® N
LaRa JMN a J]\/[N LbRbJMN
e*Jun EbJI\/[N

But e*Jyy - LoRaj%n - Lan®M = 38 - €L M - Lyn*M = j4,, using the naturality of £ over
j%, and the triangular identity associated to the left adjoint L,, respectively. Likewise, £°.J, -
LbijIIiIN ’ LbnbN = j]lz/[N'

This means that the following diagram commutes,

L, M

J]M ‘N

There is, though, another morphism which makes the previous diagram commute, 1;,,,. Due to
the universality of the colimit, e’*.J - Jn™/ (M, N) = 1,(M, N), as it was required.

iv) The triangular identity associated to the right adjoint K*".

The following identity has to be proved
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KLREJK o ,’7KJKLR — 1KLR )

In order to do so, let Z be an object in L, then breaking down the composition we first compute

K" Z = 0 ((RaZ,Ree"Z),(RyZ, Rye"Z), Ro"Z, Ry Z)
= (Rajzaz*z ' naRaZa ijg*z ' anbZ) .

On the other hand,

K™e™ 7 = (R,e™ Z, Rpe™ 7)) .

Therefore, bringing the composition back,

K" Z - K"™Z = (R.e™Z, Rye’™ Z) - (Rajs., - 1" RaZ, Rojiy, , - 1" Ry Z)
(Rae”™Z - Rojl , n"RuZ, Ry’ Z - Ryj’_, - 1" Ry Z)
= (Rue"Z -n*RoZ, Rye"Z -’ Ry 7))
(1r.z,1Rr,z)

1

KLRZ .

The third equality follows because (Z,cZ,€Z) is a cocone for the diagram of type  corresponding
to the object (R,Z, RyZ). The fourth equality holds because of the triangular identities associated
to the right adjoints R, and Rj. This completes the proof of the proposition.

O

For the next proposition, the following definition and lemma are needed.

Definition 4.4.7. The pair (R,, Ry) converts colimits into coequalizers, if and only if for any
object (M, N) in (A, B)BelaBoLlo) " the coforks,

Rae®LoM Rajiy
R,L,R,L, M R,LM ————— R, Jun
RaLaRaLaXIW
RpebLy N Ry
Ry Ly Ry Ly N RyLy N RyJuy
RyLpRoloyy

are coequalizers.
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Lemma 4.4.8. The following commutative diagram

RC,,SH’LO,M R(LL(LX]\/[
R,L,R,L,M R, L, M M ,
RaLaRaLaX]W I
| .
Rajypyn*M
Raj}lMN l N

Y
Ra J MN

exits, where Ryjiy - n*M is a unique arrow.

Proof:

First, felay,, is a coequalizer for the parallel arrows R,e?L,M and R,L, %oy, since it is a
split coequalizer with the additional morphisms (n*R,L,M,n*M). Since j¢,, is part of a colimit
for (M, N), R,j%, is, in particular, a cofork for the same parallel arrows. Therefore, there must
exist a unique arrow from M to R,J,, that makes the triangle commute.

On the other hand, according to the following calculation

Rojt 0™ M - Reloxy = Rej%y - RoLa"*"xar - n"RoLoM
= Rujun - Rae"LoM -n*R,L, M
= Rajly  1r,LaM
= R.joy

where the first equality follows from the naturality of n® over fefay,,. The second equality is just

the cofork property of R,j¢,. In the third equality, the triangular identity associated to the right
adjoint R, was used.

The unique arrow induced by the coequalizer must be then R,j{, - n*M.

A similar statement can be written for Ryj%, - n°N.

Proposition 4.4.9. The pair of functors (R,, Ry) converts limits into coequalizers if and only if
J s full and faithful.

Proof
If (R4, Ry) converts colimits into coequalizers, then R,j%, -n*M and Ryj%,, - n°N are isomor-

phisms, using Lemma [4.4.8} and so is n”* (M, N) using Proposition Note that this argument
can be reversed, giving the necessity part of the proof. O

With all this background preparation at hand, the following Beck-type theorem for double
adjunctions can be stated.
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Theorem 4.4.10. Let (L,L, 4 R,, Ly 1 Ry) be a double adjunction. Then the pair (R, Ry) is
moritable if and only if the category L has colimits for the diagrams of type 1 and the pair (R,, Ry)
reflects isomorphisms and converts colimits into coequalizers.

Proof
Suppose that (R,, R,) is moritable, then the adjunction

RL

(A) B)(RGLG7RbLb)

is an equivalence adjunction, hence the unit n*/ is an isomorphism, i.e. J is full and faithful
according to [25]. By Proposition the pair (R,, Rp) converts colimits into coequalizers and
reflects isomorphisms by Proposition [£.4.3] Then it only remains to show the existence of colimits

of diagrams such as (4.4)).

Since K is part of an equivalence then it is essentially surjective, that is for an object (M, N)
in (A’ B)(RaLa7RbLb)

K"Z = ((RaZ,Ree"Z), (RyZ,"Z), Rae", Rye®) = (M, Reloyay), (N, loyy), v, w)

for an object Z in L. Consider the cocone (Z,£*Z,e"Z) for the object (R,Z, RyZ), which can be
represented by the following diagram

L,R,L R, 7 L,R,LyRyZ LyRyL R, 7 LyRyLyRyZ

LoR.ebZ
LaRac®Z||e%LaRaZ

LyRpe®Z
e?LyRyZ || Ly Rype® Z

Lo,R.Z LyRyZ
ez etz

(4.49)

If the functor K™ is applied to the whole of the previous diagram, the new diagram can be
obtained,
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R.L,R,L,R,Z R.L,R,LyRyZ R.LyRyL,R.Z R.LyRyLy Ry Z

R.L,R.e*Z
R.LoRae®Z||Rxc®LaRaZ

R*LbRbEQZ

R.e’LoR.Z
R.e?LyRyZ | | R« Ly Rpe®Z

R.L,R.Z R.LyRyZ

R.e"7 Rtz

R.Z
(4.50)

Remember that R, stands for (R, , R, ), i.e. strictly speaking we should have obtained a pair
of diagrams, one for each component.

The object ((RoZ, RyZ), (Rue*Z, Ryc®Z), (R,e®Z, Rye®Z)) is a cocone for this diagram, since
it is the image of the cocone (7,27, c*Z) under the functor K**. This is the proposed colimit for
the diagram (£.50). In order to show this property, let (M’, N') be an object in (A, B)Falafoly)
such that ((M', N'), (f* g*), (f*,¢")) is a cocone for the diagram (4.50). If the proposed object is
a colimit, there must exist a morphism (k, k') in (A, B)Falafolo) “gych that the following diagram
commutes

(RuLoRoZ, RyLoRo2) (RuLyRyZ, RyLy Ry Z)

(Rae®Z,Rye®Z) (Roe®Z,Rye® Z)

(RaZ, Ry Z)
(k")
(M ’% N’)
(4.51)
We claim that
(k) = (f* n"RaZ,g" - "R Z) . (4.52)

First, we are going to prove the commutativity of the diagram and the uniqueness of (k, k')
and after that that (k, k') is well-defined, that is to say, (k, k') is a morphism in (A, B)FeLafoLe),
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For the commutativity of the previous diagram, let us start with the left triangle. That
(k, k') - (Rae®Z, Rpe®Z) = ([, g*), is shown in this way

fCn*R.7Z - Rie*Z = [ RyL,R.e*Z -n*R,L,R.7Z
= [ Ru"LoR.Z "Ry L R, Z
= [ 1gr,LaRuZ
= fo.

In the first equality, the naturality of n* over R,c%Z was used. In the second equality, the fact
that f® is a cofork was used. In the third equality, the triangular identity associated to the right
adjoint R, was used. As far as k' goes,

¢ "RyZ - Rye®Z = ¢"- RyLyRye®Z - n°RyLoRoZ
= ¢*  Rye"LoR.Z - n"RyLoR.Z

a

= 9

In the first equality, the naturality of n° over Rye®Z was used. In the second equality, the
fact that (g2, ¢°) is a push-out was used. Finally, in the third equality, the triangular iden-
tity associated to the right adjoint R, was used. Following the same lines, one proves that
(k, k') - (Rue®Z, Rye®Z) = (f°, g°).

In order to prove that (k, k') is unique, suppose that there exists another pair of maps, (k, k'),
such that the commutativity of the triangles takes place, i.e.

(f%,g%) = (k) - (Ru"Z, Ry Z)
(f%9") = (k) (Re"Z, Re"Z) .
In particular,
fe = k- R,e“7
gb = %’-RbgbZ,
then,

" 1°RyZ = k-Rue®Z -1°RoZ =
@ ’RZ = K- ReZ-n"R,Z =

k
k

Y
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which gives the same definition for (k, %) in (4.52). In the previous calculation, the triangular
identities associated to the right adjoints R, and R, were used respectively.

Therefore, (RyZ, RyZ), (R.e*Z, Rye®Z), (Rae®Z, Ry Z)) is a colimit for the diagram in (#.50)).
Since K™ is an equivalence it reflects colimits, hence (Z,£%Z,%7) is a colimit for the diagram in

@.19).

In order to finish the proof, it remains to show that (f*-n?R,Z, ¢°* - n°RyZ) is a morphism in
(A’ B)(RaLavaLb).

First, that f*-n°R,Z is a morphism in Afale means that the following diagram must commute

R,L,R,Z ela™fe? b I R, L R.Z — " g I M
Rqye®Z R‘IL‘IXM/
RaZ UaRaZ RCLLCLRCLZ fa M/

Note that the part corresponding to the action Zefay,, under K“*(Z), which is denoted by
K" (Z)Ratay,,, 18 Ree®Z. The commutativity follows from the following calculation,

Raloy e RyLof® - RaLan®RoZ = f*- Rye®LoRuZ - RyLon“RoZ
= fe
= fY0"R,Z - Rye"Z .

In the first equality, the fact that ¢ is in Afele was used. In the second equality, the triangular
identity associated to the left adjoint L, was used. Finally, in the third equality, the commuta-
tivity of k in (4.51]) was used. That ¢°-n’R,Z is a morphism in A follows along the same lines.

The first requirement in (4.21)) for a morphism of Eilenberg-Moore algebras can be translated
to

b b
R,LyRyZ 22 R LyRyLyRyZ —2 o R, LN
Rae®Z o
R, Z R,L,R,Z M’

’I’]aREZ f{L

Note that K**(Z), = R,e’Z. The commutativity follows from the following calculation
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V- RoLpg” - RoLyn®RyZ = f°- Ree®LyRyZ - RoLyn" Ry Z

- fb : RagaLbRbZ : naRaLbRbZ
- fa : RaLaRaEbZ . naRaLbRbZ
= [P 0"R.7Z - Ru®Z .

In the first equality, the fact that (f?, ¢°) is in (A, B)alafols) was used. In the second equal-
ity, the triangular identity associated to the left adjoint L, was used and in the third equality, the
triangular identity associated to the right adjoint R, was used instead. In the fourth equality, the
fact that (f¢, f°) is a push-out was used. Finally, in the fifth equality, the naturality of n® over
R,e*Z was used. The second requirement in (4.21)) is done similarly.

For the converse part of the proof, since the pair (R,, R}) converts colimits into coequalizers the
functor J is full and faithful, according to Proposition [4.4.9] i.e. the unit »*’ is an isomorphism.

Therefore if the counit is an isomorphism as well, the proof will be completed. In order to do so,
let us look at the definition of the counit on Z,

L,R,L,R.,Z
LaRaeZ||e*LaRaZ

L,R.,Z

;a
JR«z

l]R,kZ

JK 7

If the functor R, is applied to this diagram, then we obtain
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R,L,R,L,R.Z
RqLaRac"Z||Rac®LaRaZ

R,L,R.Z

It can be noted that since (R,, Ry) converts colimits into coequalizers, R,j% , is a coequalizer.
On the other hand,R,e%Z is a split coequalizer with the pair (n*R,L,R.Z,n*R,Z). Therefore,
R.e’* Z must be an isomorphism. By the same arguments, Rye’*Z must be an isomorphism too.
The pair (R,, Rp) reflects isomorphisms, hence £’ 7 is an isomorphism. O

4.5 Example

4.5.1 Categories with Binary Coproducts

The following example is based on [11]. Let us look at a special case of the Eilenberg-Moore
constructions when the categories involved contain binary coproducts. Suppose that the categories
A and B have binary coproducts. Suppose further that (A, B,T,T,ev, év) is a Morita context
that preserves binary coproducts, i.e. A, B, T and T preserve binary coproducts. The following
monad (@, u®,n%) can be defined on the product category A x B, where the endofunctor @ is
defined as

Q(X,Y)=(AX +TY,BY +TX) | (4.53)

and the natural transformations are defined over the object (X,Y) in A x B as

p(X,Y) = (it +ev)X + A+ p)Y : (AAX + ATY + TBY + TTX,
BBY + BTX + TAX +TTY) — (AX + TY, BY +TX) , (4.54a)

°(X,Y) = iy (%) (X,Y) — (AX, BY) — (AX + TY, BY + TX) . (4.54b)
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Here 1y, is a short notation for the canonical injection (AX, BY) — (AX +TY, BY +TX) and
(u* +ev)X : AAX +TTX — AX and (A + p)Y : ATY + TBY — TY are defined by the
colimit of the following diagrams

AAX AAX + TTX TTX ATY ATY + TBY TBY
X ’MAXI evX X \Y )\Y—I pY oy
AX

The morphisms (12 + é0)Y and (A + p)Y are defined in a similar way.

In this case the Eilenberg-Moore category for the Morita context (A, B, T, f) is isomorphic
to the Eilenberg-Moore category of algebras for the monad (Q, 2, 1?), i.e. (A, B)4B) = (AxB)?.

On the other hand, consider a double adjunction (£, L, 4 R, Ly, 4 Ry) such that £ has binary
coproducts and these coproducts are preserved by the functors R, and R,. Then there exists an
adjunction

AxB L. (4.55)

The left adjoint L, is defined on objects (X,Y) as L,X + L,Y, and for morphisms (h,k) :
(X,)Y) — (X", Y') as Loh+ Lyk : Lo X + LyY — L, X'+ L,Y'. The right adjoint R, is defined
on objects Z in L as (R,Z, RyZ) and on morphisms z : Z — Z' as (R,z, Rpz) : (R.Z, RyZ) —
(R.Z', RpZ").

The monad on A x B defined by the adjunction L, - R, is just the monad (Q,u®,n%)
corresponding to the Morita context (R,La, RyLy, RyLy, RyL,), and due to the isomorphisms of
Eilenberg-Moore categories the moritability of (R,, Ry) corresponds to the monadicity of R..
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A Structural Properties of IntCat(9)

This section collects some technical results concerning the 2-category IntCat(91).

Remark A.1. Consider the following diagram in a category C that has equalizers for all parallel
arrows

E A B
k
;} r s
£ A : B’
e K ’

where f is a fork of the upper parallel arrows h and k, €’ is an equalizer for the lower parallel
arrows h' and k’. Suppose also that the right square diagram commutes serially. Then r - f is
a fork for the lower parallel arrows and induces a morphism r - f, through the equalizer ¢/, such
that

e-r-f=r-f.

The previous remark helps to write the proofs to come where the category C is taken to be
our usual monoidal category (I, ®, I) with ®-preserved equalizers.

The first lemma to be stated is needed, in particular, to prove that the composition of functors
in IntCat(901) is a functor, but here it is singled-out for the sake of referencing. This lemma is
termed as the factorization lemma.
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Lemma A.2. Let C; be comonoids in M, i = 1,2,3. Assume that fo: Cy — Cy and gg : Cy —
Cy are comonoid morphisms. Take objects M; and N; in M% and “M, i = 1,2,3, respectively.
If the following morphisms are defined

plile—>M2 iTLMCQ s
Py INy — Ny in ©2M
q : M§ — My in M

q2 : INg — N3 in M )

then the following composition

a1p1Ucs q2p2

MO, Ny ——— M9/, 97 N, M;0¢c, Ns

15 equal to

p1lc,p2 Ly q1Uc, g2

M Oe, Ny —L— MO, /Ny Mo N,

MO, 9N,

M;33 N3 .
Proof:

We prove first that ¢; - p; : Miqf —— M3 is a morphism in M. In order to do so, consider
the following diagram

pP1®C3 q1RC3

M; ® Cs My ® Cs M; @ C3
Mi®g (i) Mag
M, ® Cy e, M@ Cy
Mi®f (iid) i
M, ® Cy (i) P52,
P
M, My M;

q1

1) The diagram denoted by (i) commutes because of the bifunctoriality of the tensor product ®.
2) The diagram denoted by (ii) commutes because p; : M{ — M, is a morphism in M,
%) Finally, the diagram given by (4ii) commutes because ¢, : Mj — Ms is a morphism in M5,

From the commutativity of the previous three diagrams, the commutativity of the outer most
diagram follows, which is the required property.
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That go - po : 9/ My — M3 is a morphism in “3M follows by symmetrical arguments.

To show the equality of morphisms, consider the following diagram

M,0¢, N,
\
M1®%1py M N
Lf (i) M; ® Ny : M, ® Cy ® Ny Skl M; ®@ Cy @ Ny
C1
P, ON1
/
MO N
P1®P2 (2) P1®C2Qp2
p1Uc,p2 (id)
M2®020N2
M2D02N2 2 M2 ®N2 - M2®CQ ®N2
PA/122®N2

In the inner diagram denoted by (ii), ¢s is the induced map by j; over ¢y, hence it commutes
by definition. The inner diagram denoted by (i) commutes serially because p; : le — My is a
morphism in M and py : /N — N, is a morphism in “2M. On the other hand, the morphism
J1 is the morphism associated to the cotensor product corresponding to the upper parallel pair
of morphisms, i.e. it is in particular a fork for the parallel upper arrows. Then, by Remark [A.]]
Lo (p10c,p2) = (p1 ® p2) - j1. But o1 = ji - ¢y, hence

Lo+ (p10cyp2) - Lf = (p1 ®p2)-t1 .

Also, if the following diagram is considered
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MyUe, Ny
\
J\/[2®CQPN2 M2®g®N2
Lg My @ No = MyRCy @ Ny—————— My @ C3 @ Ny
/’A422®N2
J2
MO, 9N,
q1®q2 q1®C3Rq2
QID03(I2
M38%py,
M;0e, N3 3 M3 ® N3 E Mz ® C3 @ N3
PAfS®N3

a similar conclusion as before can be achieved, namely t3-(¢:0c,¢2) -ty = (¢1®¢2)-t2. Furthermore,
if the previous two diagrams are glued together, the next diagram can be drawn

MOc, Ny
Lt
Mi®1pn, Mi@fON M1®g&N
z Mi® Ni—= M @ CL® Ny =M ® Cy ® Ny ——> M ® C3 ® Ny
/ le1 ®N1
Ji
MO, N
p1lc, p2 P1®p2 P1®C2®p2 p1®C38p2
M0e, Ny
\
M2®%2py,
Lg M2®N2 o MQ@CQ@NQWQMQ@C{;@NQ
/ pMz®N2
J2
M3D039Ng
1 ®q2 1®C3®q2
Q1D03CI2
M3®C3,0N3
MsUey Ny — — M3 ® N3 M;® C5 @ N3.
PCS ®N3

M3
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Combining the two previous results, we obtain ¢3 - (10c,q2) - ¢y - (010c,p2) - tf = (1 ® ¢2) -
(p1 ®p2) - t1. On the other hand, if the internal arrows of this last diagram are removed and some
others are added, the following diagram can be obtained

MOe, Ny
\
M1®Cle M Qg fON
Lof M; ® Ny 1 M, ®Cy @ Ny 189 70N M, ® Cs @ Ny
pi[l1®N1
J3
MY 0,9y
q1-P1®q2-p2 q1-P1®C2Rq2-p2
q1p1Ucy q2p2
M3®C3PN3
M30c N3 " M; @ N3 - M3 ® C3 ® N3
PJ\/133®N3
Then 3 - (q1p10c;q2p2) - tgr = (q1 - P1 ® G2 - p2) - 11 as before.
Therefore,
t3 - (0, @op2) - tgr = t3 - (10 q2) - tg - (P10cp2) - tf
and since (3 is an equalizer
(ip10cyq2p2) - Loy = (@100, q2) - tg - (p10c,p2) - L5
as required. O

Proposition A.3. Let M, N be objects in “MC. Then the map v : MO-N — M ® N is in “MC.

Proof:

Consider the following diagram,

. M N
MUOCN M®N MeC®N
PSON
SonOcN Cpp®N (@) ComRCON
CoOM®C N

C @ MOCN CRME@N COMRC®®N |

Ceu Cep§@N
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where the inner diagram (i) commutes serially because of the bifunctoriality of ® and because
M is an object in “M¢. The map ¢ is an equalizer and so is C' ® ¢, due to the preservation of
equalizers through the tensor product. In view of Remark (“om@N)-1 = (C®0)-(CppTcN).
This means that ¢ is a morphism in “M. That ¢ is a morphism in M is proved similarly. O

Proposition A.4. Letr: R — M ® N in MY be a fork for the cotensor product (McN, 1).
Then 7 : R — MUOcN, the induced morphism by the equalizer v, is in “MC.

Proof:

Consider the following diagram

R
. M®%%nN
MUOCN M ® N MxC®N
P ON
CpmOcN Spp®N Com@CRN
CaM®“nN
C o MOCN CoM®N CoMeC®N
Cen Cop$;@N

Because of Remark (‘o @ N) -1 =(C®1)- (“py0cN). Since r is a fork for the upper
parallel arrows, ¢ - 7 = r. Therefore,

(CpM®N)7":(C®L)(Cp]y[D0N)f .

The morphism 7 is in M, i.e. (“ppr @ N)-1r = (C ®@71)-r. Due to the bifunctoriality of the
tensor product C @ r = (C ®1) - (C ®T7), hence

(e @N)-r=(C&r) - pr=(C®1)-(CO7F) - pr .
Therefore, (C ® ) - (SppOcN) 7= (C®1)-(C&F)-pp, but C @ is a coequalizer, then

(“pmOcN) -7 = (CF) - pr ,

which means that 7 is a morphism in “M. That 7 is a morphism in MY follows by similar
arguments. d
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Corollary A.5. For a morphism of comonoids, fo : C — D, the morphism ¢y : MUcN —
M/Op! N is in “MC.

Lemma A.6. Let C, D be comonoids in M. Take the following comodules: a right C-comodule
R, left C-comodule S, right D-comodule T, left D-comodule U, and assume that there ezists a
comonoid morphism fo: C — D. Consider the following commutative diagram in N,

R®S—2 -TeoU
h k
M N

Suppose that h and k are forks for ROcS and TOpU, and r and s are morphisms in PMP. Then
there exists an induced commutative diagram

ROcS —— RIO, IS —22% — TOLU
R k
M N

Proof:

Consider the following diagrams

M
] \\
h
R®%%g
RO-S R® S RC®S

pG®S

and
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ROGS
y \
R®¢
R'Op/S——>R®S C“ ReCoS—% neDss
PR®S

These diagrams commute. First, because the morphism h is the one induced by the fork h over
the equalizer ¢;. Second, because the morphism ¢y is the one induced by the morphism ¢; over
the equalizer j. These diagrams can be glued together thus giving the following one:

\\\
: \\
R®C
RIOS— R S——=RoC®S 2 ReDws
J PG®S
g

rps res () r®D®s

TePpy
TOpU 5 TU TRDRU

. p¥®U

The square diagram corresponding to (i) commutes because of the colinearity of the morphisms
r and s. Due to Remark , (r®s)-j =1t (rps). Finally, (ii) commutes because k is the
morphism induced by the equalizer ¢t over the morphism k.

All of this together amounts to

to-(rOps) -ty -h=(r®s)-j-1;-h=0®s)  11-h=(r®s)-h=k-g=13-k-g,

which immediately leads to the conclusion of the lemma. O



Bibliography

[1] ABE, E. Hopf Algebras. Cambridge Tracts in Math. Cambridge Univ. Press, 1980.

2]

3]
4]

[5]

(6]
7]

8]

9]

[10]

[11]

[12]

[13]

[14]

AGUIAR, M. Internal Categories and Quantum Groups. PhD thesis, Cornell University,
1997.

AWODEY, S. Category Theory. Oxford Logic Guides. Oxford, 2006.

BAEZ, J., AND STAY, M. Physics, topology, logic and computation: A Rosetta stone,
2009.

BENABOU, J. Introduction to bicategories. In Reports of the Midwest Category Seminar,
vol. 47 of Lecture Notes in Math. Springer Berlin, 1967, pp. 1-77.

BOHM, G. Private communication, 2009.

BORCEUX, F. Handbook of Categorical Algebra I. Encyclopedia Math. Appl. Cambridge
Univ. Press, 1994.

BRZEZINSKI, T. A note on coring extensions. Ann. Univ. Ferrara LI (2005), 15-27.
Corrected version arXiv:math/0410020v3.

BRZEZINSKI, T., AND TURNER, R. B. The Galois theory of matrix C-rings. Appl.
Categ. Structures 14, 5-6 (2006), 471-501.

BRZEZINSKI, T., AND VAZQUEZ-MARQUEZ, A. Kleisli objects for categories internal
to monoidal categories, 2009. Preprint.

BRZEZINSKI, T., VAZQUEZ-MARQUEZ, A., AND VERCRYUSSE, J. The Eilenberg-
Moore category and a Beck-type theorem for a Morita context, 2009. To appear in Appl.
Categ. Structures.

BRZEZINSKI, T., aAND WISBAUER, R. Corings and Comodules. T.ondon Math. Soc.
Lecture Note Ser. Cambridge Univ. Press, 2003.

CARBONI, A., PEDICCHIO, M., AND PTIROVANO, N. Internal graphs and internal
grupoids in Mal’cev categories. In Conf. Proc. Int. Summer Category Theory Meeting 1991,
Montreal (1992), J. B. CARELL and R. MURTY, Eds., vol. 13, Canad. Math. Soc., pp. 97—
109.

FUCHS, J. The graphical calculus for ribbon categories: Algebras, modules, Nakayama
automorphisms. J. Nonlinear Math. Phys. 13 Suplement (2006), 44-54.

161



162

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

27]

28]

29]
[30]

BIBLIOGRAPHY

GRAY, J. W. Formal Category Theory: Adjointness for 2-categories. Lecture Notes in
Math. Springer, 1974.

HEYNEMAN, R., AND SWEEDLER, M. Affine Hopf algebras. J. Algebra 13 (1969),
192-241.

JOYAL, A., AND STREET, R. The geometry of tensor calculus I. Adv.Math. 88 (1991),
55-112.

KELLY, G., aAND STREET, R. Review of the elements of 2-categories. In Category
Seminar: Proceedings Sydney Category Theory Seminar 1972 /1973 (1974), G. M. KELLY,
Ed., vol. 420 of Lecture Notes in Mathematics, Springer, pp. 75-103.

LACK, S. A 2-categories companion. In Towards Higher Categories, J. C. BAEZ and J. P.
MAY, Eds., vol. 152 of IMA Vol. Math. Appl. Springer New York, 2009, pp. 105-191.

LACK, S., AND STREET, R. The formal theory of monads II. J. Pure Appl. Algebra 175,
1 (2002), 243-265.

LAMBECK, J. Introduction to High Order Categorical Logic. Cambridge Stud. Adv. Math.
Cambridge Univ. Press, 1988.

LAUDA, A. D. Frobenius algebras and ambidextrous adjunctions. Theory and Applications
of Categories 16, 4 (2006), 84-122.

LEINSTER, T. Higher Operads, Higher Categories. London Math. Soc. Lecture Note Ser.
Cambridge University Press, 2004.

MACDONALD, J., anD SOBRAL, M. Aspects of monads. In Categorical Founda-
tions: Special Topics in Order, Topology, Algebra and Sheaf Theory, M. C. PEDICCHIO
and W. THOLEN, Eds., vol. 97 of Encyclopedia Math. Appl. Cambridge Univ. Press, 2004,
pp- 213-267.

MACLANE, S. Categories for the Working Mathematician, 1st ed. Grad. Texts in Math.
Springer, 1971.

MACLANE, S. Categories for the Working Mathematician, 2nd ed. Grad. Texts in Math.
Springer, 1998.

PAREIGIS, B. On symbolic computations in braided monoidal categories. In Hopf Alge-
bras in Noncommutative Geometry and Physics (2004), S. CAENEPEEL and F. VAN OYS-
TAEYEN, Eds., vol. 239 of Lect. Notes Pure Appl. Math., CRC Press, p. 344.

POWER, J. 2-categories. Tech. rep., BRICS NS, 1998.
ROTMAN, J. J. An Introduction to Homological Algebra. Academic Press, 1979.

STREET, R. The formal theory of monads. J. Pure Appl. Algebra 2, 2 (1972), 149-168.



	Acknowledgments
	Introduction
	Internal Categories in a Monoidal Category
	Internal Categories
	Monoidal Categories
	Examples of Monoidal Categories
	Comonoids and Comodules in a Monoidal Category

	Towards Generalization of Internal Categories
	Internal Categories in a Monoidal Category
	Examples of Internal Categories
	Internal Functors and Natural Transformations

	2-Categories
	Definition of 2-Categories
	Examples of 2-Categories
	IntCat(M) as a 2-category
	IntCoCat(M) as a 2-category


	Classical and Formal Theories of Monads
	Monads and the Associated Category of Adjunctions
	Comonads and the Associated Category of Adjunctions
	Formal Theory of Monads
	The 2-Category KL(A)
	Wreaths


	Internal Kleisli Categories
	Monads and Adjunctions in the 2-Category IntCat(M)
	Explicit Construction of Kleisli Objects in IntCat(M)
	Sweedler Notation
	Kleisli Objects in IntCat(M)
	CoKleisli Objects in IntCat(M)

	Internal Kleisli Objects and the Formal Theory of Monads
	The Bicategory of KL(Bicomod(M))
	Bifunctors
	Wreaths in IntCat(M)

	String Diagrams
	Binatural Maps and Adjunctions in IntCat(M)
	Alternative Proof of the Characterization of Adjunctions

	Kleisli Objects Induced by Mates under Adjunctions
	Example

	Morita Contexts and Double Adjunctions
	Double Adjunctions
	Morita Contexts
	Adjunction between Mor(A,B) and Adj(A, B)
	The Left Adjoint
	The Right Adjoint
	The Unit and the Counit of the Adjunction

	Moritability
	Example
	Categories with Binary Coproducts


	Appendix
	Structural Properties of IntCat(M)

	Bibliography

