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Introduction

This thesis is split into two parts. The �rst part is concerned with the search for Kleisli (coKleisli)
objects for monads (comonads) in the category of internal categories for a monoidal category as
introduced in [2]. The second part is concerned with the construction of Eilenberg-Moore algebras
for a Morita context as in [11]. The reader should note that these two parts are related through
the theory of monads. The �rst part deals with the formal theory of monads in 2-categories and
the second part with the classical theory of monads in the usual category theory and extends it
from a single adjunction to a pair of adjunctions which is a particular example of a span.

The importance of these objects rest on the fact that they are universal constructions and
therefore important on their own, even though there are not too many applications or examples
inside this thesis.

This thesis is organized as follows. In Chapter 1, a revision of the de�nition of an internal
category is done. An internal category is the generalization of a small category within the category
of Sets, but it can exist inside any category C, with �nite products and pullbacks.

Internal categories within monoidal categories have been introduced and studied by M. Aguiar
in his PhD thesis [2] as a framework for analysing properties of quantum groups. By choosing
appropriately the monoidal category M, algebraic structures of recent interest in Hopf algebra
theory, such as corings and C-rings, can be interpreted as internal categories. Internal categories
can be organised into two di�erent 2-categories. The �rst one, denoted by IntCat(M), has inter-
nal functors as 1-cells, and internal natural transformations as 2-cells. The second one, denoted
by IntCoCat(M), has internal cofunctors as 1-cells, and internal natural cotransformations as
2-cells. The di�erence between these two structures is that the internal functors can be thought of
as a push-forward of morphisms while the cofunctor can be understood as a lifting of morphisms
from one internal category to the other.

In Chapter 2, the necessary background to deal with monads is given, both in the classical
sense and in the formal sense; see [3] for the classical treatment and [20], [24] for the formal
theory. In the formal theory of monads the main role is played by a 2-category KL(A), de�ned
over a 2-category A, which has the particular feature of having all Kleisli objects for any monad
de�ned in there. In [20], the authors not only provide this 2-category with all the Kleisli objects
but also they give the algorithm to get the Kleisli object out of a the monad de�ned there, this
last property will be exploited in this thesis.

Chapter 3, which is based on [10], contains the original results of this thesis. It starts with
a quick review of the de�nition of a monad in the 2-category IntCat(M). A monad (comonad)
in the 2-category IntCat(M), i.e. an internal endofunctor with two natural transformations
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which satisfy the usual associativity and unitality conditions, is called an internal monad (in-
ternal comonad). We show that every internal monad (comonad) arises from and gives rise to a
pair of adjoint functors, by explicitly constructing the Kleisli internal category in IntCat(M). A
monad in the 2-category IntCoCat(M), i.e. an internal endocofunctor with two natural cotrans-
formations which satisfy the usual associativity and unital conditions, is also called an internal
monad. Similarly as before, we show that every internal monad arises from and give rise to a pair
of adjoint cofunctors, by explicitly constructing Kleisli objects in IntCoCat(M). Both construc-
tions are based on the de�nition of the classical Kleisli category and the proofs that these indeed
give Kleisli objects are given along the same lines as in [24].

Further in the chapter, the bicategory Bicomod(M) is constructed and the associated bi-
category KL(Bicomod(M)) is described. This last bicategory is needed in order to construct
several bifunctors which have this bicategory or one of its duals, as a codomain. A main common
feature of these bifunctors is that they are identities on objects and are full embeddings. Now
if such a bifunctor Φ : IntCat(M) −→ KL(Bicomod(M)) is constructed, then any monad in
IntCat(M) can be pushed-forward into KL(Bicomod(M)), and once it is there one can use the
aforementioned algorithm to get the Kleisli object for it, which happens to be in IntCat(M).
The method just explained is used to obtain the Kleisli object for any monad and the coKleisli
object for any comonad in IntCat(M) and the Kleisli object for any monad in IntCoCat(M).

Later on, in the same chapter and based on the de�nition of the Kleisli object for a monad,
a new characterization of an adjunction in IntCat(M) is given. This characterization resembles
that of an isomorphism between the Hom sets for a classical adjunction between categories.

In Chapter 4, which is based on [11], a connection between functorial Morita contexts and pairs
of adjunctions is described. This correspondence is similar to that between (single) adjunctions
and monads, more precisely, between adjunctions with domain a �xed category C and the category
of Eilenberg-Moore algebras CF for a monad (F, µF , ηF ) over C. The role of the adjunctions will
be played by the so-called category of double adjunctions and the role of CF will be played by
the category of Eilenberg-Moore algebras (A,B)(A,B) for a Morita context (A,B, T, T̂ ). Given this
resemblance, this thesis concludes with a Beck-type theorem for such a relation.



Chapter 1

Internal Categories in a Monoidal Category

1.1 Internal Categories

This section is based on [7] and [13]. Let A be a category with pullbacks. An internal category
I in A consists of the following data:

i) An internal re�exive graph1, i.e a diagram

A1

d //

c
// A0 ,ioo (1.1)

such that

d · i = 1A0 = c · i . (1.2)

The morphisms d and c are called domain and codomain morphisms, respectively, or source
and target as in [7]; and the morphism i is called identity morphism. Throughout this thesis
a composition of morphisms in the category A is denoted by · and the identity morphism
for the object A is denoted by 1A.

ii) A composition m : A1 ×A0 A1 → A1, where A1 ×A0 A1 is the pullback of c and d, i.e.,

A1 ×A0 A1
p2 //

p1

��

A1

c

��
A1 d

// A0 .

(1.3)

We will write g ·′ f = m(g, f), where (g, f) is a generalized element of A1×A0A1, understood
as a morphism with codomain A1 ×A0 A1.

This composition satis�es the following properties,

1 Henceforth referred to, only, as an internal graph.

1



2 1.1. Internal Categories

a) Compatibility with domain and codomain

c ·m = c · p1, (1.4a)

d ·m = d · p2, (1.4b)

which, over generalized elements of A1, reads as

c(g ·′ f) = c(g),

d(g ·′ f) = d(f),

respectively.

b) Unitality:

m · j1 = 1A1 = m · j2 , (1.5)

where j1 and j2 are de�ned by the following diagrams,

A1

j1

$$H
H

H
H

H
H

H
H

1A1

))TTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

i·c

��555555555555555555555555

A1 ×A0 A1
p2 //

p1

��

A1

c

��
A1 d

// A0
,

A1

j2

$$H
H

H
H

H
H

H
H

i·d

))TTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

1A1

��555555555555555555555555

A1 ×A0 A1
p2 //

p1

��

A1

c

��
A1 d

// A0
.

The notation for these induced morphisms, through the pullback, will be (i · c ; 1A1).
Over generalized elements these equations read:

ic(f) ·′ f = f = f ·′ id(f) .

c) Associativity of the composition,

m · (1A1 ×A0 m) = m · (m×A0 1A1), (1.6)

where
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1A1 ×A0 m : A1 ×A0 (A1 ×A0 A1) −→ A1 ×A0 A1,

m×A0 1A1 : (A1 ×A0 A1)×A0 A1 −→ A1 ×A0 A1,

and A1 ×A0 (A1 ×A0 A1) ∼= (A1 ×A0 A1)×A0 A1.

The object A0 should be understood as a collection of all objects in I, and because of that
named as the object of objects of the internal category I. Furthermore, the object A1 is named as
the object of morphisms or arrows of the internal category I. Then c assigns a codomain object
for a morphism, d assigns a domain object for a morphism and i assigns an identity morphism
for an object in A0. Furthermore, m is interpreted as a composition of morphisms with matching
domain and codomain. This explains the notation ·′ used in ii). In the case, A = Sets, an
internal category I is simply a small category.

An internal category I is denoted by I = (A0, A1, c, d, i,m), or shortly by I = (A0, A1).

Functors between internal categories I = (A0, A1) and J = (B0, B1) are de�ned as follows:

A functor F = (F0, F1) : (A0, A1) −→ (B0, B1), is a pair of morphisms F0 : A0 −→ B0 and
F1 : A1 −→ B1 satisfying the following properties:

i) Compatibility with domain, codomain and identity, respectively:

db · F1 = F0 · da , (1.7a)

cb · F1 = F0 · ca , (1.7b)

ib · F0 = F1 · ia . (1.7c)

These equations can be written concisely as the following serially commutative diagram,

A1

da //

ca
//

F1

��

A0iaoo

F0

��
B1

db //

cb
// B0iboo

,

ii) Preservation of the multiplication:

F1 ·ma = mb · (F1 ×F0 F1) , (1.8)

where F1 ×F0 F1 is de�ned through the following diagram,



4 1.1. Internal Categories

A1 ×A0 A1
p2 //

F1×F0
F1

''OOOOOO

p1

��

A1

F1

''OOOOOOOOOOOOOOO

c

��

B1 ×B0 B1
p2 //

p1

��

B1

c

��

A1 d
//

F1
''OOOOOOOOOOOOOOO A0

F0
''OOOOOOOOOOOOOOO

B1 d
// B0

.

Finally, a natural transformation α : F −→ G is a morphism α : A0 −→ B1, such that

i)

db · α = F0 , (1.9a)

cb · α = G0 ; (1.9b)

ii) mb(α · ca ; F1) = mb(G1 ; α · da), where

(α · ca ; F1), (G1 ; α · da) : A1 −→ B1 ×B0 B1 .

For a generalized object f in A1, this reads explicitly as:

α(ca(f)) ·′ F1(f) = G1(f) ·′ α(da(f)) ,

and hence it is the naturality condition for the transformation.

The following proposition can be stated:

Proposition 1.1.1. Let A be a category with pullbacks. Internal functors between �xed internal
categories I = (A1, A0), J = (B1, B0) and internal natural transformations make a category
IntFunct(I,J ) where the composition, of α : F → G , β : G→ H, is given by

β ◦ α = mb · (β ; α) ,

and the unit of F for this composition is F1 · ia.

Furthermore, internal categories form a 2-category IntCat(A) with objects internal categories,
1-cells internal functors and 2-cells internal natural transformations, see (1.5.1) for the de�nition
of a 2-Category.
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1.2 Monoidal Categories

In this section the de�nition of a monoidal category is recalled. See [23] and [26].

A monoidal category is a sextuple (M,⊗, I, α, λ, ρ), where M is a category together with a
bifunctor,

⊗ : M×M −→M ,

that it is associative up to an isomorphism, and possesses a right and left unit I, only up to
isomorphism. Explicitly, α, λ and ρ are natural transformations

αA,B,C : A⊗ (B ⊗ C)
∼= // (A⊗B)⊗ C ,

λA : I ⊗ A
∼= // A ,

ρA : A⊗ I
∼= // A ,

such that λI = ρI . It is required also that the following diagrams commute:

(A⊗(B⊗C))⊗D

A⊗((B⊗C)⊗D)

A⊗(B⊗(C⊗D))

(A⊗B)⊗(C⊗D) ((A⊗B)⊗C)⊗D

A⊗αB,C,D

;;vvvvvvvvvvvvvvvvvvv

αA,B⊗C,D

##HHHHHHHHHHHHHHHHHHH

αA,B,C⊗D



��������������������

αA,B,C⊗D

��)
)))))))))))))))))))

αA⊗B,C,D

// ,

(A⊗I)⊗BA⊗(I⊗B)

A⊗B

αA,I,B //

A⊗λB

��1
11111111111111111

ρA⊗B

��



















.

(1.10)

The left diagram is known as the pentagonal law. If the associativity and unitality are strict,
i.e. the natural transformations α, λ and ρ are identities, then the monoidal category is called
strict monoidal category, in this case the notation is (M,⊗, I). According to [23], every monoidal
category is equivalent to some strict monoidal category. This theorem is called the coherence
theorem for monoidal categories. Thus, in what follows, we treat monoidal categories as if they
were strict monoidal.



6 1.2. Monoidal Categories

Let (M,⊗, I, α, λ, ρ) and (M′,⊗′, I ′, α′, λ′, ρ′) be two monoidal categories, then a monoidal
functor (F, ζ) : (M,⊗, I, α, λ, ρ) −→ (M′,⊗′, I ′, α′, λ′, ρ′) is a functor F : M −→ M′, a natural
transformation

ζA,B : FA⊗′ FB −→ F (A⊗B) ,

and a map

ζ0 : I ′ −→ FI .

Such that the following diagrams commute

FA⊗′ (FB ⊗′ FC)

α′FA,FB,FC

��

FA⊗′ζB,C // FA⊗′ F (B ⊗ C)
ζA,B⊗C // F (A⊗ (B ⊗ C))

FαA,B,C

��
(FA⊗′ FB)⊗′ FC

ζA,B⊗′FC
// F (A⊗B)⊗′ FC

ζA⊗B,C

// F ((A⊗B)⊗ C) ,

FA⊗′ I ′
ρ′FA //

FA⊗′ζ0

��

FA

FA⊗′ FI
ζA,I

// F (A⊗ I)

FρA

OO

,

I ′ ⊗′ FA
λ′FA //

ζ0⊗′FA

��

FA

FI ⊗′ FA
ζI,A

// F (I ⊗ A)

FλA

OO

.

If the natural transformation ζ and the map ζ0 are isomorphisms, then the functor is called
strong monoidal functor, and if they are identities then is called strict monoidal functor.

1.2.1 Examples of Monoidal Categories

•) The monoidal category (Sets,×, {∗}) of Sets, where the tensor product is played by the carte-
sian product and the unit is the singleton set {∗}.

•) The monoidal category (Vect,⊗, k) of Vector Spaces over the �eld k, with the usual tensor
product and unit the �eld itself.

•) The monoidal category (ModR,⊗R, R) of modules over a commutative ring with unit R, with
the usual tensor product and unit the ring itself.

•) Let (M,⊗, I) be a monoidal category, then the category Mop is also monoidal with the same
tensor product and unit, i.e. (Mop,⊗, I) is a monoidal category.
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1.2.2 Comonoids and Comodules in a Monoidal Category

Let (M,⊗, I) be a strict monodial category . A comonoid in (M,⊗, I) is a triple (C,∆C , εC),
where C is an object in M, ∆C : C −→ C ⊗ C and εC : C −→ I are morphisms in M such that
the following diagrams commute:

C ⊗ C ⊗ C C ⊗ CC⊗∆Coo

C ⊗ C

∆C⊗C

OO

C
∆C

oo

∆C

OO

,

C C ⊗ CC⊗εCoo

C ⊗ C

εC⊗C

OO

C
∆C

oo

=

ddHHHHHHHHHHHHHHHHHH

∆C

OO

.

(1.11)

The property corresponding to the �rst diagram is usually referred to as the coassociativity of the
comonoid and the second one is referred to as the counitality of the comonoid.

A morphism of comonoids f0 : (C,∆C , εC) −→ (D,∆D, εD), is a morphism f0 : C −→ D in
M such that the following diagrams commmute:

C ⊗ C f0⊗f0 // D ⊗D

C
f0

//

∆C

OO

D

∆D

OO

,

I

C
f0

//

εC

??��������������
D

εD

__??????????????

.

(1.12)

The category of comonoids in M is denoted by ComonM.

Let (C,∆C , εC) be a comonoid in ComonM. A left C-comodule is a pair (M, CρM), where M
is an object in M and CρM : M −→ C ⊗M a morphism in M, called left C-coaction. The left
C-coaction is required to satisfy the commutativity of the following diagrams:

C ⊗ C ⊗M C ⊗M∆C⊗Moo

C ⊗M

C⊗CρM

OO

M
CρM

oo

CρM

OO

,

M C ⊗MεC⊗Moo

M

=

bbFFFFFFFFFFFFFFF

CρM

OO

.

The �rst diagram is referred to as the coassociativity of the left C-coaction and the second
one as the counitality of the left C-action.

The morphism of left C-comodules is a morphism f : M −→M ′ in M such that the following
diagram commute:
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C ⊗M C⊗f // C ⊗M ′

M
f

//

CρM

OO

M ′

CρM′

OO

,

The category, which has left C-comodules as its objects and morphisms of left C-comodules
as morphisms, is called the category of left C-comodules and it is denoted by CM. With this
notation, a morphism of left C-comodules can also be referred to, in a simpler manner, as a
morphism in CM. Symmetrically, a right C-comodule is a pair (M,ρCM), where M is an object in
M, and ρCM : M −→ M ⊗ C is a morphism in M, called right C-coaction. The right C-coaction
is required to satisfy the commutativity of the following diagrams:

M ⊗ C M⊗∆C //M ⊗ C ⊗ C

M
ρC

M

//

ρC
M

OO

M ⊗ C

ρC
M

OO

,

M ⊗ C M⊗εC //M

M

=

<<xxxxxxxxxxxxxxx

ρC
M

OO

.

A morphism of right C-comodules is a morphism f : M −→ M ′ such that the following
diagram commute:

M ⊗ C f⊗C //M ′ ⊗ C

M
f

//

ρC
M

OO

M ′

ρC
M′

OO

.

The category, which has right C-comodules as its objects and right C-comodule morphisms
as morphisms, is called the category of right C-comodules and it is denoted byMC . Combining
these two categories, the category of C-bicomodules, or C-comodules for short, can be constructed.
The objects are triples (M, CρM , ρ

C
M), where (M, CρM) is a left C-comodule and (M,ρCM) is a right

C-bicomodule, such that the following compatibility condition is ful�lled:

C ⊗M
C⊗ρC

M // C ⊗M ⊗ C

M
ρC

M

//

CρM

OO

M ⊗ C

CρM⊗C

OO

.
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The morphisms of this category are morphisms f : M −→ M ′ in M, such that it is a left
and right C-comodule morphism. This category is denoted by CMC . Note that a comonoid
(C,∆C , εC) is a C-comodule with coactions (C,∆C ,∆C).

Consider an object (M,ρCM) inMC and an object (N, CρN) in CM. If the following equalizer
exists:

M�CN //M ⊗N
M⊗CρN //

ρC
M⊗N

//M ⊗ C ⊗N ,

then M�CN is called the cotensor product.

Let us note that if there exists a morphism of comonoids f0 : C −→ D, then there exists
an induced functor fF : CM −→ DM between categories of left comodules. On objects, fF is
de�ned as fF (M, CρM) = (M, (f ⊗ M) · CρM), while on morphisms fF (h) = h. We write fM
for fF (M, CρM) and fh for fF (h). Similarly, f0 also induces another functor F f : MC −→ MD

between the categories of right comodules. We write M f for F f (M,ρCM) and hf for F f (h). The
combination of fF and F f gives rise to a functor of categories of comodules fF f : CMC −→ DMD.

Finally, if f0 : C −→ D is a morphism of comonoids, then for all (M,ρCM) inMC and (N, CρN)
inMC , for which M�CN and M f�D

fN exist, there is a morphism ιf : M�CN −→M f�D
fN in

M induced by the following commutative diagram

M�CN

���
�
�
�
�

%%JJJJJJJJJJJJJJJJJJ

M f�D
fN //M ⊗N .

(1.13)

Remark on Notation 1.2.2.1. Let M be an object inMC , M ′ an object in CM and M�CM
′ its

cotensor product. Then if f : N −→ M ⊗M ′ is a fork for the pair of morphisms M ⊗ CρM ′ and
ρCM ⊗M ′, i.e. (M ⊗ CρM ′) · f = (ρCM ⊗M ′) · f . Then there exists the following induced map

N

���
�
�
�
�

f

%%LLLLLLLLLLLLLLLLLLL

M�CM
′ //M ⊗M ′

M⊗CρM′ //

ρC
M⊗M

′
//M ⊗ C ⊗M ′ ,

which will be denoted by f̃ .
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1.3 Towards Generalization of Internal Categories

Before the de�nition of an internal category within a monoidal category is given, cf. [2], we look
at small categories as internal categories in Sets. Let A0, A1 be two objects in Sets which are part
of a internal graph as in (1.1). Note that every set, in particular A0, is a comonoid in a unique
way, with comultiplication given by the diagonal morphism ∆A0 : A0 −→ A0 × A0, x 7−→ (x, x)
and unit εA0 : A0 −→ {∗}, the unique map x 7−→ ∗.

A morphism d : A1 −→ A0 induces a unique morphism

A1
d̄ // A1 × A0 ,

x � // (x, d(x)) .

(1.14)

With this morphism A1 becomes a right A0-comodule. Similarly, for c : A1 −→ A0 there exists
c̄ : A1 −→ A0 × A1, x 7−→ (c(x), x), making A1 a left A0-comodule. Thus (A1, c̄, d̄) is an A0-
comodule. With these two morphisms, the requirements (1.2), on d and c, are equivalent to the
following requirements for d̄ and c̄:

d̄ · i = (i× A0) ·∆A0 , (1.15a)

c̄ · i = (A0 × i) ·∆A0 . (1.15b)

This means that i is a morphism of A0-comodules.

The process of transforming requirements for c and d into requirements for c̄ and d̄ consists in
taking appropriate inclusions into cartesian products. In case one wants to recover the original re-
quirements out of the transformed ones, one can use suitable projections over the aforementioned
cartesian products.

Next, it is important and convenient to observe that A1�A0A1
∼= A1 ×A0 A1 in Sets, where

A1�A0A1 is the equalizer of the parallel morphisms (A1×c̄, d̄×A1), the cotensor product of comod-
ules (A1, d̄) and (A1, c̄). With this isomorphism, the requirements given by (1.4) are equivalent
to the following ones:

c̄ ·m = (A0 ×m) · (c̄�A0A1) , (1.16a)

d̄ ·m = (m× A0) · (A1�A0 d̄) . (1.16b)

It can be concluded that these equations, (1.16), describe a morphism mA1 : A1�A0A1 −→ A1

in A0MA0 and equations (1.15) describe a morphism i : A0 −→ A1 in A0MA0 as well.

Finally, the requirements given by (1.6) and (1.5) are equivalent to the following commutative
diagrams:
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A1�A0A1�A0A1

A1�A0
m
//

m�A0
A1

��

A1�A0A1

m

��
A1�A0A1 m

// A1 ,

A1

(A1�A0
i)·d̃

//

=

%%KKKKKKKKKKKKKKKKKKK

(i�A0
A1)·c̃

��

A1�A0A1

m

��
A1�A0A1 m

// A1 ,

(1.17)

respectively. The morphisms c̃ : A1 −→ A0�A0A1 and d̃ : A1 −→ A1�A0A0 are corestrictions of c̄
and d̄, respectively.

For the functors between internal categories, the equations in (1.7a,b) can be rewritten equiv-
alently for the maps d̄ and c̄, as

d̄b · F1 = (F1 × F0) · d̄a , (1.18a)

c̄b · F1 = (F0 × F1) · c̄a . (1.18b)

Equations (1.8) and (1.7c) are translated, respectively, into the following commutative dia-
grams:

A1�A0A1

F1�F0
F1 //

ma

��

B1�B0B1

mb

��
A1 F1

// B1 ,

A0
F0 //

ia

��

B0

ib

��
A1 F1

// B1 .

(1.19)

The requirements for a natural transformation, expressed by equation (1.9), are equivalent to
the following equations:

d̄b · α = (B0 × α) · (F0 × A0) ·∆A0 , (1.20a)

c̄b · α = (α×B0) · (A0 ×G0) ·∆A0 . (1.20b)

The equality mb(α · ca ; F1) = mb(G1 ; α · da) translates into

mb((α�B0F1) · c̃) = mb((G1�B0α) · d̃) , (1.21)
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The composition between natural transformations can be de�ned through coequalizers as

β ◦ α = mb · (α�B0β) . (1.22)

The translation of the proposition (1.1.1) will not be done yet, since the generalization can go
further in the next section.

1.4 Internal Categories in a Monoidal Category

In this section several de�nitions are given which will make some resonance with the requirements
for an internal category in (Sets,×, ∗) and which constitute the generalization of an internal
category in a monoidal category. This generalization was introduced in [2].

In Section (1.3), it was observed how the monoidal structure of the category of sets can be used
to reformulate the notion of an internal category. In particular, the pullbacks can be replaced by
particular equalizers that de�ne cotensor products. Furthermore, the pullbacks commute with the
cartesian product. Therefore, in order to formulate the de�nition of an internal category inside
a monoidal category (M,⊗, I), it is convenient to require that (M,⊗, I) satis�es the following
properties :

i) M has equalizers (E, e) for all parallel morphisms f ‖ g, i.e.

E
e // A

f //
g

// B ,

in particular, those of the form,

M�CN //M ⊗N
M⊗ CρN //

ρC
M⊗N

//M ⊗ C ⊗N .

The equalizer (E, e) can also be denoted by Eq(f, g).

ii) These equalizers are invariant under the tensor product in M, i.e., the following morphism,
that always exists, must be an isomorphism

X ⊗ Eq(f, g)⊗ Y
∼= // Eq(X ⊗ f ⊗ Y,X ⊗ g ⊗ Y ) .

In particular, the following is an isomorphism

X ⊗ (M�CN)⊗ Y
∼= // (X ⊗M)�C(N ⊗ Y ) .
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With the two previous assumptions, CMC can be made into a monoidal category, (CMC ,�C , C),
and the following coactions can be constructed CρM�CN := CρM�CN and ρCM�CN

:= M�Cρ
C
N .

At this moment, it is important to introduce the following category. Since (CMC ,�C , C) is a
monoidal category, the category MonCMC of monoids in CMC can be constructed. The objects
of this category are triples (A,mA, uA), where A is an object in CMC , mA : A�CA −→ A and
uA : C −→ A are morphisms in CMC called multiplication and unit, respectively. These are
required to ful�ll the commutativity of the following diagrams

A�CA�CA
A�CmA //

mA�CA

��

A�CA

mA

��
A�CA mA

// A ,

A
A�CuA //

uA�CA

��

=

$$HHHHHHHHHHHHHHHHHH A�CA

mA

��
A�CA mA

// A .

Morphisms f : (A,mA, uA) −→ (B,mB, uB) in MonCMC are morphisms f : A −→ B in CMC

such that ,

A�CA
f�Cf //

mA

��

B�CB

mB

��
A

f
// B ,

C

uA

����������������

uB

��@@@@@@@@@@@@@

A
f

// B ,

commute.

In the case of an internal category (A0, A1, c, d, i,m) in Sets, the diagrams in (1.17) describe
a monoid (A1,m, i) in

A0MA0 . Due to this observation, ((A,mA, uA), CρA, ρ
C
A, C) will be the gen-

eralization of ((A1,m, i), c̄, d̄, A0), as an internal category inside a monoidal one.

In what follows every object (A,mA, uA) in Mon CMC will be called an internal category in
(M,⊗, I). The object C will be called the object of objects and A the object of morphisms, to
simplify the notation we write (A,C) with multiplication and coactions left out.

Note 1.4.1. In [7], the author de�ne the concept of an internal CM-valued functor, χ : (A,C) −→
CM as a left A-module M in AM. On the other hand, a natural transformation between internal
CM-valued functors, h : χ −→ χ′ is de�ned as a morphism h : M −→M ′ of left A-modules.

Consider, on the other hand, the "dual" internal category I∗, which is obtained from the inter-
nal graph (1.1) by interchanging the roles of c and d, which in turn, gives a twisted composition
in (1.3). If the construction of an internal monoidal category is based on this "dual" internal
category, the concept corresponding to the a internal valued functor is that of a right A-module
M and it is termed in this way as an internal presheaf.
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1.4.1 Examples of Internal Categories

•) In the monoidal category (Vect,⊗, k), the internal categories are C-rings or C-semialgebras.

The category of comonoids ComonVect is usually referred to as the category of coalgebras.
The construction for internal categories within this monoidal category follows in the same lines as
in the previous sections. For each coalgebra (C,∆C , εC), one can construct the category of comod-
ules CMC , this last category can be given the structure of a monoidal category (CMC ,�C , C), see
[29]. Then the internal categories are monoids in CMC which are called C-rings or C-semialgebras,
see [9].

•) In the monoidal category (ModopR ,⊗R, R), the internal categories are corings.

We explain the second example in a more explicit way. In Section 1.2.1 was pointed out
that the opposite category of a monoidal category inherits the same monoidal structure. Then
ComonModop

R
= MonModR

= AlgR, the category of algebras over a commutative ring, see [1].
An object in AlgR is denoted by (A,mA, uA).

In this case, the category of C-comodules over ModopR ,
C(ModopR )C is seen as the category of

A-modules over ModR, denoted by A(ModR)A or by AMA. The category A(ModR)A consists of
objects (N, AχN , χ

A
N), where N is an object in ModR and AχN : A⊗N −→ N , χAN : N ⊗A −→ N

are morphisms in ModR such that they ful�ll the requirements for a comodule in Section 1.2.2,
but with the arrows of the diagrams inverted. A morphism f : (N, AχN , χ

A
N) −→ (N ′, AχN ′ , χ

A
N ′)

in A(ModR)A, is a morphism f : N −→ N ′ in ModR such that ful�lls also the requirements in
Section 1.2.2, but with the arrows of the diagrams inverted.

The category ModopR has equalizers and these equalizers are preserved by the tensor product,
as can be seen in the following dual

Proposition 1.4.1.1. The category ModR has coequalizers and these coequalizers are preserved
by the tensor product.

Proof:

Let f, g : M −→ N be a pair of a parallel arrows, then the coequalizer of (f, g) is the following
module,

M
f //
g

// N
q // Q := N/ < f(x)− g(x);x ∈M > .

In order to show that the the second requirement is ful�lled, the previous coequalizer can be
written, in an equivalent way, as the following right exact sequence:

M
f−g // N // Q // 0 .
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Since the functors B ⊗ _ and _ ⊗ C are right-exact functors [29], it follows that B ⊗ Q ⊗ C is
the coequalizer of the parallel arrows (B ⊗ f ⊗ C,B ⊗ g ⊗ C) as required. 2

Let (A,mA, uA) be an algebra in AlgR. Then the monoidal category (A(ModR)A,⊗A, A) can
be constructed according to [2]. Therefore, a comonoid (C,∆C , εC) in the category A(ModR)A,
is an internal category in ModopR . The de�nition of an internal category in ModopR coincides with
the de�nition of a coring, see [12].

1.4.2 Internal Functors and Natural Transformations

Next, functors between internal categories are de�ned. This de�nition should be compared with
(1.18) and (1.19).

De�nition 1.4.2.1. A functor f : (A,C) −→ (B,D) between internal categories is a pair f =
(f1, f0), where

i) f0 : C −→ D is a morphism in ComonM,

ii) f1 : A −→ B is a morphism in M that is also a morphism of D-bicomodules, f1 : fAf −→ B.

iii) the following diagrams commute:

A�CA
ιf //

mA

��

Af�D
fA

f1�Df1 // B�DB

mB

��
A

f1
// B ,

C
f0 //

uA

��

D

uB

��
A

f1
// B .

De�nition 1.4.2.2. Let f, g : (A,C) −→ (B,D) be internal functors. An internal natural trans-
formation α : f −→ g : (A,C) −→ (B,D) is a morphism α : gCf −→ B of D-bicomodules
making the following diagram commute

A�CC
ιg // Ag�D

gC
g1�Dα // B�DB

mB

&&LLLLLLLLLLL

A

ρ̃C
A

99rrrrrrrrrrr

Cρ̃A %%KKKKKKKKKKK B ,

C�CA ιf
// Cf�D

fA
α�Df1

// B�DB

mB

99rrrrrrrrrrr

The category constructed with internal categories in (M,⊗, I) as objects and internal functors
as morphisms is denoted by IntCat(M).
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1.5 2-Categories

1.5.1 De�nition of 2-Categories

The aim of this section is to describe two di�erent ways in which internal categories in (M,⊗, I)
can be made into a 2-category. We begin by recalling the de�nition of a 2-category; see [2], [23]
and [26]. The datum that forms a 2-category is A = (A0,A1,A2, ·, ◦, ∗̄), where

i) A0 is the collection of 0-cells, depicted as

A,B,C, ...

ii) A1 is the collection of 1-cells, depicted as

A

f
""
B , B

h
""
C , ...

iii) A2 is the collection of 2-cells, depicted as

A

f
##

g

;;↓ α B , B

h
##

k

;;↓ γ C , ....

i') (A0,A1, ·) is a category, with composition depicted as

A

f
""
B

h
""
C = A

h·f
""
C ,

and the unit of A in A0 for this composition is

A

1A
""
A .

This category will be referred to as the underlying category of the 2-category A.

ii') For all 0-cells A, B, (A1(A,B),A2(A,B), ◦) is a category, with composition depicted as

A

f

  ↓ α
↓ β

//

g

>>B = A

f

""

g

<<↓ β ◦ α B ,
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and the unit of f : A −→ B in A1(A,B), for this composition is

A

f
$$

f

::↓ 1f B .

The composition ◦ : A2 ×A2 −→ A2 will be referred to as the vertical composition. Along
this thesis, the category (A1(A,B),A2(A,B), ◦) will also be denoted by HomA(A,B) or
A(A,B).

iii') (A0,A2, ∗̄) is a category, with composition depicted as

A

f
##

g

;;↓ α B

h
##

k

;;↓ γ C = A

h·f
  

k ·g

>>↓ γ∗̄α C ,

and the unit of A ∈ A0 under this composition is,

A

1A
##

1A

;;↓ 11A A .

The composition ∗̄ : A2 ×A2 −→ A2 will be referred to as the horizontal composition.

The vertical and horizontal composition are required to satisfy two compatibility conditions:

1. Compatibility with the unital natural transformation,

A

f
$$

f

::↓ 1f B

h
$$

h

;;↓ 1h C = A

h·f
  

h·f

>>↓ 1h∗̄1f C
!

= A

h·f
""

h·f

<<↓ 1h·f C .

2. The interchange law,
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A

f

  ↓ α
↓ β

//

g

>>B

h

  ↓ γ
↓ δ

//

k

>>C = A

h·f

!!

g ·k

==↓ (δ ◦ γ)∗̄(β ◦ α) C
!

= A

h·f

!!

g ·k

==↓ (δ∗̄β) ◦ (γ∗̄α) C .

2-categories admit more duals than ordinary categories. By reversing all 1-cells in A one ob-
tains the opposite 2-category Aop. By reversing 2-cells one arrives at the 2-category denoted by
Aco. Finally, combining these two operations, one obtains Aco op = Aop co, the 2-category with the
same 0-cells as in A but with 1-cells and 2-cells reversed.

Remark 1.5.1.1. Given a 2-category A with one object A. There exists a monoidal category,
(HomA(A,A), ∗̄, 11A

), where HomA(A,A) is the category formed by the 1-cells of the type f :
A −→ A.

1.5.2 Examples of 2-Categories

1- The prototype example of a 2-category is the category 2Cat whose 0-cells are categories,
1-cells are functors and 2-cells are natural transformations. The vertical structure is given
by the composition of natural transformations and the horizontal one is given by the usual
Godement product. This Godement product is de�ned as follows, let α : F −→ G : C −→ D
and β : H −→ K : C −→ D be natural transformations or 2-cells in 2Cat, then the
Godement product of these two natural transformations, usually denoted by β ∗ α instead
of β∗̄α, is de�ned as

(β ∗ α)C = βGC ·HαC = KαC · βFC . (1.23)

This last equality is called Godement product equality.

Note 1.5.1. Let α : F −→ G : C −→ D be a natural transformation in 2Cat, then for any
morphism f : A −→ A′ in the category C, the following diagram commutes

FA
Ff //

αA

��

FA′

αA′

��
GA

Gf
// GA′ ,

i.e. αA′ · Ff = Gf · αA. This equality will be referred to as the naturality of α applied
over f or just simply the naturality of α over f . This statement proves to be useful when
argumenting.



Chapter 1. Internal Categories in a Monoidal Category 19

2- The 2-category of 2-categories, denoted by 2-Cat. The 0-cells in 2-Cat are 2-categories
A, B, etc. The 1-cells are 2-functors, i.e. operations F : A −→ B which send n-cells to
n-cells and are compatible with the compositions and units in A and B. The 2-cells are
2-natural transformations. Given 2-functors F,G : A −→ B a 2-natural transformation
α : F −→ G sends 0-cells in A to 1-cells in B and satis�es the following property. For any
2-cell γ : f −→ g in A,

FA

Ff

##

Fg

;;↓ Fγ FB
αB // GB = FA

αA // GA

Gf

##

Gg

;;↓ Gγ GB ,

i.e.

FA

αB ·Ff
$$

αB ·Fg

::↓ 1αB
∗̄Fγ GB = FA

Gf ·αA
##

Gg ·αA

;;↓ Gγ∗̄1αA GB ; (1.24)

see [26]. Note that condition (1.24) includes the standard requirement αB · Ff = Gf · αA
on the underlying category (A0,A1, ·).

At this point it is convenient to make the following observation. In the usual category theory
if a natural transformation is invertible, then its inverse is necessarily a natural transforma-
tion. The same is true for 2-natural transformations, and this is proved by similar methods
as in the standard category theory.

3- There exists a very closed related concept to a 2-category, that of a bicategory, see [5] and
[23]. A bicategory is the same as a 2-category, but is such that for each triple

A

f

""
B

g

""
C

h
##
D,

There exists isomorphic 2-cells

A

h·(g ·f)

  

(h·g)·f

>>↓ αh,g,f B ,

which are natural in f, g, h. These 2-cells are called associativity coherence isomorphisms.
There exists also another two isomorphic 2-cells, for any 1-cell f : A −→ B ,
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A

1B ·f
  

f

>>↓ λf B , A

f ·1A
��

f

??↓ ρf B ,

these 2-cells are also required to be natural in f . These 2-cells are called unit coherence
isomorphisms. These three 2-cells are required to satisfy similar commutative diagrams like
in (1.10).

The next bicategory is of particular interest in this thesis. Its construction relies on Section
1.2.2. The construction of this bicategory needs a monoidal category (M,⊗, I) with equal-
izers that are preserved by ⊗. Then the 0-cells of this bicategory are the comonoids in M,
namely (C,∆C , εC) as in Section 1.2.2. When writing the 2 diagrams for this bicategory the
comultiplication ∆C and the counit εC are left understood in order to avoid complicated
diagrams. The 1-cells for this bicategory

C

M
""
D ,

are bicomodules (M, CρM , ρ
D
M) in CMD. The 2-cells of this bicategory

C

M
!!

N

==↓ f D ,

are morphisms of bicomodules f : M −→ N in CMD. The composition for the underlying
category is de�ned by the cotensor product of comodules, i.e.

C

M
""
C ′

N
##
C ′′ = C

M�C′N
""
C ′′ ,

and the unit of (C,∆C , εC) for this composition is (C,∆C ,∆C). For the vertical structure,
the composition is de�ned through the following 2-diagram

↓ f
C M ′ //

M

��

M ′′

__D↓ g
= C

M

��

M ′′

??↓ g ·f D ,
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and the unit of (M, CρM , ρ
D
M) for this composition is just 1M : M −→M . For the horizontal

structure, the composition is de�ned through the following 2-diagram

C

M
!!

N

==↓ f C ′

M ′

""

N ′

<<↓ g C ′′ = C

M�C′N

""

M ′�C′N
′

<<↓ f�C′g B ,

and the unit of (C,∆C , εC) for this composition is 1C : C −→ C.

1.5.3 IntCat(M) as a 2-category

The aim of this section is to equip IntCat(M) with the structure of a 2-category, whose 0-cells
are internal categories in M, 1-cells are internal functors and 2-cells are internal natural transfor-
mations.

In order to give a horizontal and vertical structure to IntCat, let us start by giving the
following de�nition for a vertical composition for 2-cells. In the case of the following 2-cell diagram,

↓ α
(A,C) r //

f

  

g

??
(B,D)

↓ β
.

The vertical composition ◦

(A,C)

f

%%

g

99
↓ β ∗ α (B,D) ,

is de�ned as

β ∗ α = C
∆̃C // C�CC

ιr // Cr�D
rC

β�Dα // B�DB
mB // B . (1.25)

The unit of f : (A,C) −→ (B,D), for this vertical product, is uBf0. The notation for the
vertical composition of 2-cells is not the usual one, ◦, because there is already a very well known
and used notation for this composition, called convolution product, and it is ∗.

Before we give the de�nition of the horizontal product, note that in the following 2-cell diagram
in IntCat(M),
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(A′, C ′) h // (A,C)

f

%%

g

99
↓ α (B,D) k // (B′, D′) , (1.26)

both k1α and αh0 are natural transformations.

With this observation at hand, consider the following 2-cell diagram in IntCat(M):

(A,C)

f

##

g

;;
↓ α (E,F )

h
##

k

;;
↓ β (B,D) . (1.27)

The horizontal product or the Godement product β∗̄α of the natural transformations α and β

(A,C)

h·f
$$

k ·g

::
↓ β∗̄α (B,D) ,

is de�ned as,

β∗̄α = βg0 ∗ h1α = k1α ∗ βf0 . (1.28)

This last equality will be called the Godement product equality. The Godement product is
well-de�ned because of the proof of the following

Proposition 1.5.3.1. Consider the diagram in (1.27), the Godement product of internal natural
transformations α, β is well de�ned.

Proof :

That the Godement product is a natural transformation is clear from the note on (1.26), the
only thing to prove is the unambiguity of the de�nition through the equality.

If the factorization Lemma A.2 is applied to the convolution products βg0 ∗ h1α = mB ·
(βg0�Dh1α) · ιhg · ∆̃C and k1α ∗ βf0 = mB · (k1α�Dβf0) · ιkf · ∆̃C , then we get the upper and the
lower branch of the following diagram, respectively.
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C�CC
ιg //

(i)

Cg�F
gC

g0�Fα // F�FE
ιh //

(iii)

F h�D
hE

β�Dh1 // B�DB
mB

%%KKKKKKKKKKK

C

∆̃C

OO

α //

∆̃C

��
(ii)

E

Fρ̃E

77ooooooooooooo

ρ̃F
E ''OOOOOOOOOOOOO B

C�CC ιf
// Cf�F

fC
α�F f0

// F�FE ιk
// F k�D

kE
k1�β

// B�DB

mB

99sssssssssss
,

This diagram commutes because

1. The diagram (i) is the induced commutative diagram, according to Lemma A.6, by the left
colinearity of α, i.e. FρE · α = (F ⊗ α) · (g0 ⊗ C) ·∆C .

2. The diagram (ii) is the induced commutative diagram by the right colinearity of α.

3. The diagram (iii) commutes because β is a natural transformation.

Therefore

βg0 ∗ h1α = k1α ∗ βf0,

as required. 2

The unit for the horizontal product of the internal category (A,C) is uA.

Next we state, without proof, the following

Lemma 1.5.3.2. Consider the following 2-diagram in IntCat(M)

↓ α
(A′, C ′) h // (A,C) r //

f

  

g

??
(B,D) k // (B′, D′)

↓ β
.

Then (β ∗ α)h0 = βh0 ∗ αh0 and k1(β ∗ α) = k1β ∗ k1α .

With Lemma 1.5.3.2 at hand, take internal natural transformations α : f −→ g : (A′, C ′) −→
(A,C), β : h −→ k : (A,C) −→ (B,D) and γ : r −→ s : (B,D) −→ (B′, D′), and compute

γ∗̄(β∗̄α) = γ∗̄(βg0 ∗ h1α)

= γ(k0 · g0) ∗ r1(βg0 ∗ h1α)

= γk0g0 ∗ r1βg0 ∗ r1h1α

= (γk0 ∗ r1β)g0 ∗ r1h1α

= (γ∗̄β)g0 ∗ r1h1α

= (γ∗̄β)∗̄α .
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Along with the aforementioned lemma, the de�nition of the Godement product and the associa-
tivity of the vertical product ∗ were used. This proves the associativity of the horizontal product
∗̄.

Proposition 1.5.3.3. The vertical and horizontal compositions, ∗ and ∗̄, respectively, de�ned
above satisfy the interchange law.

Proof :

Consider the following 2-diagram in IntCat(M)

↓ α ↓ γ

(A,C) r //

f

��

g

??
(E,F ) s //

h

��

k

??
(B,D)

↓ β ↓ δ

,

Then

(δ ∗ γ)∗̄(β ∗ α) = (δ ∗ γ)g0 ∗ h1(β ∗ α)

= (δg0 ∗ γg0) ∗ (h1β ∗ h1α)

= δg0 ∗ (γg0 ∗ h1β) ∗ h1α

= δg0 ∗ (s1β ∗ γr0) ∗ h1α

= (δg0 ∗ s1β) ∗ (γr0 ∗ h1α)

= (δ∗̄β) ∗ (γ∗̄α) .

Lemma 1.5.3.2 has been applied several times along with the de�nition of the Godement prod-
uct and the associativity of the vertical product. In the fourth equality, the Godement product
equality was used for the de�nition of γ∗̄β. 2

Finally, the proof of the compatibility of unital natural transformations with compositions is
easy and left to the reader. The results of this section are summarized in the following

Proposition 1.5.3.4. IntCat(M) is a 2-category with 0-cells internal categories, 1-cells internal
functors and 2-cells internal natural transformations and vertical and horizontal compositions, ∗
and ∗̄, de�ned by (1.25) and (1.28), respectively.

2
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1.5.4 IntCoCat(M) as a 2-category

Finally, there exist another de�nition of functor between internal categories, which is termed
cofunctor, see [2]. The notion of a cofunctor gives rise to a completely di�erent 2-category
IntCoCat(M), having the internal categories in M as its 0-cells. This section is devoted to
the description of IntCoCat(M). Since the 0-cells are the same as in IntCat(M), we start with
the de�nition of 1-cells

De�nition 1.5.4.1. Let (A,C) and (B,D) be internal categories in M. A cofunctor f : (A,C) −→
(B,D) is a pair f = (f1, f0),

(A,C)

f = (f1, f0)
''

(B,D) ,

where

•) f0 : D −→ C is a morphism in ComonM ,

•) f1 : A�C
fD −→ fB is a morphism in CMDsuch that the following diagrams

A�CA�C
fD

A�Cf1 //

mA�C
fD

��

A�C
fB

∼= // A�C
fD�DB

f1�DB // B�DB

mB

��
A�C

fD
f1

// B ,

C�C
fD

uA�C
fD

��

D
∼=oo

uB

��
A�C

fD
f1

// B .

commute.

The de�nition of a natural cotransformation, for the 2-cell structure of IntCoCat(M), is given
on the next:

De�nition 1.5.4.2. Let f, g : (A,C) −→ (B,D) be cofunctors. Then a natural cotransformation
α,

(A,C)

f

$$

g

::
↓ α (B,D) , (1.29)

is a morphism α : fD → gB in CMD such that the following diagram
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A�C
gB

∼= // A�C
gD�DB

g1�DB // B�DB
mB

%%KKKKKKKKKKK

A�C
fD

A�Cα
77ooooooooooo

f1
''OOOOOOOOOOOOO B

B ∼=
// D�DB α�DB

// B�DB

mB

99sssssssssss

commutes.

The composition of 1-cells over the following 1-cell diagram

(A,C)

f
$$

(A′, C ′)

h
%%

(A′′, C ′′) = (A,C)

h·f
$$

(A′′, C ′′) ,

is de�ned by

(h · f)0 = f0 · h0 ,

(h · f)1 = h1 · (f1�C′
hC ′′) .

The vertical product over a 2-cell diagram

↓ α
(A,C) f ′ //

f

  

f ′′

>>
(B,D)

↓ β
= (A,C)

f

##

f ′′

;;
↓ β ◦ α (B,D) ,

is de�ned by

β ◦ α = mB · (β�DB) · Dρ̃B · α : D −→ B .

The unit cotransformation of f : (A,C) −→ (B,D), for this composition, is the unit of (B,D),
uB : D −→ B. On the other hand, the horizontal structure over a 2-cell diagram

(A,C)

f

##

g

<<
↓ α (A′, C ′)

h
##

k

;;
↓ γ (A′′, C ′′) = (A,C)

h · f
##

k · g

;;
↓ γ∗̄α (A′′, C ′′) ,

is de�ned by
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γ∗̄α = mA′′ · (γ�C′′A
′′) · C′′ρ̃A′′ · h1 · (α�C′

hC ′′) · C′ρ̃C′′ : C ′′ −→ A′′ .

The unit of (A,C), for this composition, is the unit of (A,C), uA : C −→ A.

Remark 1.5.4.3. Consider the case when the monoidal category (M,⊗, I) in IntCoCat(M) is
(ModopR ,⊗R, R), see Section 1.4.1. A cofunctor, in this set up, (f1, f0) : (C,A) −→ (D,B) from
the A-coring C to the B-coring D is equivalent to a commutative diagram of functors like

DM
F1 //

��8888888888888
CM

���������������

BM
F0 //

��;;;;;;;;;;;;; AM

���������������
,

ModR

where the functor F0 is the restriction of scalars corresponding to the R-algebra morphism f0 :
A −→ B and the unmarked arrows are forgetful functors. Therefore, a cofunctor can be identi�ed
with a left extension of corings, [8].
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Chapter 2

Classical and Formal Theories of Monads

In this chapter the concept of a monad will be of main importance, therefore we recall it from
[26]. Let C be a category. A monad on C is a triple (F, µ, ηF ), where F : C −→ C is a functor
and µ : FF −→ F , ηF : 1C −→ F are natural transformations such that the following diagrams
commute:

FFF
µF //

Fµ

��

FF

µ

��
FF µ

// F ,

F
ηFF //

=

!!DDDDDDDDDDDDDDD

FηF

��

FF

µ

��
FF µ

// F .

(2.1)

The �rst diagram is referred to as the associativity of the monad, and the second one as the
unitality of the monad. Dually, a comonad on C is a triple (G, δ, εG), where G : C −→ C is a
functor and δ : G −→ GG, εG : G −→ 1C are natural transformations satisfying conditions dual
to those in (2.1).

In this chapter, we describe the classical and formal theories of monads and comonads, follow-
ing [18], [20], [21], [24] and [30].

Note 2.1. If α : H −→ K : C −→ D is a natural transformation in Cat, then the notation αC or
αC, over an object in C, will be used indistinctively.

2.1 Monads and the Associated Category of Adjunctions

This section deals with the category of F-Adj of adjunctions associated to a monad (F, µ, ηF ) or
F -adjunctions.

Let

C
L

// D
Roo

, (2.2)

29
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be an adjunction with domain C and codomain D, with unit η : 1C −→ RL and counit ε : LR −→
1D. When the codomain D of such an adjunction is irrelevant or understood , the statement an
adjunction over C or an adjunction with domain C, will be used instead. Also, the triangular
identity εL ◦ Lη = 1L will be referred to as the triangular identity associated to left adjoint L
and the identity Rε ◦ ηR = 1R as the triangular identity associated to the right adjoint R. Yet
another convention for an adjuntion like in (2.2) can be stated, whenever suitable the notation
for the unit ηRL and the counit εLR will be used, in order to di�erentiate among units and counits
from di�erent adjunctions.

An adjunction like (2.2) induces a monad

(RL,RεL, η) (2.3)

on C. If (F, µ, ηF ) is a �xed monad in C, then one can consider the collection F -Adj(C) of
adjunctions L a R with domain C such that (RL,RεL, η) = (F, µ, ηF ). Any such adjunction
will be denoted by (D, L a R, ε) or simply (D, L a R). F-Adj(C) is a category with objects
(D, L a R) and morphisms J : (D, L a R) −→ (D′, L′ a R′) given by functors J : D −→ D′
making the following diagram

D
R

yyssssssssssss

J

��

C
L

99ssssssssssss

L′ %%KKKKKKKKKKK ,

D′

R′
eeKKKKKKKKKKK

serially commutative (i.e. both the L and R-diagrams commute). As explained in [25], the above
requirement together with η = ηF = η′ imply that

Jε = ε′J , (2.4)

which is one of the requirements imposed on J in [21].

Within the category F-Adj(C), there are two very important objects which we describe com-
pletely. The �rst one is the so-called Kleisli category for the monad (F, µ, ηF ), denoted by CF .
The objects of the Kleisli category CF are the same as those of the original category, i.e.

Obj(C) = Obj(CF ) . (2.5)

A morphism f \ : A −→ A′ in CF is given by a morphism in C

f : A −→ FA′ . (2.6)
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The composition for a pair f \ : A −→ A′ and g\ : A′ −→ A′′ of morphisms in CF , is de�ned as

g\ · f \ = (µA′′ · Fg · f)\ , (2.7)

i.e.

A
f // FA′

Fg // FFA′′
µA′′ // FA′′ .

The identity morphism for A in CF is

(ηF

A)\ : A −→ A , (2.8)

i.e. the morphism given by the unit ηF
A : A −→ FA. That (ηF

A)\ is a unit for the composition in
CF follows by the unitality of the monad and the naturality of ηF .

The second category is the so-called category of Eilenberg-Moore category of algebras for the
monad (F, µ, ηF ), denoted by CF . The objects of this category are pairs (M, FχM), where M is an
object in C and FχM : FM −→M is a morphism in C, called the action of the algebra or structure
map of the algebra, such that the following diagrams

FFM
µM //

FFχM

��

FM

FχM

��
FM

FχM

//M ,

M
ηFM //

=

!!CCCCCCCCCCCCCC FM

FχM

��
M .

(2.9)

commute.

A morphism f̄ : (M, FχM) −→ (M ′, FχM ′) in this category is given by a morphism f : M −→M ′

in C, such that the following diagram

FM
Ff //

FχM

��

FM ′

FχM′

��
M

f
//M ′

(2.10)
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commutes. Both of these categories belong to F-Adj(C), a fact that can be stated as a pair of
propositions:

Proposition 2.1.1. The Kleisli category CF is an object in F-Adj(C).

Proof (Sketch):

The adjunction over C

C
DF

// CF
UFoo , (2.11)

is de�ned as follows. The functor DF is de�ned on objects as the identity, and for a morphism
h : C −→ C ′ in C, as

DF (h) = (ηFC ′ · h)\ . (2.12)

The functor UF is de�ned on objects A in CF , as UF (A) = FA, and on morphisms f \ : A −→ A′

as

UF (f \) = µA′ · Ff : FA −→ FA′ . (2.13)

It is straightforward to check that the unit of the adjunction ηK can be de�ned as ηK = ηF .

The counit, εK : DFUF −→ 1CF , is de�ned on objects

εK\A : FA = DFUF (A) −→ A ,

as εK\A = (1FA)\. It is easy to check that (DF a UF , ε
K) is an F -adjunction over C. 2

Proposition 2.1.2. The Eilenberg-Moore Category CF is an object in F-Adj(C).

Proof (Sketch):

The adjunction over C

C
DF

// CF
UF

oo ,

is de�ned as follows. The functor DF , known as the free algebra functor, is de�ned on an object
C, as the pair (FC, µC), and is de�ned on a morphism h : C −→ C ′, as
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DF (h) = Fh .

The naturality of µ implies that Fh is a morphism in CF . The functor UF , known as the for-
getful functor, is de�ned on an object (M, FχM) in CF asM , and for a morphism f : (M, FχM) −→
(M ′, FχM ′) as

UF (f) = f .

It is straightforward to check that the unit ηE for this adjunction can be de�ned as ηE = ηF .

The counit εE : DFUF −→ 1CF is de�ned on objects

ε̄E(M, FχM) : (FM,µM) = DFUF (M, FχM) −→ (M, FχM) , (2.14)

as ε̄E(M, FχM) = FχM . This is well-de�ned since the �rst requirement for the action FχM , (2.9)
can be identi�ed as a requirement for FχM to be a morphism in CF . The proof that (DF a UF , εE)
is an object in F-Adj(C) is left to the reader. 2

The main property of these two categories is that they are universal objects in the category
F-Adj(C).

Proposition 2.1.3. The Kleisli category CF for a monad (F, µ, ηF ) is an initial object in F-Adj(C).

Proof :

Let (D, L a R) be an object in F-Adj(C). Then the a posteriori unique functor KF ,

CF
UF

||yyyyyyyyyyyyyy

KF

��
C

L
//

DF

<<yyyyyyyyyyyyyy
D

Roo
,

is de�ned on objects A in CF , as

KF (A) = LA , (2.15)

and on morphisms f \ : A −→ A′, as

KF (f \) = εLA′ · Lf : LA −→ LA′ .
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The commutativity of the left adjoint functors is checked in the following way. Let C be an
object in C. Then KFDF (C) = KF (C) = L(C). Let h : C −→ C ′ be a morphism in C. Then

KFDF (h) = KF (ηFC ′ · h)\ = εLC ′ · L(ηFC ′ · h) = εLC ′ · LηFC ′ · Lh = Lh ,

where the last equality comes from the triangular identity associated to the left adjoint L. Thus,
KFDF = L, as required.

On the other hand, the commutativity of the right adjoints is proved in the following way.
Let A be an object in CF . Then RKF (A) = RL(A) = F (A) = UF (A). Let f \ : A −→ A′ be a
morphism in CF . Then

RKF (f \) = R(εLA′ · Lf) = RεLA′ ·RLf = µA′ · Ff = UF (f \) .

Therefore, RKF = UF , as required.

To prove that KF is unique, suppose that there is another morphism in F-Adj(C), say J :
CF −→ D . Let A be in CF . Since the functor DF is the identity on objects, then JA = JDFA.
Furthermore, J is a morphism in F-Adj(C) hence JDF = L, therefore JA = LA. On the other
hand, let f \ : A −→ A′ be a morphism in CF . The requirement JDF = L gives

JDF (f) = J
(
(ηFFA′ · f)\

)
= Lf .

Next, the property (2.4) evaluated at A′, reads J(1FA′)
\ = εLA′. Therefore

J(f \) = J
(
(µA′ · ηFFA′ · f)\

)
= J

(
(µA′ · F (1FA′) · ηFFA′ · f)\

)
= J

(
(1FA′)

\ · (ηFFA′ · f)\
)

= J
(
(1FA′)

\
)
J
(
(ηFFA′ · f)\

)
= εLA′ · Lf ,

where in the second equality, the de�nition of the composition in CF , (2.7), was used. The previ-
ous calculation determines the de�nition of J on morphisms, so J = KF 2

Proposition 2.1.4. The Eilenberg-Moore category CF for a monad (F, µ, ηF ) is a �nal object in
F-Adj(C).

Proof :
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Let (D, L a R) be an object in F-Adj(C). The a posteriori unique functor KF , called com-
parison functor,

C
L

//

DF

""EEEEEEEEEEEEEE D
Roo

KF

��

,

CF

UF

bbEEEEEEEEEEEEEE

is de�ned on objects D in D, as

KF (D) = (RD,RεD) . (2.16)

On morphisms r : D −→ D′, KF is de�ned as

KF (r) = Rr : (RD,RεD) −→ (RD′, RεD′) . (2.17)

The commutativity of the left adjoint functors is checked in the following way. Let C be an
object in C. Then KFL(C) = (RLC,RεLC) = (FC, µC) = DF (C). Let h : C −→ C ′ be a
morphism in C, then

KFL(h) = RLf = Ff = DF (f) ,

where the de�nition of the induced monad by an adjunction, (2.3), is used. Thus, KFL = DF , as
required.

On the other hand, the commutativity of the right adjoints is proved in the following way. Let
D be an object in D. Then UFKF (D) = UF (RD,RεD) = R(D). Let r : D −→ D′ in D be a
morphism in D. Then

UFKF (r) = UF (Rr) = Rr .

Therefore, UFKF = R, as required.

To prove that KF is unique, suppose that there exists another morphism J : D → CF in
F-Adj(A). Let D be an object in D. Then J(D) = (M, FχM), since UFJ = R the object M is
determined as M = RD. Before determining the action, let r : D −→ D′ be a morphism in D.
Due to the fact that J is a morphism in F-Adj(C), UFJ = R, hence UFJr = Rr. Using this
behaviour of UFJ on morphisms,

RεD = UFJεD = UF ε̄EJD = UF ε̄E(RD, FχM) = UF (FχM) = FχM .
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Thus, the action FχM is determined by the value RεD. Furthermore, due to this determination,
we can now conclude that Jr = Rr = KFr. This determines the de�nition of J on morphisms,
so J = KF . 2

2.2 Comonads and the Associated Category of Adjunctions

Dual to the previous section, consider a comonad (G, δ, εG) on the category D. Let us de�ne a
category that has, by objects, adjunctions with codomain D

C
L

// D
Roo ,

such that the comonad induced on D is precisely the one given at �rst, i.e. (LR,LηR, ε) =
(G, δ, εG). The notation for such an adjunction is (C, L a R, η), or (C, L a D) for short, leaving
the unit understood. The morphisms of this category J : (C, L a D) −→ (C ′, L′ a D′) are functors
J : C −→ C ′ such that the diagram

C

L $$IIIIIIIIIII

J

��

D

R

ddIIIIIIIIIII

R′

zzuuuuuuuuuu ,

C ′
L′

::uuuuuuuuuu

commutes serially. Within this category there are also two universal objects, which, contrary
to the previous subsection, are going to be only slightly explained. The Kleisli category for the
comonad (G, δ, εG) over D and denoted by DG. The objects of this category are the same as the
original one

Obj(D) = Obj(DG) .

The morphisms in DG are h\ : A −→ A′ if and only if

h : GA −→ A′ ,

is a morphism in D, and the composition for the pair h\ : A −→ A′ and k\ : A′ −→ A′′ is de�ned
as

k\ · h\ = (k ·Gh · δA)\ : A −→ A′′ .
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The unit of A for this composition is

(εG

A)\ : A −→ A ,

since εG
A : GA −→ A.

The second category is the category known as the Eilenberg-Moore category of coalgebras or
comodules for the comonad (G, δ, εG) and denoted by DG. The objects of this category are G-
comodules or comodules for short, (M, GρM) in D such that the following diagrams

GGM GM
δMoo

GM

GGρM

OO

M

GρM

OO

GρM

oo ,

M GM
εG
Moo

M

GρM

OO

=

aaCCCCCCCCCCCCCC

.

commute.

A morphism in this category r̄ : (M, GρM) −→ (M ′, GρM ′) is such that r : M −→ M ′ is a
morphism in D and the following diagram

GM
Gr // GM ′

M r
//

GρM

OO

M ′

GρM′

OO

,

commutes.

These two categories belong also to the category G-Adj(D), and not only that but the fol-
lowing two propositions can be stated

Proposition 2.2.1. The Kleisli category DG, for the comonad (G, δ, εG) over D, is an initial
object in the category G-Adj(D).

Proof : cf. 2.1.3. 2

Proposition 2.2.2. The Eilenberg-Moore category DG, for the comonad (G, δ, εG) over D, is a
�nal object in the category G-Adj(D).

Proof : cf. 2.1.4. 2
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2.3 Formal Theory of Monads

In this section, the notation α : f −→ g : A −→ B for a 2-cell in the 2-category A, is widely used.

The formal theory of monads was developed in [20] and [30]. The following presentation makes
also use of [18] and [24].

For the formal theory of monads, let A be a 2-category, and de�ne the 2-category of monads,
Mnd(A), as follows:

i) 0-cells of Mnd(A) are (A, f, µ, ηf), where (f, µ, ηf) is a monad on A. A monad in the 2-
category A is understood as a 1-cell f : A −→ A, and 2-cells µ : ff −→ f : A −→ A and
ηf : 1A −→ f : A −→ A, depicted as

A

ff

!!

f

==↓ µ A , A

1A
""

f

<<↓ ηf A ,

such that the following diagrams

fff
µf //

fµ

��

ff

µ

��
ff µ

// f ,

f
ηff //

fηf

��

=

��@@@@@@@@@@@@@@@ ff

µ

��
ff µ

// f ,

commute. Sometimes, the shorthand notation (A, f), for such a 0-cell, is used instead.

ii) 1-cells of Mnd(A) are

(p, ϕ) : (A, f, µf , ηf) // (A′, h, µh, ηh) , (2.18)

where p : A −→ A′ is a 1-cell in A, and ϕ is a 2-cell in A,

A
p //

f

��

A′

h

��

ϕ




A p

// A′ ,

(2.19)
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such that the following diagrams commute:

hhp
hϕ //

µhp

��

hpf
ϕf // pff

pµf

��
hp ϕ

// pf ,

p

ηhp

����������������

pηf

��??????????????

hp ϕ
// pf .

(2.20)

iii) 2-cells of Mnd(A) are,

Φ : (p, ϕ) −→ (q, ψ) : (A, f) −→ (A′, h) ,

where Φ is a 2-cell in A,

A

p
""

q

<<↓ Φ A′ ,

such that

hp
hΦ //

ϕ

��

hq

ψ

��
pf

Φf
// qf ,

(2.21)

commutes.

The composition of the underlying category (Mnd0,Mnd1, ·), see Section 1.5.1, is de�ned as
follows:

(A, f)

(p, ϕ)

##
(A′, f ′)

(q, ψ)

$$
(A′′, f ′′) = (A, f)

(q ·p, qϕ ◦ ψp)
%%

(A′′, f ′′) .

In order to check that (q · p, qϕ ◦ ψp) is well-de�ned, the pasting operation of 2-cells have to
be explained. This operation is explained over one of the most simple possible cases,
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A
f //

g

��?????????????? yα
Byβ h

��@@@@@@@@@@@@@@

C
k

//

s

??~~~~~~~~~~~~~
D .

(2.22)

The pasting operation for this 2-cell composition is

y 1h ∗ α
A

h · f

��
hsg //

k · g

??B .y β ∗ 1g

In this way, more complex pasting operations can be carried out. For a more detailed expla-
nation the reader is referred to [18]. Resuming to the well-de�nition of (q · p, qϕ ◦ ψp), consider

A
p //

f

��-
---------- A′

f ′

��.
..........
q // A′

f ′′

��/
//////////

A p
//

ϕ

��
A′ q

//

ψ

��
A′′

=

A
q·p //

f

��

A′

f ′′

��
qϕ◦ψp

��
A q·p

// A′ .

Because of this, the 1-cell (q ·p, qϕ◦ψp) is well-de�ned. The requirement (2.21) for the composition
of 1-cells is not going to be done in order to avoid doubling the length of this chapter. The unit
of the 0-cell (A, f) for the composition of this underlying category, is (1A, 1f ) : (A, f) −→ (A, f).

For the pair of 0-cells (A, f) and (A′, h), the vertical structure in Mnd(A), i.e. the composition
for the category

(
Mnd1((A, f), (A′, h)),Mnd2((A, f), (A′, h)), ◦

)
, is de�ned as follows. Consider

the following 2-diagram

↓ Φ̄
(A, f) (r,ρ) //

(p, ϕ)

  

(q, ψ)

>>
(A′, h)

↓ Ψ̄

= (A, f)

(p, ϕ)

""

(q, ψ)

<<
↓ Ψ̄ ◦ Φ̄ (A′, h) ,

where Ψ◦Φ = Ψ ◦ Φ, which is well de�ned because of the following equality between commutative
diagrams
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hp
hΦ //

ϕ

��

hr
hΨ //

ρ

��

hq

ψ

��
pf

Φf
// rf

Ψf
// qf

=

hp
h(Ψ◦Φ) //

ϕ

��

hq

ψ

��
pf

(Ψ◦Φ)f
// qf .

This composition just de�ned inherits the associativity from the 2-category A. The unit of
the 1-cell (p, ϕ) for this vertical product is de�ned as 1(p,ϕ) = 1p.

The horizontal structure in Mnd(A), for the category (Mnd0,Mnd1, ∗̄) is de�ned as follows.
Consider the following 2-diagram,

(A, f)

(p, ϕ)

$$

(q, ψ)

::
↓ Φ (A′, h)

(p′, ϕ′)

$$

(q′, ψ′)

::
↓ Γ (A′′, k) = (A, f)

(p′ ·p, p′ϕ ◦ ϕ′p)
##

(q′ ·q, q′ψ ◦ ψ′q)

;;
↓ Γ∗̄Φ (A′′, k) ,

where Γ∗̄Φ = Γ∗̄Φ. Due to the lengthy calculation of the respective commutative diagram, the
proof of the well-de�nition of this composition is not done here. The unit 2-cell of (A, f) for this
composition is 1(1A,1f ) = 11A

. All this provides Mnd(A) with a structure of a 2-category.

Consider the inclusion 2-functor,

IncA : A −→Mnd(A) ,

de�ned as follows. For a 0-cell B, IncA(B) = (B, 1B, 11B
, 11B

). For a 1-cell b : B −→ B′, is
de�ned as IncA(b) = (b, 1b),

(B, 1B)

(b, 1b)

%%
(B′, 1B′) .

For a 2-cell, β : b −→ b′ : B −→ B′, IncA(β) = β, where

(B, 1B)

(b, 1b)

##

(b′, 1b′)

;;
↓ β (B′, 1B′) .
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De�nition 2.3.1. The 2-category A is said to admit the construction of algebras if the inclusion
functor IncA : A −→Mnd(A) has a right adjoint, in which case it is denoted by

AlgA : Mnd(A) // A .

For the sake of referencing, this 2-adjunction is fully displayed as

A
IncA

//Mnd(A)
AlgAoo . (2.23)

Suppose that the 2-category A admits the construction of algebras. Then according to [19]
and [28], for every pair of 0-cells, B and (A, f), in A and Mnd(A), respectively, there is an
isomorphism between the following categories,

HomA(B,AlgA(A, f)) ∼= HomMnd(A)(IncA(B), (A, f)) ,

which follows by the Yoneda lemma for 2-categories. If the following notations are taken into
account, F = (f, µ, ηf), AE = AlgA(A, f), AlgF_ = HomMnd(A)(IncA(_), (A, f)), then the
previous isomorphism can be read, over the 0-cell B, as

HomA(B,AE) ∼= AlgF (B) .

The 0-cell AE is termed as an Eilenberg-Moore object in A, because it represents the 2-functor
AlgF (_), cf. [24]. Therefore, De�nition 2.3.1 can be rephrased as follows: the 2-category A
admits the construction of algebras if and only if it has Eilenberg-Moore objects for any monad
F = (f, µ, ηf) over A, in A.

In order to �nd the Kleisli objects in A, let us make the following observation. According to
[15, I.6], the following are equivalent

i) l a r

ii) rop a lop

iii) rco a lco

iv) lcoop a rcoop .

If De�nition 2.3.1 is considered, then the 2-category Aop is said to have the construction of
algebras, if the following adjunction takes place
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Aop
IncAop

//Mnd(Aop)
AlgAopoo

,

which can be read, due to the very previous observation applied to the 2-category 2-Cat, as

Mndop(Aop)
Algop
Aop

// A
Incop
Aopoo

, (2.24)

Therefore, the following isomorphism of categories exists. For all, B in A and (A, f) in
Mndop(Aop)

HomMndop(Aop) ((A, f), IncopAop(B)) ∼= HomA(AlgopAop(A, f), B) .

In the same way as before, in terms of the notation, F = (f, µ, ηf), AK = AlgopAop(A, f) and
AlgF_ = HomMndop(Aop) ((A, f), IncopAop_), the isomorphism of categories, for the 0-cell B, reads

AlgF (B) ∼= HomA(AK , B) . (2.25)

The 0-cell AK is called a Kleisli object in A, because it represents the functor AlgF (_), cf.
[24]. And saying that Aop admits the construction of algebras is equivalent for A having Kleisli
objects for any monad F = (f, µ, ηf) over A in A.

Yet again, if De�nition 2.3.1 is considered, then the 2-category Aco is said to have the con-
struction of algebras if the following adjunction takes place

Aco
IncAco

//Mnd(Aco)
AlgAcooo

,

which also reads as

Mndco(Aco)
Algco
Aco

// A
Incco
Acooo

.

This renders the following isomorphism of categories. For all B in A and (A, g) a comonad over
A,

HomMndco(Aco) ((A, g), InccoAco(B)) ∼= HomA(AlgcoAco(A, g), B) .

Yet again, if the following de�nitions are made, G = (g, δ, εg), AcoK = AlgcoAco(A, g) and CoalgG_ =
HomMndco(Aco)((A, g), InccoAco_), then the isomorphism of categories, over the 0-cell B, reads this
time as
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CoalgG(B) ∼= HomA(AcoK , B) . (2.26)

The 0-cell AcoK is known as a coKleisli object inA, because it represents the functor CoalgG(_),
cf. [24]. And saying that Aco admits the construction of algebras is equivalent to A having coK-
leisli objects for any comonad G = (g, δ, εg) over A in A.

In what follows, the 2-category Mndop(Aop) is of particular importance, in order to get the
Kleisli objects in the 2-category IntCat(M), hence we describe it explicitly (with some minor
changes in the notation used for Mnd(A)).

i) The 0-cells of this 2-category are (A, f, µf , ηf), i.e. monads in A,

ii) The 1-cells of this 2-category are

(r, ρ) : (A, f) // (A′, h) ,

such that r : A −→ A′ is a 1-cell in A, and ρ is a 2-cell in A,

A
r //

f

��

A′

h

��
A r

//

ρ
44

A′ ,

such that the following diagrams commute:

rff
ρf //

rµf

��

hrf
hρ // hhr

µhr

��
rf ρ

// hr ,

r

rηf

���������������

ηhr

��@@@@@@@@@@@@@@

rf ρ
// hr .

iii) The 2-cells of this 2-category are

Σ : (r, ρ) // (s, σ) : (A, f) // (A′, h) ,
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where Σ is a 2-cell in A

A

r
""

s

<<↓ Σ A′ ,

such that

rf
Σf //

ρ

��

sf

σ

��
hr

hΣ
// hs ,

commutes. With this description of Mndop(Aop) at hand the algebraic Kleisli 2-functor can be
fully characterized. This Algebraic Kleisli 2-functor for a monad F = (f, µ, ηf) over A is

AlgF (_) = HomMndop(Aop)((A, f), IncopAop(_)) : A −→ 2Cat ,

which acts on 0-cells B in A as

AlgF (B) = BF ,

where BF = Monop(Aop)
(
(A, f), (B, 1B)

)
is a category. The objects in this category are pairs

(r, ρ), where ρ is the following 2-cell

A

rf

  

r

>>↓ ρ B ,

such that the following diagrams

rff
rµ //

ρf

��

rf

ρ

��
rf ρ

// r ,

r
rηf

//

=

��?????????????? rf

ρ

��
r ,

(2.27)

commute. A morphism in BF , Σ : (r, ρ) −→ (s, σ), is a 2-cell
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A

r
  

s

>>↓ Σ B , (2.28)

such that the following diagram

rf
Σf //

ρ

��

sf

σ

��
r

Σ
// s ,

(2.29)

commutes.

The algebraic Kleisli 2-functor acts on 1-cells b : B −→ B′ in A, as

AlgF (b) = bF : BF −→ B′F ,

where bF is a functor. This, in turn, acts on objects (r, ρ) as

bF (r, ρ) = (br, bρ) ,

and over morphisms, Σ : (r, ρ) −→ (s, σ), as

bF (Σ) = bΣ : (br, bρ) −→ (bs, bσ) .

The algebraic Kleisli 2-functor acts on 2-cells

B

b
!!

b′

==↓ β B′ ,

as AlgF (β) = βF , where βF : bF −→ b′F : BF −→ B′F is a natural transformation such that
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βF (r, ρ) = βr : (br, bρ) // (b′r, b′ρ) .

This �nishes the complete description of the algebraic Kleisli 2-functor AlgF (_) : A −→ 2Cat.

2.3.1 The 2-Category KL(A)

The 2-category KL(A) is the Kleisli completion of the 2-category A, its construction is fully
explained in [20]. The 2-category KL(A) has by 0-cells those given by the 0-cells of Mnd(A),
that is to say, (A, f, µ, ηf). The 1-cells of KL(A), from (A, f, µf , ηf) to (A′, h, µh, ηh), are given
by

(A, f)

(p, ϕ)

##
(A′, h) ,

such that p : A −→ A′ is a 1-cell in A, and ϕ : pf −→ hp : A −→ A′ a 2-cell in A. Note the
inversion in the 2-cell de�nition for this 2-category with that of Mnd(A), given by (2.19). This
2-cell is required to ful�ll the commutativity of similar diagrams like those given in (2.20). The
2-cells of the 2-category KL(A) di�er substantially from those of Mnd(A), and are described as
follows.

Λ : (p, ϕ) −→ (q, ψ) : (A, f) −→ (A′, h)

is a 2-cell in A,

A

p
!!

hq

==↓ Λ A′ ,

such that the following diagram

pf
ϕ //

Λf

��

hp
hΛ // hhq

µhq

��

hqf

hψ

��
hhq

µhq
// hq ,

commutes.

The underlying categorical structure of this 2-category, (KL0(A),KL1(A), ·), is de�ned by the
following composition
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(A, f)

(p, ϕ)
$$

(A′, f ′)

(q, ψ)
%%

(A′′, f ′′) = (A, f)

(q ·p, ψp ◦ qϕ)
''

(A′′, f ′′) .

The unit of (A, f) with respect to this composition is (1A, 1f ). The vertical structure of this
2-category is de�ned by the following 2-diagram

↓ Λ
(A, f) (r,ρ) //

(p, φ)

!!

(q, ψ)

<<
(A′, h)

↓ Λ′
= (A, f)

(p, φ)

%%

(q, ψ)

99
↓ Λ′ ◦ Λ (A′, h) ,

where Λ′ ◦ Λ = µhq ◦ hΛ′ ◦ Λ. The unit of (p, ϕ) for this composition is ηhp : (p, ϕ) −→ (p, ϕ),
since ηhp : p −→ hp.

On the other hand, the horizontal structure is given by the following 2-diagram

(A, f)

(p, ϕ)
%%

(q, ψ)

99
↓ Λ (A′, h)

(p′, ϕ′)
&&

(q′, ψ′)

88
↓ Γ (A′′, k) = (A, f)

(p′ ·p, ϕ′p ◦ p′ϕ)

$$

(q′ ·q, ψ′q ◦ q′ψ)

::
↓ Γ∗̄Λ (A′′, k)

where Γ∗̄Λ = µkq′q ◦ kΓq ◦ ϕ′q ◦ p′Λ and the unit of (A, f) for this composition is ηf : (1A, 1f ) −→
(1A, 1f ), since η

f : 1A −→ f . This completes the de�nition of KL(A).

2.3.2 Wreaths

The theory of wreaths is developed in [20]. These are considered as extended distributive laws and
are used in this thesis to get an explicit Kleisli object from any monad on KL(A). To begin with
let us state the following simple

De�nition 2.3.2.1. A wreath is a monad in KL(A).

The complete description of a wreath in KL(A) is the following one. A monad on the object
(A, f, µ, ηf), or a wreath,

(
(A, f), (h, λ), ν̄, σ̄

)
consists, according to the previous section, of an

endo 1-cell (h, λ) : (A, f) −→ (A, f) and two 2-cells ν̄ : (h, λ)·(h, λ) = (h·h, λh◦hλ) −→ (h, λ) and
σ̄ : 1(A,f) −→ (h, λ), corresponding to the multiplication and the unit of the wreath, respectively.
The previous data has to satisfy the requirements of a monad in KL(A). More exhaustively, (h, λ)
consists of cells h : A −→ A and λ : hf −→ fh in A. The last 2-cell satis�es the commutativity
of the following diagrams
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hff
λf //

hµf

��

fhf
fλ // ffh

µfh

��
hf

λ
// fh ,

h

hηf

����������������

ηfh

��??????????????

hf
λ

// fh .

The 2-cells in KL(A), ν̄ and σ̄, are 2-cells in A, ν : hh −→ fh and σ : 1A −→ fh, such that the
following diagrams commute

hhf hλ //

νf

��

hfh λh // fhh
fν // ffh

µfh

��

fhf

fλ

��
ffh

µfh
// fh ,

f
fσ //

σf

��

ffh

µfh

��

fhf

fλ

��
ffh

µfh
// fh .

The requirements for the associativity of the monad and the unitality, ν̄ ◦ ν̄(h, λ) = ν̄ ◦ (h, λ)ν̄
and ν̄ ◦ σ̄(h, λ) = 1(h,λ) = ν̄ ◦ (h, λ)σ̄, respectively, can be translated to the following commutative
diagrams

hhh
νh //

hν

��

fhh

fν

��
hfh

λh

��

ffh

µfh

��
fhh

fν
// ffh

µfh
// fh ,

h
σh //

hσ

��

ηfh

!!CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC fhh

fν

��
hfh

λh

��

ffh

µfh

��
fhh

fν
// ffh

µfh
// fh .

Having a wreath in KL(A) (0-cell in KL(KL(A))), there is an induced composite monad in
A (0-cell in KL(A)) , cf. [20] , called the wreath product. This composite can be seen as the value
over 0-cells of the following 2-functor:

CompA : KL(KL(A)) −→ KL(A) . (2.30)
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This 2-functor is the left adjoint to the inclusion 2-functor IncKL(A). This adjunction is
depicted as

KL(KL(A))
CompA

//KL(A)
IncKL(A)oo

;

see [20]. That IncKL(A) has a left adjoint means that AlgKL(A)
∼= CompA and, in particular,

CompA has to send a monad ((A, f), (h, λ), ν̄, σ̄) to its Kleisli object, as it was discussed earlier.

The image of the wreath ((A, f), (h, λ), ν̄, σ̄) under the 2-functor CompA can be written down
explicitly as (A, fh, µc, σ), where the induced multiplication µc for the composite monad is:

µc = µfh ◦ fν ◦ µfhh ◦ fλh : fhfh −→ fh . (2.31)



Chapter 3

Internal Kleisli Categories

3.1 Monads and Adjunctions in the 2-Category IntCat(M)

This chapter is based on [10]. In this chapter, Kleisli and coKleisli objects are found in the 2-
category of internal categories, that is to say, that the 2-categories IntCatop(M) and IntCatco(M)
admits the construction of algebras. Also, Kleisli objects are found in the 2-category IntCoCat(M).
In order to do so let us begin by giving the de�nition of an adjunction in the 2-category IntCat(M).
Let (A,C) and (B,D) be 0-cells in IntCat(M).

De�nition 3.1.1. An adjunction from (A,C) to (B,D) is the data (l, r, η, ε), where l and r are
internal functors,

(A,C)
l

// (B,D)
roo , (3.1)

and (η, ε) are internal natural transformations,

η : 1(A,C) −→ rl ,

ε : lr −→ 1(B,D) ,

that ful�ll the so-called triangular identities:

εl0 ∗ l1η = 1l , (3.3a)

r1ε ∗ ηr0 = 1r . (3.3b)

The shorthand notation for such an adjunction is l a r , leaving the unit and counit understood.

Remember that according to Section 2.1, the �rst of the triangular identities will be referred to
as the triangular identity associated to the left adjoint l and the second as the triangular identity
associated to the right adjoint r, this referencing is by no means standard but it helps a lot when
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writing.

Let us rephrase the de�nition of a monad, given in Section 2.3, but this time within the
2-category IntCat(M).

De�nition 3.1.2. A monad on the 0-cell (A,C) consists of the following data (f, µ, ηf), where the
�rst component is a 1-cell in IntCat(M), f = (f1, f0) : (A,C) −→ (A,C) and the rest of the data
is composed of 2-cells µ : ff −→ f : (A,C) −→ (A,C) and ηf : 1(A,C) −→ f : (A,C) −→ (A,C),

(A,C)

ff

##

f

;;
↓ µ (A,C) , (A,C)

1A
$$

f

::
↓ ηf (A,C) ,

such that the following diagrams

fff
µf0 //

f1µ

��

ff

µ

��
ff µ

// f ,

f
ηff0 //

f1ηf

��

=

��@@@@@@@@@@@@@@@ ff

µ

��
ff µ

// f ,

(3.4)

commute. The �rst equation is referred to as the associativity of the monad, and the second one
as the unitality of the monad.

Having given the two previous de�nitions, the following proposition can be stated

Proposition 3.1.3. Every adjunction l a r, from (A,C) to (B,D), induces a monad on the
internal category (A,C) given by

f = rl : (A,C) −→ (A,C) ,

µ = r1εl0 : rlrl −→ rl ,

ηf = η : 1(A,C) −→ rl .

Proof :

The �rst induced map is an endofunctor and the last two are natural transformations due to
Section 1.5.3, there remains only to show the associativity and the unitality.

•) Associativity

Translate the associativity condition given in (3.4) by using f = rl and µ = r1εl0, then we
get the following equality
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r1εl0 ∗ r1εl0r0l0 = r1εl0 ∗ r1l1r1εl0 , (3.5)

which holds because of the following argument. Use Lemma 1.5.3.2 to factorize r1, then the
equality that results is the Godement product equality of α = εl0 and β = ε, like in (1.28).

•) Unitality

Applying r1 to the triangular identity associated to the left adjoint l and l0 to the triangular
identity associated to the right adjoint r, the following equality can be obtained

r1εl0 ∗ ηr0l0 = 1rl = r1εl0 ∗ r1l1η . (3.6)

This previous equality is nothing but the commutativity of the 2 triangles in the second
diagram in (3.4), i.e. the unitality of the monad, after translation, using f = rl, µ = r1εl0
and ηf = η. 2

3.2 Explicit Construction of Kleisli Objects in IntCat(M)

In this section a Kleisli object is constructed for a given monad in IntCat(M). The guideline
for this construction is an ad hoc variant of the Kleisli category for a monad in a category C, see
Section 2.1. The construction for the coKleisli objects will follow similarly.

3.2.1 Sweedler Notation

This subsection will introduce us to one of the computation methods for a monoidal category used
in this thesis. In order to do so, let us introduce �rst the Sweedler notation, cf. [16]. Consider as
in Section 1.4.1 a comonoid (C,∆C , εC) in the monoidal category (Vect,⊗, k), i.e. a coalgebra.
Let c be an element in C, then the image of this element under the coaction can be written
as ∆C(c) =

∑
(c) c(1) ⊗ c(2). In the previous expression the summation can be left out and the

expression can be abbreviated to

∆C(c) = c(1) ⊗ c(2) ,

where the summation is understood. With this notation the coassociativity of the coalgebra can
be displayed as

(C⊗∆C) · (∆C)(c) = c(1)⊗ c(2)(1)⊗ c(2)(2) = c(1)⊗ c(2)⊗ c(3) = c(1)(1)⊗ c(1)(2)⊗ c(2) = (∆C⊗C) ·∆C
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If (M, CρM , ρ
C
M) is a C-comodule for the coalgebra then, for all m ∈M , the application of the

left C-coaction can be written as CρM(m) = m[−1] ⊗m[0], also ρ
C
M(m) = m[0] ⊗m[1]. Then, the

compatibility condition, for m ∈M , between these coactions can be written down as

m[0][−1] ⊗m[0][0] ⊗m[1] = m[−1] ⊗m[0][0] ⊗m[0][1] .

On the other hand, if (A,mA, uA) is a C-ring then, for a ⊗ b ∈ A�CA, mA(a ⊗ b) = ab. The
complete details for the Sweedler notation are shown doing calculations.

In [27], the author extends and justi�es the use of this notation not only on monoidal cate-
gories like (Vect,⊗, k), but on general monoidal categories (M,⊗, I), where the objects are not
necessarily sets. The role of the elements of a set is played instead by the generalized elements of
an object A in M, which are morphisms a : X −→ A in M. Such a generalized element is referred
to as a in A, where any reference to X is omitted.

As an example of the extended Sweedler notation, we list the properties of internal functors and
internal natural transformations using generalized elements. Let (A,C) be an internal category
in IntCat(M). Let also c in C and a, a′ in A be generalized elements, then the following lists
can be stated.

i) For a functor, (f1, f0) : (A,C) −→ (B,D):

εD · f0(c) = εC(c) (3.7a)

f0(c)(1) ⊗ f0(c)(2) = f0(c(1))⊗ f0(c(2)) (3.7b)

f1(a)[−1] ⊗ f1(a)[0] = f0(a[−1])⊗ f1(a[0]) (3.7c)

f1(a)[0] ⊗ f1(a)[1] = f1(a[0])⊗ f0(a[1]) (3.7d)

uB · f0(c) = f1 · uA(c) (3.7e)

f1(a)f1(a′) = f1(aa′) (3.7f)

ii) For a natural transformation, α : f −→ g : (A,C) −→ (B,D):

α(c)[−1] ⊗ α(c)[0] = g0(c(1))⊗ α(c(2)) (3.8a)

α(c)[0] ⊗ α(c)[1] = α(c(1))⊗ f0(c(2)) (3.8b)

g1(a[0])α(a[1]) = α(a[−1])f1(a[0]) (3.8c)

In the forthcoming calculations to be done with generalized elements, the previous listed
properties are important. When an equality in such a calculation uses one of these properties,
the use of this property is going to be pointed out as a reference right on the top of the equality
itself. Also, in doing calculations, there will not be any reference to obvious manipulations just
for the sake of brevity.
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3.2.2 Kleisli Objects in IntCat(M)

3.2.2.1 Construction of the Kleisli objects

The proposal for the Kleisli object in IntCat(M), for the monad (f, µ, ηf) over (A,C), is the
following:

i) The object of objects of the Kleisli object is the same as the object of objects of the internal
category (A,C), according to (2.5). The object of morphisms is de�ned as Cf�CA, where
the new object of morphisms is modi�ed by the codomain map through the monad f ,
according to (2.6). Therefore, the proposed internal category that it is the Kleisli object for
the monad (f, µ, ηf) is (Cf�CA,C), in short notation Af = Cf�CA.

ii) The multiplication mf : Cf�CA�CC
f�CA ∼= Cf�CA

f�CA −→ Cf�CA is de�ned as

mf = (Cf�Cm
2
A) · (Cf�Cµ�Cf1�CA) · (ι2f�CA) · (∆̃f

C�CA
f�CA) , (3.9)

which, over a generalized element c⊗ a[0] ⊗ a[1] ⊗ a′ in Cf�CA�CC
f�CA, acts as,

c⊗ a[0] ⊗ a[1] ⊗ a′ 7−→ c(1) ⊗ µ(c(2))f1(a)a′ . (3.10)

Compare this multiplication with the composition of morphisms in the Kleisli category CF ,
(2.7).

iii) The unit uf : C −→ Cf�CA is de�ned as

uf = (Cf�Cη
f) · ιf · ∆̃C , (3.11)

which over generalized elements c in C acts as,

c 7−→ c(1) ⊗ ηf(c(2)) . (3.12)

Compare this de�nition of the unit with the unit morphism for the composition in CF , (2.8).

Having de�ned the proposed Kleisli object for the monad (f, µ, ηf), the following proposition
has to be proved:

Proposition 3.2.2.1.1. ((Cf�CA,C),mf , uf ) is an internal category.

Proof :

i) Cf�CA is an object in CMC .

First of all, Cf�CA is in CMC , since its left and right C-comodule structure maps are,
∆f
C�CA, and Cf�Cρ

C
A, respectively.
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ii) mf is a morphism in CMC .

Let us prove that the morphism mf is in CMC , by proving that all the morphisms related
to the de�nition of it are in CMC . We begin with ∆̃C , which according to Proposition A.4
is a morphism in CMC , also ∆̃f

C is a morphism in CMC since it is the image of the functor
F f and, by the same argument, so is (1A)f = 1Af . Therefore ∆̃f�CA

f�CA is a morphism
in CMC , if we see it as a horizontal composition (coproduct) of morphisms in Bicomod(M).

Next, according to Corollary A.5, the morphism ιf is in
CMC , then so is ι2f�CA. By de�ni-

tion, µ and f1 are morphisms in CMC , therefore so is Cf�Cµ�Cf1�CA. Also, by de�nition,
mA is a morphism in CMC and, because of this, Cf�Cm

2
A is a morphism in CMC as well.

Finally, the composition of these maps, which gives the de�nition of mf , is a morphism in
CMC , as required.

Note that the previous argumentation could have been summarized by saying that ∆̃C ,
ιf , µ, f1 and mA are morphisms in CMC , then take a suitable combination of vertical and
horizontal compositions in Bicomod(M) to obtain the morphismmf . Note that this combi-
nation is inside the monoidal category (CMC ,�C , C) which is obtained from the bicategory
Bicomod(M) by �xing the comonoid (C,∆C , εC), see Remark 1.5.1.1.

iii) uf is a morphism in CMC

According to the previous paragraphs ∆̃C and ιf are morphisms in CMC , also, by de�nition,
ηf is a morphism in CMC , therefore uf is a morphism in CMC , as required.

iv) mf is associative.

Let c⊗ a[0]⊗ a[1]⊗ a′[0]⊗ a′[1]⊗ a′′ be a generalized element in Cf�CA�CC
f�CA�CC

f�CA,
then

(
mf · (Cf�CA�Cmf )

)
(c⊗ a[0]⊗ a[1] ⊗ a′[0] ⊗ a′[1] ⊗ a′′) = c(1) ⊗ µ(c(2))f1(a[0])µ(a[1])f1(a′)a′′

3.8c
= c(1) ⊗ µ(c(2))µ(a[−1])f1f1(a[0])f1(a′)a′′

= c(1) ⊗ µ(c(2))µf0(c(3))f1f1(a)f1(a′)a′′

= c(1) ⊗ µ(c(2))f1µ(c(3))f1f1(a)f1(a′)a′′

3.7f
= c(1) ⊗ µ(c(2))f1[µ(c(3))f1(a)a′]a′′

=
(
mf · (mf�CC

f�CA)
)
(c⊗ a[0] ⊗ a[1] ⊗ a′[0] ⊗ a′[1] ⊗ a′′).

In the third equality, the fact that c⊗ a is a generalized element in Cf�CA, i.e. c⊗ a[−1]⊗
a[0] = c(1)⊗ f0(c(2))⊗ a, was used and in the fourth one, the associativity of the monad, i.e.
µ ∗ µf0 = µ ∗ f1µ. The sixth equality follows from the right C-colinearity of mA.

v) uf is unital.

Let c⊗ a be a generalized element in Cf�CA, then
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mf · (Af�Cuf )(c⊗ a) = c(1) ⊗ µ(c(2))f1(a[0])η
f (a[1])

3.8c
= c(1) ⊗ µ(c(2))η

f (a[−1])a[0]

= c(1) ⊗ µ(c(2))η
ff0(c(3))a

= c(1) ⊗ uAf0(c(2))a

= c⊗ uA(a[−1])a[0]

= c⊗ a.

In the third and �fth equality, the fact that c ⊗ a is a generalized element in Cf�CA was
used, and in the fourth one, the unitality of the monad, i.e. µ ∗ ηff0 = 1f . In the sixth
equality, the unitality of uA was applied. On the other hand,

mf · (uf�CAf )(c⊗ a) = c(1) ⊗ µ(c(2))f1η
f(c(3))a

= c(1) ⊗ uAf0(c(2))a

= c(1) ⊗ uA(a[−1])a[0]

= c⊗ a.

Here there is nothing more to add other than the unitality of the monad µ ∗ f1η
f = 1f was

used in the second equality. 2

Let us propose the f -adjunction of the Kleinsli object (Af , C) over the internal category (A,C).

For the left adjoint functor l : (A,C) −→ (Af , C) the following pair of morphisms is proposed:
l0 : C −→ C as

l0 = IdC , (3.13)

and l1 : A −→ Af as

l1 = (Cf�CmA) · (Cf�Cη
f�CA) · (ιf�CA) · (∆̃C�CA) · Cρ̃A . (3.14)

Here the reader is compelled to check on the de�nition of the left adjoint functor for the Kleisli
object in (2.12). This last morphism acts upon generalized elements as

a 7−→ a[−1](1) ⊗ ηf(a[−1](2))a[0] . (3.15)

As for the right adjoint functor r : (Af , C) −→ (A,C) the following pair of maps is proposed:
r0 : C −→ C,
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r0 = f0 , (3.16)

and r1 : Af −→ A

r1 = mA · (µ�Cf1) · ιf , (3.17)

a morphism which acts upon generalized elements as

c⊗ a 7−→ µ(c)f1(a) . (3.18)

These de�nitions should be compared to the de�nition of the right adjoint functor for the Kleisli
category, (2.13).

Before giving the unit and counit of the adjunction, let us prove the following

Proposition 3.2.2.1.2. The pairs of morphisms l and r between internal categories (A,C) and
(Af , C), just de�ned, are indeed functors.

Proof :

i) l0 is a morphism in ComonM obviously.

ii) l1 : lAl → Af is in
CMC .

Since l0 is the identity comonoid morphism, lAl = A. The morphism Cρ̃A is in CMC ,
according to Proposition A.4, since CρA is a fork for the cotensor product C�CA. The rest
of the morphisms involved in the de�nition of l1 have already been proved to be in CMC .

iii) Multiplicativity of l1, i.e. the following diagram commutes

A�CA
l1�C l1 //

mA

��

Cf�CA�CC
f�CA

mf

��
A

l1
// Cf�CA .

Let a⊗ a′ be a generalized element in A�CA, then
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mf · (l1�C l1)(a⊗ a′) = mf (a[−1](1) ⊗ ηf (a[−1](2))a[0] ⊗ a′[−1](1) ⊗ ηf (a′[−1](2))a
′
[0])

= mf (a[0][−1](1) ⊗ ηf (a[0][−1](2))a[0][0] ⊗ a[1](1) ⊗ ηf (a[1](2))a
′)

= a[0][−1](1)(1) ⊗ µ(a[0][−1](1)(2))f1

(
ηf (a[0][−1](2))a[0][0]

)
ηf (a[1])a

′

= a[0][−1](1) ⊗ µ(a[0][−1](2)(1))f1

(
ηf (a[0][−1](2)(2))

)
f1(a[0][0])η

f (a[1])a
′

= a[0][−1](1) ⊗ uAf0(a[0][−1](2))f1(a[0][0])η
f (a[1])a

′

= a[−1](1) ⊗ uAf0(a[−1](2))f1(a[0][0])η
f (a[0][1])a

′

3.8c
= a[−1](1) ⊗ uAf0(a[−1](2))η

f (a[0][−1])a[0][0]a
′

= a[−1](1) ⊗ uAf0(a[−1](2)(1))η
f (a[−1](2)(2))a[0]a

′

3.8a
= a[−1](1) ⊗ uA(ηf (a[−1](2))[−1])η

f (a[−1](2))[0]a[0]a
′

= a[−1](1) ⊗ ηf (a[−1](2))a[0]a
′

= (aa′)[−1](1) ⊗ ηf
(
(aa′)[−1](2)

)
(aa′)[0]

= l1 ·mA(a⊗ a′) .

In the second equality, the fact that a ⊗ a′ is a generalized element in A�CA, i.e. a[0] ⊗
a[1] ⊗ a′ = a⊗ a′[−1] ⊗ a′[0] was used. In the third equality, the right C-colinearity of mA was
applied along with the compatibility of coactions for A and the coassociativity of the right
C-coaction of A. In the fourth equality, the coassociativity of ∆C and the multiplicativity
of f1 were used. The �fth equality follows by the unitality of the monad, i.e. µ ∗ f1η

f = 1f .
The sixth one is a consequence of the compatibility of the left and right C-coactions of A.
In the eighth one, that CρA is a left C-coaction for A and the coassociativity of ∆C were
used. In the tenth equality, the unitality of uA was used. The �nal equality, follows by the
fact that mA is a morphism in CM.

iv) Compatibility of units, i.e. the following diagram commutes,

C
l0 //

uA

��

C

uf

��
A

l1
// Af .

Let c be a generalized element in C, then

uf · l0(c) = c(1) ⊗ ηf(c(2))

= c(1) ⊗ ηf(c(2))[0]uA
(
ηf(c(2))[1]

)
3.8b
= c(1) ⊗ ηf(c(2)(1))uA(c(2)(2))

= c(1)(1) ⊗ ηf(c(1)(2))uA(c(2))

= uA(c)[−1](1) ⊗ ηf(uA(c)[−1](2))uA(c)[0]

= l1 · uA(c) .
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In the second equality, the unitality of uA was applied and in the fourth one, the coasso-
ciativity of ∆C . And �nally, the �fth equality is a consequence of the fact that uA is a
morphism in CM, i.e. uA(c)[−1] ⊗ uA(c)[0] = c(1) ⊗ uA(c(2)).

i') r0 is a morphism in ComonM by de�nition.

ii') r1 : rArf −→ A is a morphism in CMC .

According to Corollary A.5, the morphism ιf is in
CMC , and because of the functor fF f , so

is fιff : fCf�CA
f −→ fCff�C

fAf . It was already check that µ, f1 and mA are morphisms in
CMC , therefore r1 : rArf −→ A is a morphism in CMC , since it is a combination of compo-
sitions of morphisms in CMC .

Note the di�erence between proving that r1 : rArf −→ A is a morphism in CMC from
r1 : Af −→ A being a morphism in CMC , this di�erence comes from the de�nition of an
internal functor in De�nition 1.4.2.1.

iii') Multiplicativity of r1, i.e. the following diagram commutes

Cf�CA�CC
f�CA

mf

��

ιf // Cf�CA
f�C

fCf�CA
r1�Cr1 // A�CA

mA

��
Cf�CA r1

// A .

Let c⊗ a[0] ⊗ a[1] ⊗ a′ be a generalized element in Cf�CA�CC
f�CA, then

(
mf · (r1�Cr1) · ιf

)
(c⊗ a[0] ⊗ a[1] ⊗ a′)

3.18
= µ(c)f1(a[0])µ(a[1])f1(a′)

3.8c
= µ(c)µ(a[−1])f1f1(a[0])f1(a′)

= µ(c(1))µf0(c(2))f1f1(a)f1(a′)

= µ(c(1))f1µ(c(2))f1f1(a)f1(a′)

= r1 ·mf (c⊗ a[0] ⊗ a[1] ⊗ a′) .

In the third equality, the fact that c ⊗ a is a generalized element in Cf�CA, i.e. c(1) ⊗
f0(c(2)) ⊗ a = c ⊗ a[−1] ⊗ a[0] was used, and in the fourth equality, the associativity of the
monad was used.

iv') Compatibility of units, i.e. the following diagram commutes,

C
r0 //

uf

��

C

uA

��
Af r1

// A .
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Let c be a generalized element in C, then

uA · r0(c) = uAf0(c)

= µ(c(1))f1η
f(c(2))

= r1 · uf (c) ,

where only the unitality of the monad was required. 2

Now that the proof has been given, the adjunction can be formulated by giving the unit and
counit of it. For a unit of the f -adjunction, a natural transformation

ηK : 1(A,C) −→ rl,

is needed. The composition rl will give:

r0 · l0 = f0 · 1C = f0 ,

r1 · l1(a) = r1

(
a[−1](1) ⊗ ηf(a[−1](2))a[0]

)
= µ(a[−1](1))f1η

f(a[−1](2))f1(a[0])

= f1uA(a[−1])f1(a[0])

= f1(uA(a[−1])a[0])

= f1(a) ,

where the unitality of the monad was required in the third equality and the unitality of uA in the
�fth one. Therefore, rl = f and the unit can be de�ned as

ηK = ηf . (3.19)

For a counit, a natural transformation

εK : lr −→ 1(Af ,C) ,

is needed. The composition lr is the following:
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l0 · r0 = f0 ,

l1 · r1(c⊗ a) = l1(µ(c)f1(a))

= (µ(c)f1(a))[−1](1) ⊗ ηf
(
(µ(c)f1(a))[−1](2)

)
(µ(c)f1(a))[0]

= µ(c)[−1](1) ⊗ ηf
(
µ(c)[−1](2)

)
µ(c)[0]f1(a)

3.8a
= f0(c(1))(1) ⊗ ηf

(
f0(c(1))(2)

)
µ(c(2))f1(a)

= f0(c)(1) ⊗ ηf
(
f0(c)(2)

)
µ(c(3))f1(a) .

The third equality follows by the hypothesis that mA is a morphism in CM, i.e. for a gener-
alized element b ⊗ b′ in A�CA, (bb′)[−1](1) ⊗ (bb′)[−1](2) ⊗ (bb′)[0] = b[−1](1) ⊗ b[−1](2) ⊗ b[0]b

′. In the
�fth equality, the fact that f0 is a morphism of comonoids was used.

Let us now de�ne the counit εK : C −→ Cf�CA as

εK = (Cf�Cf1) · ιf · (Cf�CuA) · ∆̃C . (3.20)

This morphism acts over a generalized element c in C, as

c 7−→ c(1) ⊗ f1uA(c(2)) . (3.21)

Proposition 3.2.2.1.3. The morphism εK, previously de�ned, is a natural transformation from
lr to 1(Af ,C)

Proof :

i) The morphism εK : Cf −→ Cf�CA is in CMC .

Since the composite morphism ιf · (Cf�CuA) · ∆̃C is in CMC , hence if the functor F f is
applied to it

F f (ιf · (Cf�CuA) · ∆̃C) = ιff · (C
f�Cu

f
A) · ∆̃f

C ,

the resulting morphism is in CMC as well. On the other hand, the morphism Cf�Cf1 :
Cf�C

fAf −→ Cf�CA is in CMC , therefore the composition of this two maps that gives εK

is in CMC .
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ii) Naturality of the counit, i.e. the following diagram commutes

Cf�CA�CC
ι1C // Cf�CA�CC

Cf �CA�Cε
K
// Cf�CA�CC

f�CC
mf

''PPPPPPPPPPPPPP

Cf�CA

Cf �C ρ̃
C
A

88qqqqqqqqqqqq

∆̃f
C�CA &&MMMMMMMMMMMM Cf�CA .

C�CC
f�CAιf �CA

// Cf�C
fCf�CA

εK�C l1r1

// Cf�CA�CC
f�CC

mf

77nnnnnnnnnnnnnn

Let c⊗ a be a generalized element in Cf�CA, then

(
mf · (Cf�CA�Cε

K) · (Cf�Cρ
C
A)
)
(c⊗ a) = mf

(
c⊗ a[0] ⊗ a[1](1) ⊗ f1uA(a[1](2))

)
= c(1) ⊗ µ(c(2))f1(a[0])f1uA(a[1])

= c(1) ⊗ µ(c(2))f1(a)

= c(1) ⊗ uA(µ(c(2))[−1])µ(c(2))[0]f1(a)
3.8a
= c(1) ⊗ uAf0(c(2))µ(c(3))f1(a)

= c(1) ⊗ µ(c(2))η
ff0(c(3))µ(c(4))f1(a)

= c(1) ⊗ µ(c(2))[0]uA(µ(c(2))[1])η
ff0(c(3))µ(c(4))f1(a)

3.8b
= c(1) ⊗ µ(c(2))uAf0f0(c(3))η

ff0(c(4))µ(c(5))f1(a)

= c(1) ⊗ µ(c(2))f1f1uA(c(3))η
ff0(c(4))µ(c(5))f1(a)

= mf

(
c(1) ⊗ f1uA(c(2))⊗ f0(c(3))⊗ ηff0(c(4))µ(c(5))f1(a)

)
= mf · (εK�C l1r1) · (ιf�CA) · (∆̃f

C�CA)(c⊗ a) .

In the second, fourth and seventh equalities, the unitality of uA was required. In the sixth
equality, the unitality of the monad was used instead. In the ninth equality, the right C-
colinearity of uA was applied. 2

In the previous calculation there is an equality that we want to single out for further references.
Let c be a generalized element in C, then

uAf0(c) = µ(c(1))η
ff0(c(2)) (3.22)

= µ(c(1))[0]uA(µ(c(1))[1])η
ff0(c(2))

= µ(c(1))uAf0f0(c(2))η
ff0(c(3))

= µ(c(1))f1f1uA(c(2))η
ff0(c(3)) .

Once that the naturality of the counit has been proved, only the triangular identities are left
to be proved:
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i) εKl0 ∗ l1ηK = uf l0,

Let c be a generalized element in C, then

εKl0 ∗ l1ηK(c) = mf

(
εKl0(c(1))⊗ l1ηK(c(2))

)
= mf

(
c(1) ⊗ f1uA(c(2))⊗ (ηf(c(3))[−1](1) ⊗ ηf(ηf(c(3))[−1](2))η

f(c(3))[0]

)
3.8a
= mf

(
c(1) ⊗ f1uA(c(2))⊗ f0(c(3))⊗ ηff0(c(4))η

f(c(5))
)

= c(1) ⊗ µ(c(2))f1f1uA(c(3))η
ff0(c(4))η

f(c(5))

= c(1) ⊗ uAf0(c(2))η
f(c(3))

3.8a
= c(1) ⊗ uA(ηf(c(2))[−1])η

f(c(2))[0]

= c(1) ⊗ ηf(c(2))

= uf l0(c) .

In the �fth equality, the equality given in (3.22) was used.

ii) r1ε
K ∗ ηKr0 = uAr0,

Let c be a generalized element in C,

(
r1ε

K ∗ ηKr0

)
(c) = mA

(
r1ε

K(c(1))⊗ ηKr0(c(2))
)

= µ(c(1))f1f1uA(c(2))η
ff0(c(3))

= uAf0(c)

= uAr0(c) .

In the third equality, (3.22) was used.

Just as in the case of standard categories, see Proposition 2.1.1, the following can be stated.

Proposition 3.2.2.1.4. The monad induced by the adjunction

(A,C)
l

// (Cf�CA,C)
roo

,

is the monad which the construction of the Kleisli object started with, i.e. (f, µ, ηf).

Proof :

i) f = rl, as already explained it follows immediately from the construction of functors r and
l.
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ii) µ = r1ε
Kl0 .

Let c be a generalized element in C, then

r1ε
Kl0(c) = µ(c(1))f1f1uA(c(2)) = µ(c(1))uAf0f0(c(2))

3.8b
= µ(c)[0]uA(µ(c)[1]) = µ(c) .

In the last equation, the unitality of uA was applied.

iii) ηf = ηK, by de�nition. 2

3.2.2.2 Proof for the Kleisli Object

The previous section dealt with the construction of the a posteriori Kleisli object for the monad
(f, µ, ηf) over (A,C) in IntCat(M), and with its well-de�ned construction, i.e. that it is an
internal category and the induced monad over (A,C) is precisely the one we started with. In this
section, the proof that this internal category is indeed a Kleisli object is given by showing the
isomorphism of categories required in [24], through the representation of AlgF , see (2.25).

According to the isomorphism of categories given by (2.25), the following 2-cell in the 2-
category 2-Cat can be constructed

IntCat(M)

AlgF

%%

IntCat((Af , C),_)

99↓ ∼= Θ 2Cat ,

where the following substitutions were made in (2.25) : A = IntCat(M) and AK = (Cf�CA,C).
Let (B,D) be in IntCat(M), then

Θ(B,D) : AlgF (B,D) −→ IntCat((Cf�CA,C), (B,D)),

is a 1-cell in 2Cat, that it is to say, a functor, and is de�ned

i) on objects (s, σ) in AlgF (B,D) = (B,D)F as,

(
Θ(B,D)(s, σ)

)
0

= s0 ,(
Θ(B,D)(s, σ)

)
1

= mB · (σ�Ds1) · ιs ;

ii) on morphisms Σ : (s, σ) −→ (t, τ),
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Θ(B,D)(Σ) =
⇀

Σ .

where the notation
⇀

Σ means that the underlying morphism Σ : s −→ t is the same but it
has to ful�ll di�erent requirements.

The proposal for the inverse natural transformation Θ̃ is de�ned as follows.

i') On objects g = (g1, g0) in IntCat((Cf�CA,C), (B,D)) as,

(
Θ̃(B,D)(g1, g0)s

)
0

= g0l0 ,(
Θ̃(B,D)(g1, g0)s

)
1

= g1l1 ,

Θ̃(B,D)(g1, g0)σ = g1ε
Kl0 .

ii') On morphisms β : (g1, g0) −→ (g′1, g
′
0),

Θ̃(B,D)(β) = βl0 .

Having de�ned the 2-natural transformation Θ and its expected inverse Θ̃, we need to prove
the following

Proposition 3.2.2.2.1. The 2-natural transformations Θ and Θ̃ are well-de�ned.

Proof :

For Θ:

i) On objects, the pair
((

Θ(B,D)(s, σ)
)

1
,
(
Θ(B,D)(s, σ)

)
0

)
is an internal functor.

Since s : (A,C) −→ (B,D) is already a functor then s0 : C −→ D is a morphism in
ComonM. On the other hand, we need to stablish that mB · (σ�Cs1) · ιs is part of an
internal functor:

• mB · (σ�Cs1) · ιs : sCf�CA
s −→ B is a morphism in DMD.

First, ιs is a morphism in CMC , then after applying the induced functor sF s, sιs
s will be

a morphism in DMD. Second, σ : sCsf −→ B, s1 : sAs −→ B and mB : B�DB −→ B
are morphisms in DMD by hypothesis, therefore the composite mB · (σ�Cs1) · ιs is in
DMD, as required.
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• The morphism mB · (σ�Cs1) · ιs is multiplicative.

The proof of this multiplicativity is done with generalized elements and using the
Sweedler notation as before. Let c ⊗ a[0] ⊗ a[1] ⊗ a′ be a generalized element in
Cf�CA�CC

f�CA, then

(
mB ·

(
(mB · (σ�Cs1) · ιs)�D(mB ·(σ�Cs1) · ιs)

)
· (Cf�Cιs�CA)

)
(c⊗ a[0] ⊗ a[1] ⊗ a′)

= σ(c)s1(a[0])σ(a[1])s1(a′)
3.8c
= σ(c)σ(a[−1])s1f1(a[0])s1(a′)

= σ(c(1))σ(f0(c(2)))s1f1(a)s1(a′)

= σ(c(1))s1µ(c(2))s1f1(a)s1(a′)

=
(
(mB · (σ�Cs1) · ιs) ·mf

)
(c⊗ a[0] ⊗ a[1] ⊗ a′) .

In the third equality, the fact that the generalized element c ⊗ a is in Cf�CA, i.e.
c(1) ⊗ f0(c(2)) ⊗ a = c ⊗ a[−1] ⊗ a[0], was used. The fourth equality follows from the
requirement given by the �rst diagram in (2.27), for an object in (B,D)F .

• Compatibility with units.

Let c be a generalized element in C, then

uBs0(c) = 1s(c) = σ(c(1))s1η
f(c(2)) =

(
(mB · (σ�Cs1) · ιs) · uf

)
(c) .

In the second equality, the second requirement in (2.27), for an object in (B,D)F , was
used.

ii) On morphisms, Θ(B,D)(Σ) is an internal natural transformation.

The proof of the naturality of
⇀

Σ: mB · (σ�Cs1) · ιs −→ mB · (σ′�Cs
′
1) · ιs′ is split into the

following two parts:

• Σ : s′Cs −→ B is in DMD, which follows from the de�nition of Σ : s −→ s′ being a
natural transformation.

• The naturality of
⇀

Σ.

Let c⊗ a be a generalized element in Cf�CA, then

(
mB ·

(
(mB · (σ′�Cs

′
1) · ιs′)�DΣ

)
· (Cf�Cιs′) · (Cf�C ρ̃

C
A)
)
(c⊗ a) = σ′(c)s′1(a[0])Σ(a[1])

3.8c
= σ′(c)Σ(a[−1])s1(a[0])

= σ′(c(1))Σf0(c(2))s1(a)

= Σ(c(1))σ(c(2))s1(a)

=
(
mB ·

(
Σ�D(mB · (σ�Cs1) · ιs)

)
· (ιs�CA) · (∆̃f

C�CA)
)
(c⊗ a) .
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In the third equality, the requirement (2.29), i.e. Σ ∗ σ = σ′ ∗ Σf0, was used.

For Θ̃:

i) On objects (g1, g0) in IntCat((Af , C), (B,D));
(
Θ̃(B,D)(g1, g0)s, Θ̃(B,D)(g1, g0)σ

)
is an object

in (B,D)F .

Clearly, Θ̃(B,D)(g1, g0)s = gl is a functor from (A,C) to (B,D), and Θ̃(B,D)(g1, g0)σ a natural
transformation from glf = glrl to gl. As far as the requirements in (2.27) are concerned,
they are translated into the following requirements, taking into account that µ = r1ε

Kl0,

• g1ε
Kl0 ∗ g1l1r1ε

Kl0 = g1ε
Kl0 ∗ g1ε

Kl0r0l0.

Due to Lemma (1.5.3.2), it is enough to prove the equality εKl0 ∗ l1r1ε
Kl0 = εKl0 ∗

εKl0r0l0, but this equality is just the Godement product equality for εK ∗̄εKl0.

• g1ε
K l0 ∗ g1l1η

K = 1gl,

Due to Lemma (1.5.3.2) and to the triangular identity associated to the left adjoint l,
g1ε

Kl0 ∗ g1l1η
K = g1(εKl0 ∗ l1ηK) = g11l = 1gl, as required.

ii) On morphisms β in IntCat((Af , C), (B,D)); Θ̃(B,D)(β) is a morphism in (B,D)F

• Clearly, βl : gl −→ g′l is a natural transformation.

• The requirement (2.29) translates in this case to βl0 ∗ g1ε
Kl0 = g′1ε

Kl0 ∗ βl0r0l0. This is
simply the Godement product equality (1.28), for β∗̄εKl0. 2

Once the proof that Θ and Θ̃ are well-de�ned, has been done, it is natural to state the following

Theorem 3.2.2.2.2. The object (Cf�CA,C) in IntCat(M) is a Kleisli object for the monad
F = (f, µ, ηf ) over (A,C) . That is,

AlgF_
∼= // IntCat((Cf�CA,C),_) .

Proof :

i) Θ : AlgF_ −→ IntCat((Cf�CA,C),_) is a natural transformation.

The following diagram must commute for any (h1, h0) : (B,D) −→ (B′, D′)
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AlgF (B,D)
AlgF (h) //

Θ(B,D)

��

AlgF (B′, D′)

Θ(B′,D′)

��
IntCat((Af , C), (B,D))

IntCat((Af ,C),h)

// IntCat((Af , C), (B′, D′))

Since this is a functorial diagram, its commutativity has to be proved as much for objects
as for morphisms. Let (s, σ) be in AlgF (B,D), then

(
Θ(B′,D′) ◦ AlgF (h)

)
(s, σ) = (h0s0,mB′ · (h1σ�D′h1s1) · ιhs)

= (h0s0,mB′ · (h1�D′h1) · ιh · (σ�D′s1) · ιs)
= (h0s0, h1 ·mB · (σ�Ds1) · ιs)
= h∗(s0,mB · (σ�Ds1) · ιs)
=

(
IntCat((Cf�CA,C), h) ◦Θ(B,D)

)
(s, σ) .

In the second equality, the factorization lemma in Lemma A.2 was used.

On morphisms, let Σ : (s, σ) −→ (s′, σ′) be a morphism in AlgF (B,D), then

(
Θ(B′,D′) ◦ AlgF (h)

)
(Σ) = h1Σ

= h∗(Σ)

=
(
IntCat((Cf�CA,C), h) ◦Θ(B,D)

)
(Σ) .

Next, Θ, as a 2-natural transformation, has to ful�ll the requirement (1.24). Note though
that if in this requirement B = 2Cat, the equality given by (1.24) simpli�es to the equality

αB(FγX) = GγαAX ,

for any object X in the category FA. This simpli�ed equation is veri�ed for Θ and (s, σ)
an object in AlgF (B,D) as follows:

Θ(B′,D′)

(
AlgF (γ)(s, σ)

)
= Θ(B′,D′)(γs0)

= γs0

= IntCat((Cf�CA,C), γ)(mB · (σ�Ds1) · ιs, s0)

= IntCat((Cf�CA,C), γ)
(
Θ(B,D)(s, σ)

)
.

Therefore, the naturality of Θ is proved. That Θ is an isomorphism is proved as follows.
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ii) Θ ◦ Θ̃ = 1IntCat((Af ,C),_).

• On objects, let (g1, g0) be an object in IntCat((Cf�CA,C), (B,D)), then

(
Θ ◦ Θ̃

)
(g1, g0) = Θ(gl, g1ε

Kl0) = (mB · (g1ε
Kl0�Dg1l1) · ιgl, g0l0) .

Since l0 = 1C , there only remains to prove that mB · (g1ε
Kl0�Dg1l1) · ιgl = g1. To do

so, let c⊗ a be a generalized object in Cf ⊗ A, then

(
mB · (g1ε

Kl0�Dg1l1) · ιgl
)
(c⊗ a) =

(
mB · (g1�Dg1) · ιg · (εKl0�Dl1) · ιl

)
(c⊗ a)

= g1mf (ε
Kl0(c)⊗ l1(a))

= g1mf

(
c(1) ⊗ f1uA(c(2))⊗ a[−1](1) ⊗ ηf(a[−1](2))a[0]

)
= g1

(
c(1) ⊗ µ(c(2))f1f1uA(c(3))η

f(a[−1])a[0]

)
= g1

(
c(1) ⊗ µ(c(2))f1f1uA(c(3))η

ff0(c(4))a
)

= g1

(
c(1) ⊗ uAf0(c(2))a

)
= g1

(
c(1) ⊗ uA(a[−1])a[0]

)
= g1(c⊗ a) .

In the �rst equality, the factorization lemma A.2 was applied. In the second equal-
ity, the compatibility with multiplications of g1 was used. In the fourth equality, the
right C-colinearity of uA was applied. In the �fth equality, the fact that the generalized
element c(1)⊗c(2)⊗a is in C�CC

f�CA was used. In the sixth equality, (3.22) was used.

• On morphisms, let β : (g1, g0) −→ (g′1, g
′
0), then

Θ ◦ Θ̃(β) = Θ(βl0) = βl0 = β .

iii) Θ̃ ◦Θ = 1AlgF_.

• On objects, let (s, σ) be an object in (B,D)F , then

Θ̃ ◦Θ(s1, s0, σ) = Θ̃(mB · (σ�Cs1) · ιs, s0)

=
(
(mB · (σ�Cs1) · ιs) · l1, s0l0, (mB · (σ�Cs1) · ιs) · εKl0

)
.

Therefore, for the �rst component, if a is a generalized element in A,

(mB · (σ�Cs1) · ιs) · l1(a) = σ(a[−1](1))s1(ηf(a[−1](2))a[0])

= (σ ∗ s1η
f)(a[−1])s1(a[0])

= s1uA(a[−1])s1(a[0])

= s1(uA(a[−1])a[0])

= s1(a) .
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In the third equality, the requirement σ ∗ s1η
f = 1s was used and in the �fth one, the

unitality of uA.

On the other hand, for the third component, if c is a generalized element of C,

(
(mB · (σ�Cs1) · ιs) · εKl0

)
(c) = σ(c(1))s1f1uA(c2)

= σ(c(1))uA(s0f0(c(2)))
3.8b
= σ(c)[0]uA(σ(c)[1])

= σ(c) .

• On morphisms, let Σ : (s, σ) −→ (s′, σ′), then

Θ̃ ◦Θ(Σ) = Θ̃(Σ) = Σl0 = Σ .

2

3.2.3 CoKleisli Objects in IntCat(M)

Let (g, δ, εg) be a comonad in IntCat(M) over the internal category (A,C). The coKleisli internal
category is de�ned as follows:

i) The object of morphisms and the object of objects are de�ned as (A�C
gC,C) respectively,

in short notation (Ag, C).

ii) The multiplication mg : A�C
gC�CA�C

gC ∼= A�C
gA�C

gC −→ A�C
gC is de�ned as

mg = (m2
A�C

gC) · (A�Cg1�Cδ�C
gC) · (A�Cι

2
g) · (A�C

gA�C
g∆̃C) , (3.23)

which, over a generalized element a⊗ a′[−1] ⊗ a′[0] ⊗ c in A�C
gC�CA�C

gC, acts as,

a⊗ a′[−1] ⊗ a′[0] ⊗ c 7−→ ag1(a′)δ(c(1))⊗ c(2) .

iii) The unit ug : C −→ A�C
gC is de�ned as

ug = (εg�C
gC) · ιg · ∆̃C ,

which, over generalized elements c in C, acts as

c 7−→ εg(c(1))⊗ c(2) .
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The next propositions and theorems are given without proof since their proofs are essentially
the same as the respective ones for the Kleisli object, that is to say, mutatis mutandis. Neverthe-
less, the reference of the mate proof is given for each of the following propositions.

Proposition 3.2.3.1. ((A�C
gC,C),mg, ug) is an internal category.

Proof : cf. 3.2.2.1.1 2

Let us propose here in the same way as before the g-adjunction of the internal category (A,C)
over the coKleisli object (Ag, C), that is to say,

(A�C
gC,C)

l
// (A,C)

roo
.

The internal functor l : (Ag, C) −→ (A,C) consists of the following pair of morphisms:

l0 = g0 ,

l1 = mA · (g1�Cδ) · ιg ,

where the last morphism acts over generalized elements, a⊗ c in A�C
gC, as

a⊗ c 7−→ g1(a)δ(c) .

The internal functor r : (A,C) −→ (Ag, C) is given as the following pair of morphisms,

r0 = 1C ,

r1 = (mA�C
gC) · (A�Cε

g�C
gC) · (A�Cιg) · (A�C∆̃C) · ρ̃CA .

Proposition 3.2.3.2. The pairs l and r just de�ned are functors between the internal categories
(Ag, C) and (A,C).

Proof : cf. 3.2.2.1.2 2 .

If the previous pair of functors has to be an adjunction then a unit and counit must be
provided. The unit ηcoK : 1(Ag ,C) −→ rl,

ηcoK : C −→ A�C
gC

is the following morphism
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ηcoK = (g1�C
gC) · ιg · (uA�CC) · ∆̃C ,

which over generalized elements c in C, acts as

c 7−→ g1uA(c(1))⊗ c(2) .

For the counit of the adjunction, it is clear that lr = g, therefore the counit

εcoK : g = lr −→ 1(A,C) ,

is taken as

εcoK = εg .

With the previous de�nition of unit and counit, the following proposition can be stated

Proposition 3.2.3.3. The following is an adjunction

(A�C
gC,C)

l
// (A,C) ,

roo

and the comonad induced over (A,C) is the one which the construction of the coKleisli object
started with, that is to say (g, δ, εg).

Proof : cf. 3.2.2.1.4. 2 .

Just as in Section 3.2.2.2, (A�C
gC,C) being a coKleisli object means, according to [24] , that

it is a representative object for the coalgebraic functor CoalgG. According to the isomorphism of
categories in (2.26), another 2-cell in the 2-category 2-Cat can be constructed

IntCat(M)

CoalgG_

$$

IntCat((Ag, C),_)

::↓ ∼= Θ′ 2Cat ,

whereA = IntCat(M) andAcoK = (A�C
gC,C). Let (B,D) be an internal category in IntCat(M),

then

Θ′(B,D) : CoalgG(B,D) −→ IntCat((A�C
gC,C), (B,D)) ,

is a 1-cell in 2Cat, that is to say, a functor which is de�ned as follows.
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i) On objects (s, σ) in CoalgG(B,D), Θ′ is de�ned as,

(
Θ′(B,D)(s, σ)

)
0

= s0 ,(
Θ′(B,D)(s, σ)

)
1

= mB · (s1�Dσ) · ιs .

ii) On morphisms Σ : (s, σ) −→ (t, τ), Θ′ is de�ned as

Θ′(B,D)(Σ) =
⇀

Σ .

The proposal for the inverse natural transformation Θ̃′ goes as follows.

i') On objects k = (k1, k0) in IntCat((Ag, C), (B,D)), Θ̃′ is de�ned as,

(
Θ̃′(B,D)(k1, k0)s

)
0

= k0r0 ,(
Θ̃′(B,D)(k1, k0)s

)
1

= k1r1 ,

Θ̃′(B,D)(k1, k0)σ = k1η
coKr0 .

ii') On morphisms γ : (k1, k0) −→ (k′1, k
′
0), Θ̃′ is de�ned as

Θ̃′(B,D)(γ) = γr0 .

Without further ado, the following theorem can be stated,

Theorem 3.2.3.4. The morphism Θ′ is a 2-natural isomorphism and the object (A�C
gC,C) is

a coKleisli object for the comonad G = (g, δ, εg) over (A,C), that is

CoalgG_
∼= // IntCat((A�C

gC,C),_) .

Proof : 3.2.2.2.1 and 3.2.2.2.2 2

3.3 Internal Kleisli Objects and the Formal Theory of Mon-

ads

In order to obtain the Kleisli and coKleisli objects for a monad in the 2-category IntCat(M) and
Kleisli objects for a monad in the 2-category IntCoCat(M) another tool is developed, namely
by using the properties of the bicategory KL(A), for a speci�c bicategory A, see [10] and [20].
Therefore, this section begins by introducing the bicategory KL(Bicomod(M)), afterwards sev-
eral locally full and faithful bifunctors Φ, Φ̂ and Ψ into KL(Bicomod(M)) are de�ned which will
enable us to �nd the Kleisli and coKleisli objects mentioned above.
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3.3.1 The Bicategory of KL(Bicomod(M))

The 2-category KL(A), for a 2-category A, and the bicategory Bicomod(M) have been already
de�ned, out of these constructions let us outline the bicategory KL(Bicomod(M)), in order to
have the references and concepts at hand for the theory to follow.

The 0-cells for this bicategory are monads in Bicomod(M), that is

C

A
$$
C , C

A�CA
##

A

;;↓ mA C , C

C
""

A

<<↓ uA C .

Remark 3.3.1.1. KL0(Bicomod(M)) = Mnd0(Bicomod(M)) = IntCat0(M) = IntCoCat0(M).

The 1-cells for this bicategory are

(C,A)

(M,φ)
&&

(D,B) ,

such that

C

M
$$
D , C

A�CM

  

M�DB

>>↓ φ D ,

are cells in Bicomod(M) such that the following diagrams commute

A�CA�CM
A�Cφ //

mA�CM

��

A�CM�DB
φ�DB //M�DB�DB

M�DmB

��
A�CM φ

//M�DB ,

M

uA�CM

~~|||||||||||
M�DuB

!!BBBBBBBBBBB

A�CM φ
//M�DB .

The 2-cells for this category are

(C,A)

(M,φ)

%%

(M ′, φ′)

99
↓ Λ (D,B) ,

such that
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C

M
""

M ′�DB

<<↓ Λ D ,

is a 2-cell in Bicomod(M), and the following diagram

A�CM

A�CΛ

��

φ //M�CB
Λ�DB //M ′�DB�DB

M ′�DmB

��

A�CM
′�DB

φ′�DB

��
M ′�DB�DB M ′�DmB

//M ′�DB ,

(3.24)

commutes.

For the underlying category of KL(Bicomod(M)), the composition over the following 1-cell
diagram

(C,A)

(M,φ)

$$
(C ′, A′)

(N, γ)

$$
(C ′′, A′′) ,

is de�ned as

(M,φ) · (N, γ) = (M�C′N, (M�C′γ) · (φ�C′N)) .

The vertical structure of KL(Bicomod(M)) is de�ned over the following 2-cell diagram

↓ Λ
(C,A) (M ′,φ′) //

(M,φ)

!!

(M ′′, φ′′)

==
(D,B)

↓ Λ′

as

Λ′ ◦ Λ = (M ′′�DmB) · (Λ′�DB) · Λ .
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The horizontal structure of KL(Bicomod(M)) is de�ned through the following 2-cell diagram

(C,A)

(M,φ)

%%

(M ′, φ′)

99
↓ Λ (C ′, A′)

(N, γ)

%%

(N ′, γ′)

99
↓ Γ (C ′′, A′′) ,

as

Λ∗̄Γ = (M ′�C′N ′�C′′mA′′) · (M ′�C′Γ�C′′A′′) · (M ′�C′γ) · (Λ�C′N) .

3.3.2 Bifunctors

This subsection is devoted to the construction of locally full embedded bifunctors to the bicat-
egory KL(B), where B is a bicategory, see [10]. The reason for such constructions is explained
as follows. According to [20], the bicategory KL(B) is complete with respect to Kleisli objects,
that is to say, for any monad in KL(B), this bicategory has the corresponding Kleisli object.
Therefore, let us give a 2-category M(B′), for a bicategory B′, whose 0-cells are monads in B′ and
the remain structure is known but it is not necessary to be detailed. Then, if there exists a locally
full embedding bifunctor, which is the identity on 0-cells, F : M(B′) −→ KL(B), any monad in
M(B′) will render a monad in KL(B), which has a Kleisli object. In particular, this Kleisli object
is a monad in B hence, using the identi�cation on 0-cells of F , this object can be seen as a monad
in B′, i.e. a 0-cell in M(B′). In summary, the 2-category M(B′) will have Kleisli objects through
the locally full embedding F .

The �rst bifunctor to construct with the previous characteristics is Φ : IntCat(M) −→
KL(Bicomod(M)). Over 0-cells (A,C) in IntCat(M) it is de�ned as

Φ(A,C,mA, uA) = (C,A,mA, uA) .

That is to say, the identity on 0-cells. Over 1-cells,

(A,C)

(f1, f0)

$$
(B,D) ,

as

Φ(f1, f0) = (Cf , φf ) =
(
Cf , (Cf�Cf1) · ιff ·

Cρ̃Af

)
,

where φf : A�CC
f ∼= Af −→ Cf�CB is a morphism in CMD. Over a 2-cell,
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(A,C)

(f1, f0)

""

(g1, g0)

<<
↓ α (B,D) ,

as

(C,A)

(Cf , φ′f )

$$

(Cg, φ′g)

88
↓ Φ(α) (D,B) ,

where Φ(α) = (Cg�Dα) · ιfg · ∆̃
f
C and Φ(α) : Cf −→ Cg�DB is a morphism in CMD. This

de�nition renders a bifunctor.

Proposition 3.3.2.1. The bifunctor Φ : IntCat(M) −→ KL(Bicomod(M)) is a locally full
embedding.

Proof :

First we show that the bifunctor is locally injective on objects. Let (A,C) and (B,D) be
0-cells in IntCat(M). Take objects f, g : (A,C) −→ (B,D) such that

Φ(f) = Φ(g) . (3.25)

Then clearly f0 = g0 from Cf = Cg. Let a be a generalized element in A, then because of
(3.25), a[−1] ⊗ f1(a[0]) = a[−1] ⊗ g1(a[0]). If mB

(
uBf0(_) ⊗ _

)
is applied to the left hand side of

this equality, then

uAf0(a[−1])f1(a[0])
3.7c
= ua(f1(a)[−1])f1(a)[0] = f1(a) .

On the other hand, if mB

(
uBg0(_)⊗ _

)
is applied to the right hand side of the aforementioned

equality, which is the same as mB

(
uBf0(_) ⊗ _

)
since f0 = g0, we obtained the morphism g1,

hence we conclude that f1 = g1.

That Φ is locally faithful, is proved as follows. Let α : f −→ g and β : h −→ k be 2-cells in
IntCat(M)((A,C), (B,D)), such that Φ(α) = Φ(β), then

(Cg�Dα) · ιg · ∆̃f
C = (Ck�Dβ) · ιk · ∆̃h

C .
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In the same way as before, we applymB

(
uBg0(_)⊗_

)
to the left hand side andmB

(
uBk0(_)⊗

_
)
to the right hand side to obtain α = β.

In order to prove the local fullness, consider the following 2-cell Λ : (Cf , φf ) −→ (Cg, φg) in
KL(Bicomod(M))((C,A), (D,B)), then de�ne the proposed internal natural transformation as

α = mB · (uBg0�DB) · Λ .

Clearly α : gCf −→ B is a morphism in DMD. The naturality of this morphism α(a[−1])f1(a[0]) =
g1(a[0])α(a[1]), is proved as follows. If c is a generalized element in Cf then write Λ(c) = cλ ⊗ cλ̃,
where cλ ⊗ cλ̃ is a generalized element in Cg�DB. Let a in Af be a generalized element, then

α(a[−1])f1(a[0]) = uBg0(a[−1]λ)a[−1]λ̃f1(a[0])

= uBg0

(
(a[0]ε(a[1]λ))[−1]

)
g1

(
(a[0]ε(a[1]λ))[0]

)
a[1]λ̃

= g1

(
(a[0]ε(a[1]λ))[0]

)
uBg0

(
(a[0]ε(a[1]λ))[1]

)
a[1]λ̃

= g1

(
(a[0]uA(a[1]λ))[0]

)
uBg0

(
(a[0]uA(a[1]λ))[1]

)
a[1]λ̃

= g1

(
a[0](uA(a[1]λ))[0]

)
uBg0

(
(uA(a[1]λ))[1]

)
a[1]λ̃

= g1(a[0])g1

(
(uA(a[1]λ))[0]uA

(
(uA(a[1]λ))[1]

))
a[1]λ̃

= g1(a[0])g1uA(a[1]λ)a[1]λ̃

= g1(a[0])uBg0(a[1]λ)a[1]λ̃

= g1(a[0])α(a[1]) .

In the second equality the fact that Λ is a 2-cell in KL(Bicomod), (3.24) , was used. The
third equality, follows by the next equality of morphisms

mB · (uB�DB) · (g0�Dg1) · ιg · Cρ̃A = mB · (uB�DB) · Dρ̃B · g1

= g1

= mB · (B�DuB) · ρ̃DB · g1

= mB · (B�DuB) · (g1�Dg0) · ιg · ρ̃CA .

In the fourth equality the equation aε(c) = auA(c) coming from the unitality of uA was used. In
the �fth equality, the right colinearity of mA was used. Finally, in the sixth equality the multi-
plicativity of g1 was used.
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That Φ(α) =
(
Cg�D(mB ·(uBg0�DB) ·Λ)

)
· ιg ·∆̃f

C = Λ, follows by the next calculation, where
c is a generalized element in Cf ,

Φ(α)(c) = c(1) ⊗ uBg0(c(2)λ)c(2)λ̃

= cλ(1) ⊗ uBg0(cλ(2))cλ̃
= cλ ⊗ uB(cλ̃[−1])cλ̃[0]

= cλ ⊗ cλ̃
= Λ(c) .

In the second equality, the left C-colinearity of Λ was applied. The third equality follows from
the fact that cλ ⊗ cλ̃ is a generalized element in Cg�DB. The fourth equality uses the unitality
of uB.

2

There is another functor of bicategories for the comonads counterpart, with the required
characteristics, Φ̂ : IntCatco(M) −→ KL(Bicomodop(M)) and this is described as follows. Over

0-cells (A,C), Φ̂ is de�ned as

Φ̂(A,C,mA, uA) = (C,A,mA, uA) .

Again, it is de�ned as the identity on 0-cells. Over 1-cells,

(A,C)

(f1, f0)

$$
(B,D) ,

it is de�ned as

Φ̂(f1, f0) = (fC, φ′f ) = (fC, (f1�D
fC) · f ιf · f ρ̃CA) ,

where φ′f : fC�CA ∼= fA −→ B�D
fC is a morphism in DMC . Over a 2-cell,

(A,C)

(f1, f0)

##

(g1, g0)

;;
↓ αco (B,D) ,

as
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(C,A)

(fC, φf )
op

##

(gC, φg)
op

::
↓ Γα (D,B) ,

where Γα = (α�D
gC) · f ιg · f∆̃C and Γα : fC −→ B�D

gC is a morphism in DMC . Φ̂ de�ned in
this way, is a functor of bicategories too.

Proposition 3.3.2.2. The bifunctor Φ̂ : IntCatco(M) −→ KL(Bicomodop(M)) is a locally full
embedding.

Proof :

In view of the left-right symmetry between de�nitions of Φ and Φ̂, this proof is analogous to
that of Φ. 2

The �nal bifunctor to describe, Ψ, has as its domain the 2-category IntCoCat(M), cf. Sub-
section 1.5.4. Therefore, this bifunctor will provide us with Kleisli objects in this 2-category.
The bifunctor, Ψ : IntCoCat(M) −→ KL(Bicomod(M)) is de�ned as follows. Over 0-cells in
(A,C), it is described as

Ψ(A,C,mA, uA) = (C,A,mA, uA) .

Yet again, it is the identity on 0-cells. Over 1-cells,

(A,C)

(f1, f0)

%%
(B,D) ,

it is de�ned as

Ψ(f1, f0) = (fD, γf ) = (fD, fDρ̃B · f1) ,

where γf : A�C
fD −→ fD�DB is a morphism in CMD . Over a 2-cell,

(A,C)

(f1, f0)

""

(g1, g0)

<<
↓ α (B,D) ,
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as

(C,A)

(fD, γf )

##

(gD, γg)

;;
↓ Ψ(α) (D,B) ,

where Ψ(α) = gDρ̃B ·α and Ψ(α) : fD −→ gD�DB is a morphism in CMD. As expected, Ψ is also
a functor of bicategories.

Proposition 3.3.2.3. The bifunctor Ψ : IntCoCat(M) −→ KL(Bicomod(M)) is a locally full
embedding.

Proof :

That the bifunctor is injective on objects and faithful is proved in a similar way as in the proof
of the Proposition 3.3.2.1. That the bifunctor is full can be proved as follows.

Let Γ : (fD, γf ) −→ (gD, γg) : (C,A) −→ (D,B) be a 2-cell in KL(Bicomod(M)), then
α : f −→ g : (A,C) −→ (B,D) such that Ψ(α) = Γ is de�ned as

α = mB · (uB�DB) · Γ .

This morphism in M is easily seen as a morphism in CMD. Its naturality is proved as follows. If
d is generalized element of fD, then write Γ(d) = dγ ⊗ dγ̃, where dγ ⊗ dγ̃ is a generalized element
in gD�DB. Let a⊗ d be a generalized element in A�C

fD, then

g1(a⊗ α(d)[−1])α(d)[0] = g1

(
a⊗ (uB(dγ)dγ̃)[−1]

)
(uB(dγ)dγ̃)[0]

= g1

(
a⊗ (uB(dγ))[−1]

)
(uB(dγ))[0]dγ̃

= g1(a⊗ dγ(1))uB(dγ(2))dγ̃

= g1(a⊗ dγ)uB(dγ̃[−1])dγ̃[0]

= g1(a⊗ dγ)dγ̃
= uB

((
g1(a⊗ dγ)dγ̃

)
[−1]

)(
g1(a⊗ dγ)dγ̃

)
[0]

= uB
((
g1(a⊗ dγ)

)
[−1]

)(
g1(a⊗ dγ)

)
[0]
dγ̃

= uB
((
f1(a⊗ d)

)
[−1]γ

)(
f1(a⊗ d)

)
[−1]γ̃

(
f1(a⊗ d)

)
[0]

= α
((
f1(a⊗ d)

)
[−1]

)
⊗
(
f1(a⊗ d)

)
[0]
.
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In the second and in the seventh equalities the left colinearity of mB was applied. In the third
one, the left colinearity of uB was used instead. In the fourth one, the fact that dγ ⊗ dγ̃ is a
generalized element in gD�DB, i.e. dγ(1) ⊗ dγ(2) ⊗ dγ̃ = dγ ⊗ dγ̃[−1] ⊗ dγ̃[0], was used. In the sixth
equality, the unitality of uB was used. The eighth equality follows by the fact that Γ is a 2-cell in
KL(Bicomod(M)), i.e. it ful�lls the commutativity of the diagram in (3.24). This requirement
is translated, over the generalized element a⊗ d in A�C

fD, to

(
f1(a⊗ d)

)
[−1]γ
⊗
(
f1(a⊗ d)

)
[−1]γ̃

(
f1(a⊗ d)

)
[0]

=
(
g1(a⊗ dγ)

)
[−1]
⊗
(
g1(a⊗ dγ)

)
[0]
dγ̃ .

This completes the proof of the proposition. 2

3.3.2.1 Reinterpretation of the Embedding Bifunctoriality

The referee assigned to [10] pointed out another interpretation of the embedding of the bifunctors

Φ, Φ̂ and Ψ. In order to write about this other interpretation some background work has to be
done before going into detail.

Consider a 2-category A, a bicategory B and assume that there is a bifunctor F : A −→ B with
the property of being locally fully faithful and identity on objects. Then there exists a 2-category
denoted by KLF (B) which can also be embedded into KL(B). Its description goes as follows.
The 0-cells are the same as those of KL(B). The 1-cells in KLF (B) are pairs (Fr, ϕ) in B, where
r is a 1-cell in A, this pair renders a typical 1-cell in KL(B). The 2-cells in KLF (B) are de�ned
as ηhΛ : (Fr, ϕ) −→ (Fs, ψ) : (A, f) −→ (A′, h), where Λ : Fr −→ Fs : A −→ A′ is 2-cell in B.
The previous construction provides a locally full and faithful bifunctor KLF (B) −→ KL(B) and
because of the discussion at the beginning of this section, KLF (B) has also Kleisli objects.

Next, apply this construction to A = Comon(M) and B = Bicomod(M). Obviously,
Comon(M) do not have a 2-category structure but it can have one according to the bifunctor F
in order to make it locally full and faithful. We have three options

†) F : Comon(M) −→ Bicomod(M), is de�ned by the identity on the 0-cells and for 1-cells
f : C −→ D as the 1-cell Cf in Bicomod(M). The 2-cells in Comon(M) are de�ned, in order
to make F locally full and faithful, as α : Cf −→ Cg. This de�nition gives KLF (Bicomod(M))
as the image under Φ of IntCat(M), see Section 3.3.2.

†) F̂ : Comonco(M) −→ Bicomodop(M), is de�ned by the identity on the 0-cells and for the

1-cells f : C −→ D as fCop : C −→ D and the 2-cells, α : fC −→ gC as the image under F̂ of αco.
This de�nition gives KLF̂ (Bicomodop(M)) as the image under Φ̂ of IntCatco(M), see Section
3.3.2.

†) G : Comoncoop(M) −→ Bicomod(M), is de�ned yet again as the identity on the 0-cells and
for the 1-cells f op : C −→ D as fD : C −→ D and for the 2-cells, α : fD −→ gD as the image under
G of αco. This de�nition renders KLG(Bicomod(M)) as the image under Ψ of IntCoCat(M),
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see Section 3.3.2.

The relation between the alternative method suggested as before and the bifunctors developed
in Section 3.3.2 can be understood by the following commutative diagram of locally full and
faithful bifunctors, de�ned as the identity on 0-cells,

KLF (B) ////KL(B)

M(B′)

::uuuuuuuuuuuuuuuu

OO

.

3.3.3 Wreaths in IntCat(M)

In this section the composite 2-functor CompA : KL(KL(A)) −→ KL(A) is used in order to get
the explicit form of the Kleisli objects corresponding to the wreaths in KL(A). In general, these
wreaths will come from monads in the domain 2-category M(B′) of the locally full embedding
bifunctor F , see Section 3.3.2 . Then through the 2-functor Comp, the composite monad will
serve as a Kleisli object, �rst in the 2-category KL(A) and then, in the domain 2-category M(B′)
as already explained.

3.3.3.1 Kleisli Objects in IntCat(M)

Above, the bifunctor Φ : IntCat −→ KL(Bicomod(M)) was constructed, which is a locally full
embedding. The image of a monad (f, µ, ηf), over (A,C), under this bifunctor is the following
wreath

(Φ(A,C),Φ(f),Φ(µ),Φ(ηf)) =
(

(C,A),

(Cf , (Cf�Cf1) · ιf · Cρ̃Af ),

(Cf�Cµ) · ιfff · ∆̃
ff
C ,

(Cf�Cη
f) · ιf · ∆̃C

)
. (3.26)

Therefore the Kleisli object for the wreath Φ(f, µ, ηf) is given by the composite monad
over C. This composite monad is, in particular, an internal category because it is a 0-cell in
KL(Bicomod(M)), see Remark 3.3.1.1. The explicit form of the Kleisli object is (C,Cf�CA, µ

c,
(Cf�Cη

f ) · ιf · ∆̃C) and µc : Cf�CA�CC
f�CA −→ Cf�CA is given, according to (2.31), by

(Cf�CmA) ·
((

(Cf�Cµ
f ) · ιf · ∆̃ff

C

)
�CA

)
· (Cf�CC

f�CmA) ·
(
Cf�C

(
(Cf�Cf1) · ιf · Cρ̃Af

)
�CA

)
.

This is nothing but the morphism mf in (3.9). The complete internal category structure is
precisely the one de�ned in Section 3.2.2.1, as expected.
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3.3.3.2 CoKleisli Objects in IntCat(M)

In order to get the coKleisli objects in IntCat(M), we use in this section the bifunctor Φ̂ :
IntCatco(M) −→ KL(Bicomodop(M)). The 2-category IntCatco(M) has been used here be-

cause a monad in it de�nes a comonad in IntCat(M), through the duality. The bifunctor Φ̂ is a
locally full embedding, hence by using it we can obtain the coKleisli objects in IntCat(M).

Let (g, δ, εg) be a comonad over (A,C), its image Φ̂(g, δ, εg) renders the following wreath in
KL(Bicomodop(M)) :

(Φ(A,C),Φ(g),Φ(δ),Φ(εg)) =
(

(C,A),

(gC, (g1�C
gC) · gιg · gρ̃CA),

(δ�C
gC) · ggιg · gg∆̃C ,

(εg�C
gC) · ιg · ∆̃C

)
. (3.27)

Therefore the coKleisli object for the wreath Φ̂(g, δ, εg) is also given by the composite monad
over C, which is an internal category and it is explicitly given by

(
C,A�C

gC, µc, (εg�C
gC)·ιg·∆̃C)

)
and µc : A�C

gC�CA�C
gC −→ A�C

gC, according to (2.31), is

(mA�C
gC) ·

(
A�C

(
(δg�C

gC) · ggιg · gg∆̃C

))
· (mA�C

gC�C
gC) ·

(
A�C

(
(g1�C

gC) · gιg · gρ̃CA
)
�C

gC
)
.

This morphism is the same as mg in (3.23). The complete internal category structure is the same
as the one given in Section 3.2.3.

3.3.3.3 Kleisli Objects in IntCoCat(M)

The procedure developed for the both of the previous examples is extended to the case of
cofunctors. This procedure can be applied to this case also because of the existence of the
bifunctor Ψ : IntCoCat(M) −→ KL(Bicomodop(M)). Therefore, if there exists a monad
(f, µ, ηf), over (A,C), in IntCoCat(M), its image Ψ(f, µ, ηf ) renders the following wreath in
KL(Bicomod(M))

(Ψ(A,C),Ψ(f),Ψ(µ),Ψ(ηf)) = ((C,A), (fC, f1), fCρ̃A · µ, fCρ̃A · ηf) . (3.28)

The Kleisli object for the wreath Ψ(f, µ, ηf ) is given, yet again , by the composite monad over
C. This composite monad is (C, fC�CA, µ

c, fCρ̃A · ηf), where µc is given by

(fC�CmA) ·
(
(fCρ̃A · µ)�CA

)
· (fC�C

fC�CmA) · (fC�Cf1�cA) . (3.29)
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As mentioned earlier, the conclusion that IntCoCat(M) admits Kleisli objects is one impor-
tant result obtained with this procedure.

3.4 String Diagrams

In Section 3.2.1 the Sweedler notation was explained in order to use it as a tool to compute
with morphisms in a monoidal category (M,⊗, I). In this section, another tool to compute with
morphisms in a monidal category is explained, the so-called method of string diagrams. Due to
Remark 1.5.1.1, that a monoidal category can be seen as a special case of a 2-category, the tool
of string diagrams applied usually to 2-categories and bicategories, can also be used in monoidal
categories. In the general case, the n-cell notation for a 2-category, used so far in this thesis, is
Poincare dual to the string notation.

The topological background on which this technique relies on will be omitted for the sake of
brevity and this thesis will only focus on the operational description of the method. The refer-
ences that are closer to the notation and depiction of diagrams are [4], [14] ,[17] . We start the
operational description by giving examples of this particular representation of morphisms in the
bicategory Bicomod(M).

Let M and N be C-comodules, then we represent the following morphisms using string dia-
grams as follows

M

1M =

M

,

M

N

ff = ,

M

g

f

M ′

g · f = ,

M ′

N ′

h

M

N

ff�Ch = .

For a comonoid (C,∆C , ε), we have that the induced comultiplication ∆̃C is depicted as

∆̃C

C C

C

and its coassociativity as
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C C C

∆̃C

C

∆̃C

C C C

C

∆̃C∆̃C

= .

For a C-comodule (M, Cρ̃M , ρ̃
C
M), the coactions are drawn as

M

M

Cρ̃M

C

,

M

M C

ρ̃CM
.

For the morphism ιf : M�CN −→M f�c
fN given by the commutative diagram in (1.13), the

corresponding string diagram is the following one

M

M f

ιf

N

fN

.

There is one important property that needs to be highlighted because it will appear in all
the future calculations. This property is related to the equalizer property of M�CN under the
parallel morphisms M ⊗ CρN and ρCM ⊗N , for C-comodules M and N . This property is drawn as

M

M C N

N M N

M NC

Cρ̃Mρ̃CM = . (3.30)

If M is still a C-comodule and N is now a D-comodule, along with a comonoid morphism
f0 : C −→ D, then this equality can be translated, for the right D-comodule (M f , (M ⊗ f0) · ρCM),
to
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NM f M fN

=
ρ̃CM

Dρ̃N

M f D N M f D N

ιf

f0

.

Finally, for a monoid (A,mA, uA) in CMC , the morphisms mA and uA are represented by

A A

mA

A

, uA

C

A

.

Just in the same way as we did for the Sweedler notation in Section 3.2.1, we omit further
details and without further ado we proceed to show the usefulness of the method of string diagrams
in action.

3.5 Binatural Maps and Adjunctions in IntCat(M)

This section is based on [10]. In [25], there are two equivalent de�nitions for an adjunction L a R,
the �rst one is through the existence of a unit and a counit and the other one through the bijection

HomC(A,RB) ∼= HomD(LA,B) , (3.31)

for all A in C and B in D. This requirement can be interpreted in terms of internal categories
as follows. Consider the adjunction (2.11), for the Kleisli category CF , then as above, this gives
a bijection HomC(A

′, FB′) ∼= HomCF (A′, B′). On the other hand, in the previous sections, the
Kleisli object for a monad (f, µ, ηf) over (A,C) was found to be (C,Cf�CA), hence a compari-
son between the object of morphisms Cf�CA and the class of arrows or morphisms of a Kleisli
category HomC(A

′, FB′) can be given. This provides an insight in how to manipulate adjunctions
within internal categories.

Take an adjunction l a r in the 2-category IntCat(M), as in (3.1), then the left-hand side
of (3.31), can be interpreted as Dr�CA and the right-hand side as B�D

lC. In order to get the
complete translation of this classic requirement for classical categories in terms of internal ones,
the following de�nition has to be stated.
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De�nition 3.5.1. Let l : (A,C) −→ (B,D) and r : (B,D) −→ (A,C) be a pair of internal
functors. Then a D-C−bicomodule map

θ : Dr�CA −→ B�D
lC , (3.32)

is said to be binatural if and only if the following diagrams commute

Br�CA
ρ̃Dr

B �CA //

Dρ̃r
B�CA

��

B�DD
r�CA

B�Dθ // B�DB�D
lC

mB�D
lC

��

D�DB
r�CA

D�Dr1�CA

��
Dr�CA�CA Dr�CmA

// Dr�CA θ
// B�D

lC ,

(3.33)

Dr�CA�CA
θ�C ρ̃

C
A //

Dr�CmA

��

B�D
lC�CA�CC

B�DuB l0�C l1�D
lC // B�DB�DB�D

lC

m2
B�D

lC

��
Dr�CA θ

// B�D
lC .

(3.34)

With this de�nition at hand, the requirement for an adjunction in IntCat(M), c.f. (3.1), can
have an equivalent characterization resembling that of (3.31).

Theorem 3.5.2. Let l : (A,C) −→ (B,D) and r : (B,D) −→ (A,C) be a pair of internal
functors. The adjunction l a r takes place if and only if Dr�CA ∼= B�D

lC through binatural
maps of D-C−bicomodules.

Proof :

Suppose that l a r is an adjunction. We claim that the binatural isomorphism is given by

θ = (mB�D
lC) · (ε�Dl1�D

lC) · ι2l · (Dr�Dρ̃
C
A) : Dr�CA −→ B�D

lC , (3.35)

and its binatural inverse is

θ−1 = (Dr�CmA) · (Dr�Cr1�Cη) · ι2r · (Dρ̃B�D
lC) : B�D

lC −→ Dr�CA . (3.36)
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That θ and θ−1 are D-C−bicomodule maps follows by the respective bi-colinearity of each of
their composite morphisms. The rest of the prove is done by using string diagrams. First, the
binaturality of θ is proved by checking the commutativity of the diagrams, (3.33) and (3.34). The
proof starts by translating the upper-right branch of the commutative diagram (3.33) as a string
diagram:

Br A

ρ̃DrB

ιl ιl

mB

mB

B lC

ρ̃CA

ε l1
=

lρ̃CA

ε lιl

mB

mB

B

Br A

ιl

lC

ρ̃DlrB

l1

=

Br A

ιl

ιlrlr
lιl

mB

mB

B

lρ̃CA

l1r1ε l1

Dρ̃lrB

lC

=

Br A

ιrr

ιl ιl

l1 l1

mB

mB

B

r1

lιll

ε

lC

ρ̃CA

Dρ̃rB

=

Br A

ιrr

ρ̃CA

mA

mB

B

ιl ιl

l1ε

r1

Dρ̃B
r

lC

=

Br A

ιrr

r1

ιl

l1

mB

B

ε

ιl

ρ̃CA
mA

lC

Dρ̃B
r

.

This last string diagram is the one corresponding to the left-lower branch of the diagram (3.33)
as it was required. In the �rst equality of the previous string calculation the associativity for mB
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was used. The second equality follows by the naturality of ε. In the third equality, the bifunc-
toriality of the cotensor product along with the associativity of mB were used. For the fourth
equality, the multiplicativity of l1 was used. Finally, for the �fth equality the right C-colinearity
of mA was used.

The next string diagram shows the commutativity of the second requirement (3.34) for the
binaturality of θ

Dr AA

ρ̃CA ρ̃CA

ιl

l1

l1

uB

mB

mB

mB

B lC

ε

ιl

lιl ιl

l0

=

Dr A A

ρ̃CA

ιlιl

ε lρ̃ClA lιl

l1 l1

mB

mB

mB

B lC

l1

lιll

u lA

=

Dr A A

ρ̃CA

ιlιl

ε lρ̃ClA lιl

mB

mB

B lC

l1

l1

lm l
A

u lA

=

Dr A A

ρ̃CA

ιl ιl

ε l1 l1

mB

mB

B lC

ιl

=

Dr A A

ιl ιl

mB

B lC

ε l1

lm l
A

ρ̃CA

=

Dr A A

mA
ρ̃CA

ιlιl

ε l1

mB

B lC

.
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In the previous string calculation, the following steps were carried out. In the �rst equality,
the functoriality of the cotensor product along with the equality uB · l0 = l1 · uA were used. In
the second equality, the multiplicativity of l1 was used. In the third equality, the unitality of
uA was used only. In the fourth equality, the associativity of mB and the multiplicativity of l1
were used one after the other. Finally, in the �fth equality, the right C-colinearity of mA was used.

The binaturality of θ−1 is proved by a mirror re�exion of the proof just given and by renaming
the involved morphisms, i.e. by changing l1 for r1, ε for η, mB for mA and so on.

The proof for the equality θ · θ−1 = 1B�D
lC starts by translating the left-hand side of the

equality using string diagrams:

mA

lC

l1

ιl

ε

ιl

ηr1

ιrιr

ρ̃CA

B

B lC

Dρ̃B

=

B lC

η

ιr

r1

ρ̃CA

ιlιl

lml
A

mB

B lC

Dρ̃B

ιr

ε l1

=

B

ιr ιr

r1 η

ρ̃CA

ιl ιl

ε l1l1

mB

mB

B lC

lC
Dρ̃B

ιl

=
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ιlrlr
lιl

B

mB

lC

mB

ιl

η

ιr

B lC

Dρ̃lrB
lρ̃CA

l1ε
l1r1

=

lCB

ιr

lιl

ε

mB

B lC

mB

l1

ιl
lη

ρ̃DlrB
lρ̃CA

=

B lC

mB
l1

mB

B lC

ιr

ιl

ρ̃DB

lrl∆̃C

lιl

ε lη

=

B lC

l0

ιr

ε

mB

B lC

lιl

lιl

mB

lη

l1

ιl

l∆̃C

lrl∆̃C

=

B lC

lιlr
lιll

B lC

mB

mB

εl0 l1η

lιll

l∆̃l
C

lιl

l∆̃C

=

B

mB

B

lC

lC

uBl0

l∆̃C

lιl
=

B lC

uB

mB

B lC

ρ̃DB

=

B

B

lC

lC

.

This string calculation was performed as follows. In the �rst equality the right C-colinearity
of mA was used. In the second equality the multiplicativity of mA and the associativity of mB

were used at once. In the third equality, just the functoriality of the cotensor product was used
to move the morphisms up and down. In the fourth equality, the naturality of ε was used. In
the �fth one, the left C-colinearity of η was used instead. In the sixth equality, the property in
(3.30) was used. The seventh equality follows by the coassociativity of ∆C and the functoriality
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of the cotensor product, which allow us to move the strings. In the eighth equality, the triangular
identity associated to the left adjoint l was used. In the ninth equality, the property (3.30) was
used yet again. Finally, in the tenth equality, the unitality of uB was used.

The proof of the equality θ−1 · θ = 1Dr�CA can be performed by a mirror re�exion on the one
just given and by renaming the involved morphisms as before. Therefore, for this proof one uses
the multiplicativity of r1, the naturality of η and the triangular identity associated with the right
adjoint r.

Conversely, suppose that there is a D-C−bicomodule isomorphism θ : Dr�CA −→ B�D
lC

with inverse θ−1. The induced unit and counit for the a posteriori adjunction are de�ned as
follows:

η = mA · (uAr0�CA) · θ−1 · (uBl0�D
lC) · ιl · ∆̃C : C −→ A , (3.37)

ε = mB · (B�DuBl0) · θ · (Dr�CuAr0) · ιr · ∆̃D : D −→ B . (3.38)

That η : rlC −→ A is a C-bicomodule morphism follows from the fact that the composition
ιl · ∆̃C can be mapped, using the functor rlF , to the following C-bicomodule morphism rlιl · rl∆̃C ;
the composition θ−1 · (uBl0�D

lC) can be mapped through the functor rF , to the following C-
bicomodule morphism, rθ−1 · (r(uBl0)�D

lC); the previous two compositions can be composed also
with the following C-bicomodule map mA · (uAr0�CA) which gives the de�nition of η. That
ε : lrD −→ B is a D-bicomodule map follows in the same way.

Before going into the proof of the naturality of η, the string diagrams for the binaturality of
θ−1 have to be drawn. For (3.33) and (3.34) we have
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mA

θ−1

B

Dr A

lA

lCρ̃A

=

B

lρ̃CA

l1

lιl

mB

θ−1

Dr A

lA

,

B B lC

ιr ιrr

r1

mA

mA

uA

θ−1

Dr A

r0

Dρ̃B

=

B B lC

mB

θ−1

Dr A

,

(3.39)

respectively. The last string diagram will be used not in this form but the one after composing
with mA · (uAr0�CA), which results in the following equality of string diagrams

B B lC

ιrr

r1

mA

mA

uA

θ−1

A

r0

=

B B lC

mB

θ−1

mA

A

r0

uA

.

(3.40)

With these string diagram equalities at hand, the naturality of η can now be proved.
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A

A

ρ̃CA

ιrl

mA

ηr1l1
=

A

ρ̃CA

A

mA

mA

r1l1

rlιl

ιrl
rl∆̃C

ruBl0

uAr0

θ−1 =

A

ρ̃CA

ρ̃CA

ιl

l1

ιl

uBl0

θ−1

ιrr

r1 r0

uA

mA

mA

A

=

A

ρ̃CA

ιl

ρ̃ClA

ιll

l1 uBl0

mB

θ−1

mA

A

r0

uA

=
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A

ρ̃CA

θ−1

mA

A

ρ̃CA

uA

mA
l

l1

ιl

uA

r0

=

A

ιl

l1

A

mA

θ−1

mB

l1

lιl

lρ̃CA

uA

C ρ̃A

uA

r0

=

A

ιl

l1
lC ρ̃A

mA

mA

A

uA

θ−1

Cρ̃A

r0

uA

=

A

ιl

θ−1

mA

mA

A

∆̃C

uBl0

uAr0

Cρ̃A

=

A

η

mA

A

Cρ̃A

.

In the previous string calculation, the following steps were carried out. In the �rst equality,
the de�nition of η was taken. In the second equality, the property (3.30) was used. In the third
equality, (3.40) was used. The fourth equality follows by the multiplicativity of l1 and the uni-
tality of uA. In the �fth equality, the multiplicativity of l1 and the functoriality of the cotensor
product to move strings up and down were used. In the sixth equality, the �rst requirement for
the binaturality of θ−1, (3.39), was used. In the seventh equality, the associativity of mA along
with (3.30) were used. Finally, in the eighth equality, the de�nition of η was applied.

The naturality of ε is proved by symmetrical steps as the ones carried out.

As far as the triangular identities go, the one associated with the left adjoint l, namely εl0∗l1η =
1l = uBl0, is proved as follows. Applying the de�nition of the unit η and the counit ε in terms of
θ and θ−1, we start by
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mB

B

lrlιl

∆̃C

C

(uAr0)l

lrθ−1

ιlrl

ιr
lr

lrl∆̃Cl0
lr

uBl0

lmA

lrl0

lruB

mB

θl

l(uAr0)

∆̃ lr
C

l1

=

∆̃C

B

mB

lmA

lρ̃CA

uBl0
lrθ−1

θl

lrlιl
ιr
lr

mB

lmA

l(uAr0)

l0
lr

ιlrl
lrl∆̃C

lrl0

lruB

(uAr0)l

C

luA

∆̃ lr
D

l1

=

C

∆̃C

B

mB

luAmB

l1
mB

ιl

lρ̃CA

uAr0

uAr0

rlιl

ιr
r

ιl

uBl0

l1

lmA

rl∆̃C

θl

rθ−1

l0
r

ιrl

r(uBl0)

∆̃ r
C

=
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C

B

mB

θ

mA

rθ−1ιr
r

Dρ̃B
r

rlιluB
r

rl∆̃Cl0
r

lmA

luA

r(uBl0)

ιrl

l1

∆̃C

r1 uAr0

=

C

B

mB

θ

rlιl

l0
r

∆̃C

ιrl

uAr0

luA
mB

l1

rl∆̃C

r(uBl0)

ρ̃DrB

lmA

uB
r

rθ−1

=

C

mB

rθ−1

l0
r

∆̃D
r

∆̃C

ιrl
rl∆̃C

rlιl

uB

uAr0

θ

r(uBl0)

luA

mB

B

l1l1

uA

mA
ιl

ρ̃CA

mB

=
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C

rθ−1

l0
r

∆̃D
r

∆̃C

ιrl
rl∆̃C

rlιl

uB

uAr0

θ

r(uBl0)

ρ̃CA

lιl ιl

l1

mB

mB

mB

mB

B

uBl0

uBl0

=

C

rlιl

mA

θ

mB

mB

B

uBl0

∆̃C

ιrl
rl∆̃C

rθ−1

uAr0

Dρ̃B

uB

r(uBl0)l0
r

=

C

∆̃C

ιl

l0

ιr

rθ−1

mA

θ

B

mB

uB

uBl0

uAr0

Dρ̃B

=
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C

ιl

ιr
r

mA

mB

B

∆̃C

uBl0

uAr0

θ

θ−1

∆̃D
r

uBl0

=

C

ιl

∆̃C

uBl0

θ−1

C ρ̃A

mB

mA

B

uBl0

θ

uA
=

C

B

ιl

uBl0

mB

∆̃C

uBl0
=

C

uBl0
Dρ̃B

uB

mB

B

= uBl0

C

B

.

The �rst equality follows by the unitality of uA. In the second equality, the multiplicativity of
l1 and the associativity of mA and mB were used. In the third equality, the second requirement for
θ being a binatural map, (3.34), and the left colinearity of uB were used. For the fourth one, the
�rst requirement for the binaturality of θ, (3.33), was used only. For the �fth equality, the right
colinearity of uB and the unitality of uA were used. For the sixth equality the multiplicativity of
l1 and the associativity of mB were used. For the seventh, the left D-colinearity of θ was used.
For the eighth equality, the left colinearity of uB and the coassociativity of ∆C were used. For the
ninth equality, the left D-colinearity of θ−1 was used only. For the tenth one, property (3.30) was
used. For the eleventh equality, the unitality of uA and the fact that θ−1 is the inverse for θ were
used. For the twelfth equality, the fact that l0 is a comonoid map along with the left colinearity
of uB were used. For the last equality, the unitality of uB was used.

The other triangular equality, the one associated with the right adjoint r, is done symmetri-
cally as this one. This concludes the proof. 2

3.5.1 Alternative Proof of the Characterization of Adjunctions

In [6], G. Böhm suggested another proof of the characterization of adjunctions in IntCat(M)
using the locally full embedding bifunctor Φ : IntCat(M) −→ KL(Bicomod(M)). This proof
requires the following introduction.
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Let B be a bicategory, and consider the following pair of 1-cells in KL(B)

(A, f)
(l,ϕ)

// (A′, h)
(r,ψ)oo

.

(3.41)

In particular, l is a 1-cell in B. Suppose further that in B, k is a right adjoint to l,

A
l

// A′
koo ,

(3.42)

with unit ν : 1A −→ kl and counit ζ : lk −→ 1A′ . Then there is a bijective correspondence
between adjunctions (l, ϕ) a (r, ψ) and isomorphic 2-cells

θ : fr −→ kh , (3.43)

satisfying the following equalities

θ ◦ µfr = kµh ◦ (khζh) ◦ (kϕkh) ◦ (νfkh) ◦ fθ , (3.44a)

kµh ◦ θh = θ ◦ µfr ◦ fψ . (3.44b)

In this section Theorem 3.5.2 is restated and reproved using the above characterization of
adjunctions.

Theorem 3.5.1.1. Let l : (A,C) −→ (B,D) and r : (B,D) −→ (A,C) be a pair of internal
functors. The adjunction l a r takes place if and only if Dr�CA ∼= B�D

lC through binatural
maps of D-C−bicomodules.

Proof :
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The bicategory B is taken as the bicategory Bicomod(M). Then, due to the locally full
embedding Φ : IntCat(M) −→ KL(Bicomod(M)), constructed in Section 3.3.2, an adjunction

(A,C)
l

// (B,D)
roo ,

(3.45)

in IntCat(M) can be taken to be an adjunction in KL(Bicomod(M)),

(C,A)
(Cl,φl)

// (D,B)
(Dr,φr)oo

.

(3.46)

On the other hand, C l a lC in Bicomod(M), with unit ιl · ∆̃C : C −→ C l�C
lC and counit

l0 · lξl : lC�CC
l −→ D, where ξ : C�cC −→ C is an isomorphism.

Then according to [6], there is a bijective correspondence between adjunctions (C l, φl) a
(Dr, φr) in KL(Bicomod(M)), or because of Φ between adjunctions l a r in IntCat(M), and
isomorphic 2-cells

θ : Dr�CA −→ B�D
lC ,

satisfying the following equalities in Bicomod(M)

θ · (Dr�CmA) = (mB�D
lC) · (B�D(l0 · ξ)�DB�D

lC) · (B�D
lC�C(l1 · ιll · Cρ̃ l

A)�D
lC)

·(B�D
lC�CA�C(ιl · ∆̃C)) · (θ�CA) , (3.47a)

(mB�D
lC) · (B�Cθ) = θ · (Dr�CmA) ·

(
((Dr�Cr1) · ιrr · Dρ̃ rB)�CA

)
. (3.47b)

These two equations are equivalent to the binaturality requirements for θ in (3.33) and (3.34),
respectively. 2
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3.6 Kleisli Objects Induced by Mates under Adjunctions

The following construction is based on [18]. Let

(A,C)
l

// (B,D)
roo , (A′, C ′)

l′
// (B′, D′)

r′oo

(3.48)

be a couple of 2-adjuntions in the 2-category IntCat(M) and also let (h1, h0) : (A,C) −→ (A′, C ′)
and (k1, k0) : (B,D) −→ (B′, D′) be two internal functors. Then, because of Proposition 3.1 in
[18], there is a bijection between the 2-cells, λ : l′h −→ kl and ν : hr −→ r′k. This bijection is
given through the following 2-diagrams

(A,C) h //y ε l

��=========== yλ
(A′, C ′)

1(A′,C′) //

l′

��@@@@@@@@@@@@
(A′, C ′)

(B,D)
1(B,D)

//

r

@@�����������
(B,D)

k
// (B′, D′)

r′

??~~~~~~~~~~~~

y η′
,

(3.49)

(A,C)
1(A,C) //

l

��===========
(A,C) h //y ν

(A′, C ′)y ε′
l′

��@@@@@@@@@@@@

(B,D)
k

//

r

@@�����������

y η
(B′, D′)

1(B′,D′)

//

r′

??~~~~~~~~~~~~
(B′, D′) .

(3.50)

If the pasting operation is carried out according to (2.22), then this bijection looks like
λ 7−→ r′kε ◦ r′λr ◦ η′hr and ν 7−→ ε′kl ◦ l′νl ◦ l′hη.

Consider an adjunction l a r with the same domain and codomain (A,C) for the second
adjunction in (3.48) and for the �rst adjunction consider instead the composition of adjunctions
ll a rr, with unit and counit r1ηl0 ∗ η and ε ∗ l1εr0, respectively, see [25]. In this set up, take
h = 1(A,C) and k = 1(A,C). Finally, if the right adjoint r is part of a monad R = (r, µ, ηr) then the
bijectivity in (3.49) gives a natural transformation δ : l −→ ll, out of µ : rr −→ r.

On the other hand, if the �rst adjunction is taken now as the identity adjunction on (A,C),
and for the second one the same adjunction l a r as before, then the bijectivity in (3.49) gives a
natural transformation εl : l −→ 1(A,C), out of η

r : 1(A,C) −→ r. This procedure can be summa-
rized, according to [22], in the following
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Proposition 3.6.1. Let r : (A,C) −→ (A,C) be an endomorphism that is part of a monad, i.e.
R = (r, µ, ηr), and let l be the left adjoint of r. Then there is a comonad structure induced on l,
under mating, i.e. L = (l, δ, εl). The explicit formula for the comultiplication and the counit is
δ = εl0l0 ∗ l1µl0l0 ∗ l1r1ηl0 ∗ l1η and εl = ε ∗ l1ηr respectively, where ε and η are the counit and the
unit of the adjunction, respectively. This type of adjunction is denoted by L a R. 2

Note: This proposition was written using the coopposite dual principle over the corresponding
proposition in [22].

With an adjunction of this type, there are two induced internal categories, according to the
previous sections, ((Cr�CA,C)mr, ur) and ((A�C

lC,C),ml, ul), the Kleisli and coKleisli objects,
respectively. This section �nishes with an adaptation of Theorem 2.14 in [22],

Theorem 3.6.2. Let L a R be an adjunction over (A,C), where L = (l, δ, εl) is the comonad
induced by mating the monad R = (r, µ, ηr), then there exists an internal isomorphism between
the induced Kleisli and the coKleisli objects, that is to say, (Cr�CA,C) ∼= (A�C

lC,C).

3.7 Example

See [10]. In this section the monoidal category that will be used to give an example of adjunctions
is the monoidal category (ModopR ,⊗R, R), see Section 1.4.1. In this section the tensor product
⊗R will be taken unadorned ⊗. Let us make the following

De�nition 3.7.1. Let A be an R-algebra. An A-coring twisting datum is

(
D

l // C , θ
)

r
oo ,

(3.51)

where, according to 1.4.1, C comes with a coring structure over A, (C,∆C , eC) and D is an A-
coring (D,∆D, eD). Also l and r are A-coring morphisms, i.e. morphisms of comonoids in AMA.
Finally, θ : Dl −→ rC is an isomorphism of D-C−comodules.

The de�nition given above is the same as an adjunction l a r with domain (C,A) and codomain
(D,A), in IntCat(ModopR ), where the bicomodule property is equivalent to that of the binatu-
rality.

The coring twisting datum in (3.51), through the adjunction l a r, induces a Kleisli adjunction
from (C,A) to (Arl ⊗A C,A), which in turn, induces an A-coring twisting datum as follows
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(
Cθ

l̄ // C , θ
)

r̄
oo .

(3.52)

where l̄ = (eD · θ−1 ⊗A C) ·∆C and r̄ = θ · r and θ = 1C . The A-bimodule Cθ is the coring C, but
with twisted structure given by

∆θ
C = (θ · r ⊗A C) ·∆C , (3.53a)

eθC = eD · θ−1 . (3.53b)

In the same way, the coring twisted datum in (3.51), through the adjunction l a r, induces
a coKleisli adjunction from (D ⊗A lrA,A) to (D,A), which in turn, induces an A-coring twisting
datum as follows

(
D

l′ // Dθ , θ′
)

r′
oo .

where the coring Dθ is the coring D with the following twisted structure

∆θ
D = (D ⊗A θ−1 · l) ·∆D , (3.54a)

eθD = eC · θ . (3.54b)

The process of inducing twisted coring structures does not go inde�nitely since, as explained in
[20], the completion of a 2-category for Kleisli objects consists of only one step, hence this process

of inducing twisted structures has to stop after one step. In particular, Cθ = C and (Cθ)θ = C.



Chapter 4

Morita Contexts and Double Adjunctions

This chapter is based on [11]. In this chapter, the category of double adjunctions for a pair of
categories is de�ned, afterwards the category of Morita contexts on a pair of categories is de�ned.
Altogether it will be the theoretical basis for the development of an adjunction between these two
categories, given a resemblance to the interaction between single adjunctions and monads. This
resemblance will �nally lead us to a Beck-type theorem at the end of this chapter.

4.1 Double Adjunctions

In this section, the category of double adjunctions is given, this will be the �rst and one of the
most important de�nitions for the whole of the chapter. Without further ado, let A and B be
two categories, the objects of the category of double adjunctions over A and B, Adj(A,B), are
de�ned as follows

A

La %%JJJJJJJJJJJ

L

Ra

eeJJJJJJJJJJJ

Rb

yyttttttttttt

B
Lb

99ttttttttttt

,

(4.1)

where the L's and R's are adjunctions, the shorthand notation (L, La a Ra, Lb a Rb) will be used
quite frequently. The morphisms in this category are F : (L, La a Ra, Lb a Rb) −→ (L′, L′a a
R′a, L

′
b a R′b), where F : L′ −→ L is a functor such that the following diagram commutes

107
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A

L′
F

//

R′a

<<zzzzzzzzzzzz

R′b
""DDDDDDDDDDDDD L

Ra

aaDDDDDDDDDDDD

Rb

}}zzzzzzzzzzzzz
.

B

(4.2)

The respective diagram for the L's is not required to commute, but there exist natural trans-
formations

α = (εaFL′a) ◦ (Laη
′a) : La −→ FL′a , (4.3a)

β = (εbFL′b) ◦ (Lbη
′b) : Lb −→ FL′b , (4.3b)

such that the following properties hold

(Raα) ◦ ηa = η′a , εaF = (Fε′a) ◦ (αR′a) , (4.4a)

(Rbβ) ◦ ηb = η′b , εbF = (Fε′b) ◦ (βR′b) . (4.4b)

4.2 Morita Contexts

Let A and B be categories, then the objects of the category of Morita contexts, denoted by
Mor(A,B) are de�ned as follows

(A,B, T, T̂ , ev, êv) , (4.5)

which is a short notation for monads (A, µA, ηA) and (B, µB, ηB) over A and B, respectively. The
functors T and T̂ , on the other hand, deserve a detailed look. The functor T : B −→ A is called
an A-B bialgebra functor provided the natural transformations λ : AT −→ T and ρ : TB −→ T
ful�ll the following requirements
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AAT
µAT //

Aλ

��

AT

λ

��
AT

λ
// T ,

T
ηAT //

=

  AAAAAAAAAAAAAA AT

λ

��
T ,

(4.6)

for λ : AT −→ T , and for ρ : TB −→ B

TB

ρ

��

TBB
TµB

oo

ρB

��
T TBρ
oo ,

TB

ρ

��

T
TηB

oo

=

~~}}}}}}}}}}}}}}

T .

(4.7)

Last but not least, the compatibility condition

ATB
λB //

Aρ

��

TB

ρ

��
AT

λ
// T

(4.8)

is also required.

A natural transformation α : T −→ T ′, such that the following diagrams commute
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AT
Aα //

λ

��

AT ′

λ′

��
T α

// T ′ ,

TB
αB //

ρ

��

T ′B

ρ′

��
T α

// T ′ ,

(4.9)

is called an A-B bialgebra morphism.These de�nitions are the ingredients of a new category called

AFB.

In a similar fashion, the functor T̂ : A −→ B has to be a B-A bialgebra functor through the
natural transformations λ̂ : BT̂ −→ T̂ and ρ̂ : T̂A −→ T̂ .

Finally, the natural transformation ev : T T̂ −→ A has to be an A-A bialgebra morphism and
êv : T̂ T −→ B a B-B bialgebra morphism along with the requirement that the following diagrams

T T̂T
T êv //

evT

��

TB

ρ

��
AT

λ
// T ,

TBT̂
T λ̂ //

ρT̂

��

T T̂

ev

��
T T̂ ev

// A ,

(4.10)

T̂ T T̂
T̂ ev //

êvT̂

��

T̂A

ρ̂

��

BT̂
λ̂

// T̂ ,

T̂AT
T̂ λ //

ρ̂T

��

T̂ T

êv

��
T̂ T êv

// B

(4.11)
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commute. The morphisms for this category are

ϕ = (ϕ1, ϕ2, ϕ3, ϕ4) : (A,B, T, T̂ , ev, êv) −→ (A′, B′, T ′, T̂ ′, ev′, êv′) , (4.12)

where the de�nition of each of the ϕ's goes as follows, ϕ1 : A −→ A′ is a morphism of monads,
that is to say, it is a natural transformation such that the following diagrams commute

AA
ϕ1∗ϕ1 //

µA

��

A′A′

µA′

��
A ϕ1

// A′ ,

1A

ηA′

��<<<<<<<<<<

ηA

������������

A ϕ1

// A′ ,

(4.13)

where ϕ1∗ϕ1 is the Godement product as in (1.23). In the same way, ϕ2 : B −→ B′ is a morphism
of monads over B.

Remark 4.2.1. A morphism of monads ϕ : (F, µF , ηF ) −→ (F ′, µF ′ , ηF ′) over the category C,
corresponds to the 1-cell (1C, ϕ) in the 2-category Mnd(2Cat), see (2.18).

The natural transformation ϕ3 : T −→ T ′ has to be a morphism ϕ3 : T −→ ϕ1T
′
ϕ2 in AFB,

i.e. the following diagrams commute

AT
Aϕ3 //

λ

��

AT ′

ϕ1T ′

��
A′T ′

λ′

��
T ϕ3

// T ′ ,

TB
ϕ3B //

ρ

��

T ′B

T ′ϕ2

��
T ′B′

ρ′

��
T ϕ3

// T ′ .

(4.14)

In a similar way, ϕ4 : T̂ −→ T̂ ′ has to be a morphism ϕ4 : T̂ −→ ϕ2T̂
′
ϕ1 in BFA. The �nal

requirement for the morphism ϕ = (ϕ1, ϕ2, ϕ3, ϕ4) is the commutativity of the following diagrams
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T T̂
ϕ3∗ϕ4 //

ev

��

T ′T̂ ′

ev′

��
A ϕ1

// A′ ,

T̂ T
ϕ4∗ϕ3 //

êv

��

T̂ ′T ′

êv′

��
B ϕ2

// B′ .

(4.15)

4.3 Adjunction between Mor(A,B) and Adj(A,B)

4.3.1 The Left Adjoint

In order to construct the left adjoint, a shared codomain category for the a posteriori double
adjunction, corresponding to any given Morita context, has to be constructed. Due to the fact
that the construction of this codomain category is lengthy, it is to be done on its own. Let
(A,B, T, T̂ , ev, êv) be a Morita context. The de�nition of the Eilenberg-Moore category for a
Morita context

(A,B)(A,B) , (4.16)

goes as follows. The objects of this category, the so-called Eilenberg-Moore algebras (for a Morita
context), are

((M, AχM), (N, BχN), v, w) , (4.17)

such that

i) (M, AχM) is an object in AA ,

ii) (N, BχN) is an object in BB ,

iii) v : TN −→M is a morphism in AA ,

iv) w : T̂M −→ N is a morphism in BB ,

and they ful�ll the following requirements:
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T T̂M
evM //

Tw

��

AM

AχM

��
TN v

//M ,

TBN
TBχN //

ρN

��

TN

v

��
TN v

//M ,

(4.18)

and

T̂ TN
êvN //

T̂ v

��

BN

BχN

��
T̂M w

// N ,

T̂AM
T̂AχM //

ρ̂M

��

T̂M

w

��
T̂M w

// N .

(4.19)

The bar notation over morphisms will be omitted whenever is possible in order to avoid compli-
cated expressions.

The morphisms for the category of Eilenberg-Moore algebras are described as follows:

(f, g) : ((M, AχM), (N, BχN), v, w) −→ ((M ′, AχM ′), (N
′, BχN ′), v

′, w′) , (4.20)

such that

i) f : (M, AχM) −→ (M ′, AχM ′) is a morphism in AA ,

ii) g : (N, BχN) −→ (N ′, BχN ′) is a morphism in BB ,

and also they ful�ll the following requirements:
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TN
Tg //

v

��

TN ′

v′

��
M

f
//M ′ ,

T̂M
T̂ f //

w

��

T̂M ′

w′

��
N g

// N ′ .

(4.21)

The short notation (M,N) for an object in (A,B)(A,B) proves to be helpful. The identity mor-
phism for an object (M,N) in (A,B)(A,B) is 1(M,N) = (1M , 1N), as expected. The composition of

morphisms (f ′, g′) · (f, g ) is done componentwisely, i.e. (f ′ · f, g′ · g).

Once the Eilenberg-Moore category for a Morita context has been described, the de�nition of
the left adjoint functor

Γ : Mor(A,B) −→ Adj(A,B) , (4.22)

can be given without further ado. Over objects, it is described as

Γ(A,B, T, T̂ , ev, êv) = ((A,B)(A,B), Da a Ua, Db a U b) . (4.23)

This object can be represented as the following diagram

A

Da
((PPPPPPPPPPPPP

(A,B)(A,B)

Ua
hhPPPPPPPPPPPPP

Ub

vvnnnnnnnnnnnnn .

B Db

66nnnnnnnnnnnnn

The description of the adjunctions goes as follows. For the �rst one, Da a Ua, Da is de�ned
over objects, X in A, as

Da(X) = ((AX, µAX), (T̂X, λ̂X), evX, ρ̂X) , (4.24)
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and over morphisms h : X −→ X ′ in A, as

Da(h) = (Ah, T̂h) : (AX, T̂X) −→ (AX ′, T̂X ′) . (4.25)

At this point, the following proposition is needed.

Proposition 4.3.1.1. The functor Da : A −→ (A,B)(A,B) is well-de�ned.

Proof:

First, it has to be checked that ((AX, µAX), (T̂X, λ̂X), evX, ρ̂X) is an Eilenberg-Moore alge-
bra. That (AX, µAX) is in AA is clear since this part of the functor is the free algebra functor

for the monad A as de�ned in the proof of Proposition 2.1.2. That (T̂X, λ̂X) is an object in

BB can be deduced from the property of T̂ being a left B-algebra functor applied to X. That
evX : T T̂X −→ AX is a morphism in AA is deduced from the fact that ev is a left A-algebra
morphism evaluated in X. That ρ̂X : T̂AX −→ T̂X is a morphism in BB follows from the
compatibility condition imposed on the B-A-bialgebra functor T̂ evaluated on X. The diagrams
in (4.18) are translated to the following ones

T T̂AX
evAX //

T ρ̂X

��

AAX

µAX

��
T T̂X evX

// AX ,

TBT̂X
T λ̂X //

ρT̂X

��

T T̂X

evX

��
T T̂X evX

// AX .

Both these diagrams commute, the �rst one because ev is, in particular, a right A-algebra
morphism evaluated at X, and the second one because this diagram is part of the requirements
for a Morita context, namely the second diagram in (4.10) evaluated at X. The commutativity of
the remaining diagrams in (4.19), can be proved in a similar way. The �rst one commutes because
it corresponds to the �rst commutative diagram in (4.11), the second one commutes because it

corresponds to the fact that T̂ is a right A-algebra functor.

Second, we have to check that (Ah, T̂h) : (AX, T̂X) −→ (AX ′, T̂X ′) is a morphism of
Eilenberg-Moore algebras. That Ah : AX −→ AX ′ is a morphism in AA follows from the
naturality of µA, and that T̂ h : T̂X −→ T̂X ′ is a morphism in BB follows from the naturality of
λ̂. On the other hand, the diagrams in (4.21) are translated to the following ones
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T T̂X
T T̂h //

evX

��

T T̂X ′

evX′

��
AX

Ah
// AX ′ ,

T̂AX
T̂Ah //

ρ̂X

��

T̂AX ′

ρ̂X′

��

T̂X
T̂ h

// T̂X ′ .

These last diagrams commute because of the naturality of ev over h and because of the natu-
rality of ρ̂ over h, respectively. 2

The functoriality of Da follows componentwisely from the functoriality of A and T̂ . This com-
pletes the de�nition of Da.

On the other hand, the de�nition of Ua goes as follows. Let (M,N) be an object in (A,B)(A,B),
then

Ua((M, AχM), (N, BχN), v, w) = M , (4.26)

and for morphisms, (f, g ) : (M,N) −→ (M ′, N ′),

Ua(f, g) = f , (4.27)

where f : M −→ M ′ is a morphism in A. The proof of Ua being well-de�ned and a functor, is
clear.

Proposition 4.3.1.2. Da and Ua form an adjunction, Da a Ua.

Proof:

The unit of the adjunction

ηUaDa
: 1A −→ UaDa , (4.28)

is de�ned on objects as

ηUaDa
X : X

ηAX // AX . (4.29)
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The counit of the adjunction

εDaUa
: DaUa −→ 1(A,B)(A,B) , (4.30)

is de�ned on objects as

εDaUa
(M,N) : (AM, T̂M)

(AχM ,w ) // (M,N) . (4.31)

Note that (AM, T̂M) stands, as a short notation, for ((AM, AχM), (T̂M, λM), evM, ρ̂M). That

the morphism (AχM , w) : (AM, T̂M) −→ (M,N) is a morphism in (A,B)(A,B) is proved as follows.
The morphism AχM : AM −→M is a morphism in AA since this is the de�nition of the counit for
usual Eilenberg-Moore adjunction, corresponding to the monad A, (2.14). Second, w : T̂M −→ N
is a morphism in BB, by hypothesis. Hence, there remains only to prove the commutativity of the
diagrams in (4.21), but once they are translated they are nothing but the �rst diagram in (4.18)
and the second diagram in (4.19), respectively, whose commutativity holds by hypothesis.

Now that the unit and the counit have been de�ned, let us proceed to prove the triangular
identities for the adjunction. The �rst of them, the one associated to the left adjoint Da, is

εDaUa
Da ◦DaηUaDa

= 1Da .

In order to prove such a statement, let X be an object in A, then the composition can be
broken down to

DaηUaDa
X = DaηAX = (AηAX, T̂ ηAX) ,

and

εDaUa
DaX = εDaUa

((AX, µAX), (T̂X, λ̂X), evX, ρ̂X) = (µAX, ρ̂X) ,

and �nally 1DaX = (1AX , 1T̂X). The composition now looks like

(µAX, ρ̂X) · (AηAX, T̂ ηAX) = (µAX · AηAX, ρ̂X · T̂ ηAX) = (1AX , 1T̂X) ,

where the equality holds, �rst because of the unitality of the monad A, and second because of T̂
being a right A-algebra functor.
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The triangular identity associated to the right adjoint Ua is

UaεDaUa ◦ ηUaDa
Ua = 1Ua .

Let (M,N) be an object in AA, then the composition can be broken down to

ηUaDa
Ua(M,N) = ηUaDa

M = ηAM ,

and

UaεDaUa
(M,N) = Ua(AχM , w) = AχM ,

and also 1Ua(M,N) = 1Ua(M,N) = 1M . All together it looks like,

AχM · ηAM = 1M ,

which holds since (M, AχM) is in AA. 2

The next proposition is stated without any proof since it is similar to the one just given.

Proposition 4.3.1.3. Db and U b form an adjunction, Db a U b.

The unit and counit of the adjunction Db a U b are given for the sake of completeness and
referencing:

ηUbDb
Y = ηBY : Y −→ BY , (4.32a)

εDbUb
(M,N) = (v, BχN) : (TN,BN) −→ (M,N) . (4.32b)

The functor Γ : Mor(A,B) −→ Adj(A,B) is de�ned over morphisms ϕ : (A,B, T, T̂ ) −→
(A′, B′, T ′, T̂ ′) as follows. The image of the morphism ϕ under the functor Γ has to be a functor
such that Γ(ϕ) : (A,B)(A′,B′) −→ (A,B)(A,B). In order to construct such a functor, let us state
the following proposition.

Proposition 4.3.1.4. Let ϕ : (C, F, µF , ηF ) −→ (C, F ′, µF ′ , ηF ′) be a morphism of monads, then
there exists a functor ϕH : CF ′ −→ CF between their Eilenberg-Moore categories of algebras.

Proof:(Sketch)

De�ne ϕH over objects (N, F
′
χN) in CF ′ as (N, F

′
χN · ϕN). De�ne ϕH over morphisms h :

(N, F
′
χN) −→ (N ′, F

′
χN ′) as

ϕH(h) =
↼

h: (N, F
′
χN · ϕN) −→ (N ′, F

′
χN ′ · ϕN ′) . (4.33)
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2

Resuming with the construction of the functor, Γ(ϕ) is de�ned over an object ((P, A
′
χP ),

(Q, B
′
χQ), r, s) in (A,B)(A′,B′) as

Γ(ϕ)(P,Q) = ((P, A
′
χP · ϕ1P ), (Q, B

′
χQ · ϕ2Q), r · ϕ3Q, s · ϕ4P ) .

On a morphism (p, q) : ((P, A
′
χP ), (Q, B

′
χQ), r, s) −→ ((P ′, A

′
χP ′), (Q

′, B
′
χQ′), r

′, s′) it is de�ned
as

Γ(ϕ)(p, q) = (
↼
p,

↼
q ) ,

where (
↼
p,

↼
q ) : ((P, A

′
χP · ϕ1P ), (Q, B

′
χQ · ϕ2Q), r · ϕ3Q, s · ϕ4P ) −→ ((P ′, A

′
χP ′ · ϕ1P

′), (Q′, B
′
χQ′ ·

ϕ2Q
′), r′·ϕ3Q

′, s′·ϕ4P
′) is a morphism in (A,B)(A,B). The notation↼means, for example, that the

underlying morphism p : P −→ P ′ remains the same but not the requirements over it, i.e. the bar
notation corresponds to p ful�lling the requirements for the Morita context (A′, B′, T ′, T̂ ′, ev′, êv′)

while the notation ↼ corresponds to the requirements for the Morita context (A,B, T, T̂ , ev, êv)
instead. Without further ado, let state the following

Proposition 4.3.1.5. Γ(ϕ) is well-de�ned and it is a functor.

Proof:

First, on objects, we need to prove that ((P, A
′
χP ·ϕ1P ), (Q, B

′
χQ ·ϕ2Q), r ·ϕ3Q, s ·ϕ4P ) is an

object in (A,B)(A,B).

The object (P, A
′
χP ·ϕ1P ) is in AA because it is the image of the functor ϕ1H, see Proposition

4.3.1.4. (Q, B
′
χQ · ϕ2Q) is an object in BB because is the image under the functor ϕ2H. The next

thing to get through is that r · ϕ3Q : ATQ −→ AP is a morphism in AA. This requirement is
translated to the outer most diagram in

ATQ
Aϕ3Q //

λQ

��

(i)

AT ′Q
Ar //

ϕ1T ′Q

��

(ii)

AP

ϕ1P

��
A′T ′Q

A′r
//

λ′Q

��

(iii)

A′P

A′χP

��
TQ

ϕ3Q
// T ′Q r

// P .
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This diagram was broken down already in order to help to write the argument for its commuta-
tivity.

The diagram in (i) commutes because ϕ3 : T −→ ϕ1T is a morphism in AF , in turn, (ii) com-
mutes because of the naturality of ϕ1 over r, and �nally, (iii) commutes because r : T ′Q −→ P

is in AA′ . That s · ϕ4P : T̂P → Q is a morphism in BB, is proved similarly.

It remains to show the commutativity of the diagrams in (4.18) and (4.19). Starting with the
�rst diagram in (4.18), this is translated to the following one

T T̂P
evP //

Tϕ4P

��

(i)

AP

ϕ1P

��
T T̂ ′P

ϕ3T̂ ′P //

Ts

��

(iii)

T ′T̂ ′P
ev′P //

T ′s

��

(ii)

A′P

A′χP

��
TQ

ϕ3Q
// T ′Q r

// P ,

which commutes because in (i) the expression ϕ3T̂ ′P · Tϕ4P is the de�nition of (ϕ3 ∗ ϕ4)(P ),
then this diagram corresponds to the �rst one in (4.15) for the requirements of a morphism of
Morita context. In turn, (ii) commutes because this diagram is the �rst requirement in (4.18) for
the Eilenberg-Moore algebra (P,Q). Finally, (iii) commutes because of the naturality of ϕ3 over s.

Resuming with the second diagram in (4.18), this can be translated to the following one

TBQ
Tϕ2Q //

ρQ

��

(i)

TB′Q
TB′χQ //

ϕ3B′Q

��

(ii)

TQ

ϕ3Q

��
T ′B′Q

ρ′Q

��

T ′B
′
χQ //

(iii)

T ′Q

r

��
TQ

ϕ3Q
// T ′Q r

// P ,

which commutes because the inner diagrams commute. The one corresponding to (i) commutes
because the morphism ϕ3B

′Q · Tϕ2Q is equal, through the Godement equality of (ϕ3 ∗ ϕ2)(Q),
(1.23), to T ′ϕ2Q · ϕ3BQ; if this morphism is substituted back in (i), it gives the requirement
(4.14) for a morphism of Morita contexts. In turn, (ii) commutes because of the naturality of
ϕ3 over B′χQ and �nally, (iii) commutes because it is the second requirement in (4.18) for the
Eilenberg-Moore algebra (P,Q).
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The requirements for the diagrams in (4.19) are sorted out similarly.

The fact that the functor Γ(ϕ) is well-de�ned on morphisms is proved as follows. That
↼
p :

(P, A
′
χP ·ϕ1P ) −→ (P ′, A

′
χP ′ ·ϕ1P

′) is a morphism in AA follows from the properties of the functor

ϕ1H. Likewise,
↼
q : (Q, B

′
χQ · ϕ2Q) −→ (Q′, B

′
χQ′ · ϕ2Q

′) is a morphism in BB. Furthermore, take
the �rst diagram in (4.21) and translate it to

TQ
Tq //

ϕ3Q

��

(i)

TQ′

ϕ3Q′

��
T ′Q

T ′q //

r

��

(ii)

T ′Q′

r′

��
P p

// P ′ .

The diagram (i) commutes because of the naturality of ϕ3 over q, and (ii) commutes because

(p, q) is a morphism of Eilenberg-Moore algebras for the Morita context (A′, B′, T ′, T̂ ′). The sec-

ond diagram in (4.21) commutes by similar arguments as the previous one. Therefore, (
↼
p,

↼
q ) is a

morphism of Eilenberg-Moore algebras for the Morita context (A,B, T, T̂ , ev, êv).

On the other hand, it is clear that Γ(ϕ)(1(P,Q)) = Γ(ϕ)(1P , 1Q) = (
↼

1P ,
↼

1Q) = 1Γ(ϕ)(P,Q). Also,

let (p′, q′) · (p, q) be a composition of morphisms, therefore Γ(ϕ)(p′ · p, q′ · q) = (
↼

p′ · p,
↼

q′ · q) = (
↼

p′

,
↼

q′) · (
↼
p,

↼
q ) = Γ(ϕ)(p′, q′) · Γ(ϕ)(p, q) . This completes the proof of the proposition. 2

It remains to check the interaction of the functor Γ(ϕ) with the right adjoints. In order to do
so, let (P,Q) be an object in (A,B)(A′,B′), then

Ua · Γ(ϕ)(P,Q) = Ua(P,Q) = P = U ′a(P,Q) ,

therefore Ua · Γ(ϕ) = U ′a, and the same is true about the U b's. This �nishes the proof that Γ
is well-de�ned on morphisms. Once this part has been �nished, one can proceed to check the
functoriality of Γ. Let us start with ϕ = 1(A,B,T,T̂ ) = (1A, 1B, 1T , 1T̂ ), then

Γ(1A, 1B, 1T , 1T̂ )((M, AχM), (N, BχN), v, w)=((M, AχM · 1AM), (N, BχN · 1BN), v · 1TN,w · 1T̂M)

=((M, AχM), (N, BχN), v, w) ,

which means that Γ(1(A,B,T,T̂ )) = 1Γ(A,B,T,T̂ ).

Consider the following composite ϕ′ · ϕ. If Γ is applied to this composite and evaluated at
((P, A

′′
χP ), (Q, B

′′
χQ), r, s), then the following calculation can be performed
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Γ(ϕ′ · ϕ)(P,Q) = ((P, A
′′
χP · (ϕ′1 · ϕ1)P ), (Q, B

′′
χQ · (ϕ′2 · ϕ2)Q), r · (ϕ′3 · ϕ3)Q, s · (ϕ′4 · ϕ4)P )

= ((P, A
′′
χP · ϕ′1P · ϕ1P ), (Q, B

′′
χQ · ϕ′2Q · ϕ2Q), r · ϕ′3Q · ϕ3Q, s · ϕ′4P · ϕ4P )

= Γ(ϕ)((P, A
′′
χP · ϕ′1P ), (Q, B

′′
χQ · ϕ′2Q), r · ϕ′3Q, s · ϕ′4P )

= Γ(ϕ)Γ(ϕ′)(P,Q) .

Therefore, Γ : Mor(A,B) −→ Adj(A,B) is a functor.

4.3.2 The Right Adjoint

This section is devoted to the construction of the right adjoint

Υ : Adj(A,B) −→Mor(A,B) , (4.34)

of Γ.

On objects Υ is de�ned as

Υ(L, La a Ra, Lb a Rb) = (RaLa, RbLb, RaLb, RbLa, Raε
bLa, Rbε

aLb) . (4.35)

On morphisms F : (L, La a Ra, Lb a Rb) −→ (L′, L′a a R′a, L′b a R′b), Υ is de�ned as

Υ(F ) = (Raα,Rbβ,Raβ,Rbα) . (4.36)

According to this, the following proposition can be stated.

Proposition 4.3.2.1. The functor Υ : Adj(A,B) −→Mor(A,B) is well-de�ned.

Proof :

†) Over objects.

The monad (RaLa, Raε
aLa, η

a) on A is just the monad induced by an adjunction (2.3), and
so is (RbLb, Rbε

bLb, η
b). That (RaLb, Raε

aLb, Raε
bLb) is an A-B bialgebra functor is proved as

follows. Take the �rst diagram in (4.6) and represent it with the proposed Morita context, to
obtain
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RaLaRaLaRaLb
RaεaLaRaLb //

RaLaRaεaLb

��

RaLaRaLb

RaεaLb

��
RaLaRaLb RaεaLb

// RaLb ,

this diagram commutes because is the result of applying the functor Ra to the naturality of ε
a over

εaLb. Now take the second diagram in (4.6) and represent it with the proposed Morita context,
to obtain the following diagram

RaLb
ηaRaLb //

RaLb

$$IIIIIIIIIIIIIIIII RaLaRaLb

RaεaLb

��
RaLb ,

this diagram commutes because is the triangular identity associated to the right adjoint Ra ap-
plied to the functor Lb.

These two examples exhaust the arguments required to prove all of the details for the well-
de�nition of the functor Υ over objects. Nevertheless, the arguments are given for the reader to
know the procedure of the proof. For example, the two diagrams in (4.7) commute because of the
naturality of εb over εb and the triangular identity associated to the left adjoint Lb, respectively.
The compatibility condition (4.8) is ful�lled because of the naturality of εa over εb. That T̂ is a
morphism in BFA follows similarly.

On the other hand, the properties required for ev : T T̂ −→ A and êv : T̂ T −→ B given by
(4.10) follow from the naturality of εb over εa and the naturality of εb over εb, respectively. The
�nal requirements in (4.11) follow in a similar way.

†) Over morphisms.

Consider ϕ1 = Raα. The �rst requirement in (4.13), translates to the following diagram

RaLaRaLa
RaLaRaα //

RaεaLa

��

RaLaRaFL
′
a = RaLaR

′
aL
′
a

RaαR′aL
′
a // RaFL

′
aR
′
aL
′
a = R′aL

′
aR
′
aL
′
a

R′aε
′aL′a

��
RaLa Raα

// RaFL
′
a = R′aL

′
a ,
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which commutes because of the following calculation

Raα ◦Raε
aLa = Raε

aFL′a ◦RaLaRaα

= Ra(Fε
′a ◦ αR′a)L′a ◦RaLaRaα

= RaFε
′aL′a ◦RaαR

′
aL
′
a ◦RaLaRaα

= R′aε
′aL′a ◦RaαR

′
aL
′
a ◦RaLaRaα .

The �rst equality follows from the naturality of εa over α, the second one is a consequence of
the second equality in (4.4a), and the fourth one is the requirement for F to commute with the
right adjoints, i.e. RaF = R′a. Note that the previous diagram was written down with all the
details, but in the remaining ones we will omit any reference to the equalities over the R's.

The second requirement in (4.13) translates to the following diagram

1A

ηa

��?????????????

η′a

���������������

RaLa Raα
// R′aL

′
a ,

whose commutativity property is nothing but the �rst equality of (4.4a).

The case ϕ2 = Rbβ, is just a mutatis mutandis of the previous case.

That ϕ3 : T −→ ϕ1Tϕ2 is a morphisms in AFB, is equivalent to the commutativity of the
following two diagrams

RaLaRaLb
RaLaRaβ //

RaεaLb

��

RaLaR
′
aL
′
b

RaαR′aL
′
b

��
R′aL

′
aR
′
aL
′
b

R′aε
′aL′b

��
RaLb Raβ

// R′aL
′
b ,

RaLbRbLb
RaβRbLb //

RaεbLb

��

R′aL
′
bRbLb

R′aL
′
bRbβ

��
R′aL

′
bR
′
bL
′
b

R′aε
′bL′b

��
RaLb Raβ

// R′aL
′
b .
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Let us check the commutativity of the �rst one;

R′aε
′aL′b ◦RaαR

′
aL
′
b ◦RaLaRaβ = RaFε

′aL′b ◦RaαR
′
aL
′
b ◦RaLaRaβ

= Ra(Fε
′aL′b ◦ αR′a)L′b ◦RaLaRaβ

= Raε
aFL′b ◦RaLaRaβ .

The two �rst equalities are self-explanatory, and for the third and �nal one the second property
in (4.4a) was used. For the commutativity of the second diagram,

R′aε
′bL′b ◦R′aL′bRbβ ◦RaβRbLb = RaFε

′bL′b ◦RaFL
′
bRbβ ◦RaβRbLb

= RaFε
′bL′b ◦RaβR

′
bL
′
b ◦RaLbRbβ

= Ra(Fε
′b ◦ βR′b)L′b ◦RaLbRbβ

= Raε
bFL′b ◦RaLbRbβ

= Raβ ◦Raε
bLb .

To derive the second equality the naturality of β over LbRbβ was used and to derive the fourth
one, the second property in (4.4b) was used. Finally, for the �fth equality, the naturality of εb

over LbRbβ was used.

That ϕ4 : T̂ −→ ϕ2T̂ϕ1 is a morphism in BFA is proved in a similar way.

On the other hand, the �rst condition in (4.15), translates to the following commutative
diagram

RaLbRbLa
RaLbRbα //

RaεbLa

��

RaLbR
′
bL
′
a

RaβR′bL
′
a // R′aL

′
bR
′
bL
′
a

R′aε
′bL′a

��
RaLa Raα

// R′aL
′
a .

The next calculation proves its commutativity:

R′aε
′bL′a ◦RaβR

′
bL
′
a ◦RaLbRbα = RaFε

′bL′a ◦RaβR
′
bL
′
a ◦RaLbRbα

=
(
Ra(Fε

′bL′a ◦ βR′b)L′a
)
◦RaLbRbα

= Raε
bFL′a ◦RaLbRbα

= Ra(ε
bFL′a ◦ LbRbα)

= Ra(α ◦ εbLa)
= Raα ◦Raε

bLa .
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The third equality follows from the second property in (4.4b), and in the �fth one the naturality
of εb over α was used. The second condition in (4.15) is proved similarly. 2

Now that the well-de�nition of Υ has been proved, it only remains to show that Υ(1(L,LaaRa,LbaRb)) =
1Υ(L,LaaRa,LbaRb). This last equality follows easily from the next calculation, Υ(1L) = (Ra1La , Rb1Lb

,
Ra1Lb

, Rb1La) = (1RaLa , 1RbLb
, 1RaLb

, 1RbLa). For the compatibility with composition, Υ(F ′ · F ) =
Υ(F ′) ·Υ(F ), we have that

(Raα
′′, Rbβ

′′, Raβ
′′, Rbα

′′)
!

= (R′aα
′, R′bβ

′, R′aβ
′, R′bα

′) · (Raα,Rbβ,Raβ,Rbα)

=
(
Ra(Fα

′ ◦ α), Rb(Fβ
′ ◦ β), Ra(Fβ

′ ◦ β), Rb(Fα
′ ◦ α)

)
.

Therefore, the equality that has to be ful�lled is α′′ = Fα′ ◦ α, where α′′ = εaFF ′L′′a ◦ Laη′′a. A
similar equality takes place for β′′. This equality is veri�ed as follows:

εaFF ′L′′a ◦ Laη′′a = (Fε′a ◦ αR′a)F ′L′′a ◦ Laη′′a

= Fε′aF ′L′′a ◦ αR′aF ′L′′a ◦ Laη′′a

= Fε′aF ′L′′a ◦ αR′aF ′L′′a ◦ LaR′aα′ ◦ Laη′a

= Fε′aF ′L′′a ◦ FL′aR′aα′ ◦ αR′aL′a ◦ Laη′a

= Fα′ ◦ Fε′aL′a ◦ αR′aL′a ◦ Laη′a

= Fα′ ◦ εFL′a ◦ Laη′a

= Fα′ ◦ α .

The �rst equality follows by the second property in (4.4a), and the third one by the �rst prop-
erty in (4.4a) for η′′a. For the fourth equality, the naturality of α over R′aα

′ was used and for
the �fth one, the naturality of ε′a over α′ was required. Finally, for the sixth equality yet again
the second property in (4.4a) was used and the de�nition of α was applied for the seventh equality.

This completes the proof of the functoriality of Υ.

4.3.3 The Unit and the Counit of the Adjunction

The two previous sections give the background to propose an adjunction

Mor(A,B)
Γ

//Adj(A,B) ,
Υoo (4.37)

whose unit and counit are de�ned without any further ado. Let us begin by giving the unit of
this adjunction,

ν : 1Mor(A,B) // ΥΓ .
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First, in order to de�ne this unit over an object (A,B, T, T̂ ) in Mor(A,B),

ν(A,B, T, T̂ ) : (A,B, T, T̂ ) −→ ΥΓ(A,B, T, T̂ ) ,

ΥΓ(A,B, T, T̂ ) has to be characterized. From the previous sections

Γ(A,B, T, T̂ , ev, êv) = ((A,B)(A,B), Da a Ua, Db a U b) .

Therefore, we need to construct the object Υ
(
(A,B)(A,B), Da a Ua, Db a U b

)
. For the part

involving the monad on A, we have

(UaDa, UaεDaUa
Da, ηUaDa

) = (A, µA, ηA) .

Note that this result resembles the statement in Proposition 2.1.2, that is to say, the monad in-
duced by the adjunction Da a Ua is one of the monads that constructs precisely this adjunction,
in this case (A, µA, ηA).

For the part involving the monad on B,

(U bDb, U bεDbUb
Db, ηUbDb

) = (B, µB, ηB) ,

in a similar way.

For the part corresponding to T ,

(UaDb, UaεDaUa
Db, UaεDbUb

Db) ,

where

UaDbY = Ua(TY,BY ) = TY ,

UaεDaUa
DbY = UaεDaUa

((TY, λY ), (BY, µBY ), ρY, êvY ) = Ua(λY , êvY ) = λY ,

UaεDbUb
DbY = UaεDbUb

((TY, λY ), (BY, µBY ), ρY, êvY ) = Ua(ρY , µBY ) = ρY .

Therefore,

(UaDb, UaεDaUa
Db, UaεDbUb

Db) = (T, λ, ρ) .

For the part corresponding to T̂ , we can obtain in a similar way

(U bDa, U bεDbUb
Da, U bεDaUa

Da) = (T̂ , λ̂, ρ̂) .
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For the part corresponding to ev,

UaεDbUb
Da ,

then for X in A,

UaεDbUb
DaX = UaεDbUb

((AX, µAX), (T̂ , λ̂), evX, ρ̂X) = Ua(evX, λ̂X) = evX .

That is to say,

UaεDbUb
Da = ev .

For the part corresponding to êv, we can get in a similar way that

U bεDaUa
Db = êv .

All this is summarized by saying that ΥΓ(A,B, T, T̂ , ev, êv) = (A,B, T, T̂ , ev, êv). Therefore,
the unit of the adjuncion is nothing but the identity natural transformation for Mor(A,B). For

the object (A,B, T, T̂ , ev, êv),

ν(A,B, T, T̂ , ev, êv) = 1(A,B,T,T̂ ) = (1A, 1B, 1T , 1T̂ ) . (4.38)

In order to de�ne the counit,

ς : ΓΥ −→ 1Adj(A,B) ,

the value of the functor ΓΥ has to be determined over the object (L, La a Ra, Lb a Rb) in
Adj(A,B). In order to do so, the functor Υ is applied �rst, to obtain

Υ(L, La a Ra, Lb a Rb) = (RaLa, RbLb, RaLb, RbLa, Raε
bLa, Rbε

aLb) ,

and then the functor Γ,

Γ(RaLa, RbLb, RaLb, RbLa, Raε
bLa, Rbε

aLb) = ((A,B)(RaLa,RbLb), Da
LR a Ua

LR, D
b
LR a U b

LR) .
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Thus, for an object (L, La a Ra, Lb a Rb), the counit can be given as

ς(L, La a Ra, Lb a Rb) : ((A,B)(RaLa,RbLb), Da
LR a Ua

LR, D
b
LR a U b

LR)
KLR // (L, La a Ra, Lb a Rb) ,

where KLR is a morphism in Adj(A,B), that is to say, a functor KLR : L −→ (A,B)(RaLa,RbLb).
This functor is de�ned over objects as

KLRZ = ((RaZ,Raε
aZ), (RbZ,Rbε

bZ), Raε
bZ,Rbε

aZ) ,

and over morphisms z : Z −→ Z ′ it is de�ned as

KLRz = (Raz, Rbz) .

This de�nition should be compared with that of the comparison functor KF de�ned in Propo-
sition 2.1.4, for a monad (F, µF , ηF ). Before resuming the description of the adjunction let us
state and prove the following

Proposition 4.3.3.1. KLR is well-de�ned and it is a functor.

Proof :

The functor KLR is well-de�ned on objects.

That (RaZ,Raε
aZ) is an object in ARaLa is proved by translating the diagrams in (2.9) for

the monad given by RaLa. The resulting diagrams commute because of the naturality of εa over
εaZ and because of the triangular identity associated to the right adjoint Ra, respectively.

That (RbZ,Rbε
bZ) is an object in BRbLb follows by similar arguments.

The commutativity of the diagrams in (4.18) for an Eilenberg-Moore category are ful�lled. For
example, the �rst diagram, when translated, looks like Raε

aZ ·Raε
bLaRaZ = Raε

bZ ·RaLbRbε
aZ

and this is nothing but applying the functor Ra to the naturality of εb over εaZ. The second
diagram is translated to Raε

aZ · Raε
bLaRaZ = Raε

bZ · RaLbRbε
aZ which holds since it is the

functor Ra applied to the naturality of εb over εbZ.

The pair of diagrams in (4.19) are proved similarly, i.e. the �rst one because of the functor
Rb applied to the naturality of εa over εbZ and the second one because the functor Rb has been
applied to the naturality of εa over εaZ.

The functor KLR is well-de�ned on morphisms.
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In order to prove this statement let z : Z −→ Z ′ be a morphism in L. Then Raz is a morphism
in ARaLa because of the naturality of εa over z. That Rbz is a morphism in BRbLb follows in the
same way.

It remains to show that the maps ful�ll the requirements given in (4.21). Let us start with the
�rst one, which translates to Raε

bZ ′ · RaLbRbz = Raz · Raε
bZ. This equality holds because it is

the result of applying the functor Ra to the naturality of εb over z. And the second requirement
in (4.21) also holds, because it is the result of applying the functor Rb to the naturality of ε

a over z.

The functoriality of KLR.

Let Z be an object in L and 1Z its unit, then KLR(1Z) = (Ra1Z , Rb1Z) = (1RaZ , 1RbZ) =
1(RaZ,RbZ) = 1KLR(Z). Let z

′ · z be a composite in L, therefore KLR(z′ · z) = (Ra(z
′ · z), Rb(z

′ · z)) =
(Raz

′, Rbz
′) · (Raz,Rbz) = KLR(z′) ·KLR(z). 2

After the proof of this proposition, it only remains to check the commutativity with the right
adjoints. First,

Ua
LR ·KLRZ = Ua

LR(RaZ,RbZ) = RaZ ,

and the same argument can be applied to Rb. Therefore, the counit can be de�ned as

ζ(L, La a Ra, Lb a Rb) = KLR . (4.39)

The naturality of the counit is proved as follows. Let F : (L, La a Ra, Lb a Rb) −→ (L′, L′a a
R′a, L

′
b a R′b). We need to show that the following diagram of underlying functors

ΓΥ(L′) ΓΥ(F ) // ΓΥ(L)

L′

ζL′

OO

F // L

ζL

OO

commutes.

Since it is a diagram of functors, the commutativity has to be proved for objects and for
morphisms. Let Z ′ be an object in L′, then
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(ΓΥF · ζL′)Z ′ = ΓΥF
(
(R′aZ

′, R′aε
′aZ ′), (R′bZ

′, R′bε
′bZ ′), R′aε

′bZ ′, R′bε
′aZ ′

)
= Γ(Raα,Rbβ,Raβ,Rbα)

(
(R′aZ

′, R′aε
′aZ ′), (R′bZ

′, R′bε
′bZ ′), R′aε

′bZ ′, R′bε
′aZ ′

)
= (R′aZ

′, R′aε
′aZ ′ ·RaαR

′
aZ
′), (R′bZ

′, R′bε
′bZ ′ ·RbβR

′
aZ
′),

R′aε
′bZ ′ ·RaβR

′
bZ
′, R′bε

′aZ ′ ·RbαR
′
aZ
′)

= (RaFZ
′, RaFε

′aZ ′ ·RaαR
′
aZ
′), (RbFZ

′, RbFε
′bZ ′ ·RbβR

′
aZ
′),

RaFε
′bZ ′ ·RaβR

′
bZ
′, RbFε

′aZ ′ ·RbαR
′
aZ
′)

= (RaFZ
′, Raε

aFZ ′), (RbFZ
′, Rbε

bZ ′), Raε
bFZ ′, Rbε

aFZ ′)

= (ζL · F )(Z ′) .

In the �rst three equalities just the de�nitions of the involved functors are used. In the fourth
equality, R′'s are substituted by the RF 's, and in the �fth equality, the second equalities of (4.4a)
and (4.4b) were used.

Over morphisms, the calculation goes as follows:

(ΓΥF · ζL′)z = ΓΥF (R′az, R
′
bz)

= Γ(Raα,Rbβ,Raβ,Rbα)(R′az, R
′
bz)

= (
↼

R′az,
↼

R′bz)

= (
↼

RaFz,
↼

RbFz)

= (ζL · F )(z) .

This completes the proof of the naturality of the counit.

Let us proceed to prove the triangular identities for the adjunction (4.37). In order to do so,
let us begin with the triangular identity associated to the left adjoint Γ,

ζΓ ◦ Γν = 1Γ . (4.40)

Let (A,B, T, T̂ ) be an object in Mor(A,B), by breaking down the composition, we have

Γν(A,B, T, T̂ ) = Γ(1A, 1B, 1T , 1T̂ ) = 1(A,B)(A,B) .

On the other hand,
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ζΓ(A,B, T, T̂ ) = ζ((A,B)(A,B), Da a Ua, Db a U b) ,

which amounts to the following functor

KDU : (A,B)(A,B) −→ (A,B)(DaUa,DbUb) ,

where DaUa = A. Let ((M, AχM), (N, BχN), v, w) be an object in (A,B)(A,B), then

KDU((M, AχM), (N, BχN), v, w) = ((Ua(M,N), Uaεa(M,N)), (U b(M,N), U bεb(M,N)),

Uaεb(M,N), U bεa(M,N))

= ((M,Ua(AχM , w)), (N,U b(v, BχN)), Ua(v, BχN), U b(AχM , w))

= ((M, AχM), (N, BχN), v, w) ,

and for morphisms, (f, g ) in (A,B)(A,B),

KDU(f, g) = (Ua(f, g), U b(f, g)) = (f, g) .

Thus KDU = 1(A,B)(A,B) . All this amounts to the following conclusion,

1(A,B)(A,B) · 1(A,B)(A,B) = 1(A,B)(A,B) ,

which is the required equality.

Let us prove the triangular identity associated to the right adjoint Υ, namely

Υζ ◦ νΥ = 1Υ . (4.41)

Let (L, La a Ra, Lb a Rb) be a double adjunction, then breaking down the composition, we
have �rst

νΥ(L, La a Ra, Lb a Rb) = ν(RaLa, RbLb, RaLb, RbLa, Raε
bLa, Rbε

aLb)

= (1RaLa , 1RbLb
, 1RaLb

, 1RbLa) .
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On the other hand,

Υζ(L, La a Ra, Lb a Rb)=Υ
(
KDU : (A,B)(RaLa,RbLa), Da a Ua, Db a U b)−→(L, La a Ra, Lb a Rb)

)
= (Uaα̃, Uaβ̃, Uaβ̃, U bα̃) ,

where α̃ is the composite

Da
Daηa

// DaRaLa = DaUaKDULa
εDaUa

KDULa // KDULa ,

and similarly for β̃. The �rst component for Υζ(L, La a Ra, Lb a Rb) over the object Z in L
comes out as

Uaα̃Z= UaεDaUa
KDULaZ · UaDaηaZ

=UaεDaUa(
(RaLaZ,Raε

aLaZ), (RbLbZ,Rbε
bLbZ), Raε

bLaZ,Rbε
bLaZ

)
·Ua(RaLaη

aZ,RaLbη
aZ)

= Ua(Raε
aLaZ,Rbε

aLaZ) ·RaLaη
aZ

= Raε
aLaZ ·RaLaη

aZ

= Ra1LaZ

= 1RaLaZ .

In the previous calculation several de�nitions given in this section where used. The only equality
highlighted is the �fth one, where the triangular identity associated to the left adjoint La was used.

On the other hand, β̃ = εDbUb
KDULb ◦Dbηb = 1RbLb

. Hence,

Υζ(L, La a Ra, Lb a Rb) = (Uaα̃, Uaβ̃, Uaβ̃, U bα̃) = (1RaLa , 1RbLb
, 1RaLb

, 1RbLa) .

Substituting the components of the composition,

(1RaLa , 1RbLb
, 1RaLb

, 1RbLa) ◦ (1RaLa , 1RbLb
, 1RaLb

, 1RbLa) = (1RaLa , 1RbLb
, 1RaLb

, 1RbLa) .

where the last result was the one looked for in (4.41). In summary, one can state the follow-
ing proposition which holds since the unit of the adjunction (4.37), ν, is the identity natural
transformation, see [25].

Proposition 4.3.3.2. (Γ,Υ) is an adjoint pair, and Γ is full and faithful. 2
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4.4 Moritability

In this section, the necessary and su�cient conditions for the functorKLR : L −→ (A,B)(RaLa,RbLb)

to be an equivalence of categories are given, this equivalence renders a Beck-type theorem for a
categorical Morita context. In order to do so, let us begin by giving the following de�nition which
becomes important in the development of the theory to come.

De�nition 4.4.1. Let (L, La a Ra, Lb a Rb) be an object in Adj(A,B). The pair (Ra, Rb) is said
to be moritable if and only if the functor KLR is an equivalence of categories.

Also it is convenient to give the following

Proposition 4.4.2. Let (A,B, T, T̂ ) be an object in Mor(A,B) and (f, g ) a morphism in (A,B)(A,B).
Then (f, g ) is an isomorphism in (A,B)(A,B) if and only if f and g are isomorphisms in their
respective categories.

Proof :

If (f, g) is an isomorphism in (A,B)(A,B) then so is Ua(f, g) = f , since functors preserve iso-
morphisms. Obviously, the same result applies to g.

Suppose that for the morphism (f, g) in (A,B)(A,B), f and g are isomorphisms, and let f−1

and g−1 be their respective inverses. Since (f, g) is a morphism in (A,B)(A,B), it ful�lls the
requirements given in (4.20) and (4.21). Take the �rst requirements in each pair, and compose
them as showed

f−1 · (AχM ′ · Af = f · AχM) · Af−1 , f−1 · (v′ · Tg = f · v) · Tg−1 .

Then AχM · Af−1 = f−1 · AχM ′ and v · Tg−1 = f−1 · v′, which gives the ful�llment of the �rst
requirements for the inverses. The same can be done for the second requirements. Therefore,

(f
−1
, g−1) is in (A,B)(A,B).

2

We continue with the following

Proposition 4.4.3. Let (Ra, Rb) be a moritable pair. Then any morphism z in L such that Raz
and Rbz are isomorphisms is an isomorphism.

Proof :

Since Raz and Rbz are isomorphisms in A and B, then, by Proposition (4.4.2)

(Raz,Rbz) = KLRz .

is an isomorphism in (A,B)(A,B). Since KLR is an equivalence of categories, it re�ects isomor-
phisms, therefore z in L is an isomorphism.
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2

Let us give, in order to proceed, another

De�nition 4.4.4. The pair (Ra, Rb) is said to re�ect isomorphisms if for z in L such that Raz
and Rbz are isomorphisms, it can be concluded that z is also an isomorphism.

In order to analyse the functor KLR : L −→ (A,B)(RaLa,RbLb) more deeply, the existence of
certain colimits in the category L has to be supposed. Let (M,N) be an object in (A,B)(A,B),
and consider the following diagram in L,

LaRaLaM

La
RaLaχM

��

εaLaM

��

LaRaLbN

Lav

yysssssssssssssssssss

εaLbN

**UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU LbRbLaM

εbLaM

ttiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

Lbw

%%KKKKKKKKKKKKKKKKKK LbRbLbN

εbLbN

��

Lb
RbLbχN

��
LaM LbN .

(‡)

This diagram will be referred to as the diagram of type ‡ for the object (or corresponding to)
(M,N). The colimit of such a diagram is a universal cocone like the following one

LaM

ja
MN ((QQQQQQQQQQQQQQQQ LbN

jb
MNvvmmmmmmmmmmmmmmmm .

JMN

(4.42)

Now if we consider the morphism (f, g) : (M,N) −→ (M ′, N ′) in (A,B)(RaLa,RbLb) and consider
also the following diagram,

LaRaLaM

LaRaLaf

��

LaRaLbN

LaRaLbg

��

LbRbLaM

LbRbLaf

��

LbRbLbN

LbRbLbg

��
LaRaLaM

′

La
RaLaχM′

��

εaLaM ′

��

LaRaLbN
′

Lav′

xxrrrrrrrrrrrrrrrrrrr

εaLbN
′

++WWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW LbRbLaM
′

εbLaM ′

ssggggggggggggggggggggggggggggggggggggggg

Lbw
′

%%LLLLLLLLLLLLLLLLLL LbRbLbN
′

εbLbN
′

��

Lb
RbLbχN′

��
LaM

′

ja
M′N′

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSSS LbN
′

jb
M′N′

uukkkkkkkkkkkkkkkkkkkkkkkkkkkkkk ,

JM′N′
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then since (JM′N′ , j
a
M′N′ , j

b
M′N′) is a universal cocone for a diagram of type ‡, it is also a cocone for

the very previous diagram. For example, begin with ja
M′N′ · LaRaLaχM ′ = ja

M′N′ · εaLaM ′, therefore
ja

M′N′ · LaRaLaχM ′ · LaRaLaf = ja
M′N′ · εaLaM ′ · LaRaLaf , and so on.

On the other hand, (f, g) : (M,N) −→ (M ′, N ′) is a morphism in (A,B)(RaLa,RbLb), hence the
previous equality can be substituted by the following one ja

M′N′ ·Laf ·LaRaLaχM = ja
M′N′ ·Laf ·εaLaM ,

because f is a morphism in ARaLa and because of the naturality of εa over Laf . This proce-
dure can be continued with all the morphisms involved in the previous diagram. In summary,
(JM′N′ , j

a
M′N′ ·Laf, jbM′N′ ·Lbg) is a cocone for the diagram of type ‡ corresponding to (M,N). There-

fore, there exists a unique morphism jfg : JMN → JM′N′ such that the bottom pair of diagrams
commute

LaRaLaM

La
RaLaχM

��

εaLaM

��

LaRaLbN

Lav

yysssssssssssssssssss

εaLbN

++VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV LbRbLaM

εbLaM

sshhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh

Lbw

%%KKKKKKKKKKKKKKKKKK LbRbLbN

εbLbN

��

Lb
RbLbχN

��
LaM

Laf

��

ja
MN

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSSS LbN

jb
MN

uullllllllllllllllllllllllllllll

Lbg

��

.

LaM
′

ja
M′N′

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSS JMN

jfg

���
�
�
�
� LbN

′

jb
M′N′

uulllllllllllllllllllllllllllll

JM′N′

(4.43)

The previous procedure allows one to de�ne a functor

J : (A,B)(RaLa,RbLb) −→ L , (4.44)

which, over objects (M,N) in (A,B)(RaLa,RbLb) and morphisms (f, g) : (M,N) −→ (M ′, N ′) is
de�ned as

J(M,N) = JMN , (4.45a)

J(f, g) = jfg , (4.45b)

respectively. It is indeed a functor. For a sketch proof, consider 1(M,N) = (1M , 1N), then j1M 1N

makes the double rectangle commute in a diagram like (4.43), i.e., j1M 1N
· jaMN = jaMN · La1M and
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so is 1JMN
. Therefore, by uniqueness, j1M 1N

= 1JMN
. Also, by uniqueness J(f

′
, g′) · J(f, g) =

J(f
′
f, g′ · g). Once the functor J has been de�ned, the following lemma can be stated.

Lemma 4.4.5. Let (ColimF, γi) be the colimit of the functor F : I → C, and consider the
following diagram in C

Fi
fij //

γi

##FFFFFFFFFFFFFF Fj

γj

{{wwwwwwwwwwwwww
,

ColimF

r

��

s

��
C

such that r · γi = s · γi, for all i in I. Then, r = s.

This lemma helps to prove the following

Proposition 4.4.6. The functor J : (A,B)(RaLa,RbLb) −→ L is left adjoint to the comparison
functor KLR : L −→ (A,B)(RaLa,RbLb).

Proof :

i) The unit of the adjunction

ηKJ : 1(A,B)(RaLa,RbLb) −→ KLRJ ,

has to be a morphism in (A,B)(RaLa,RbLb) for any object (M,N) in the same category. First,
compute the image of the functor KLRJ on (M,N)

KLRJ(M,N) = KLRJMN = ((RaJMN , Raε
aJMN), (RbJMN , Rbε

bJMN), Raε
bJMN , Rbε

aJMN) .

Because of this, the de�nition of the unit ηKJ(M,N) is the following

ηKJ(M,N) = (Raj
a
MN · ηaM,Rbj

b
MN · ηbN) . (4.46)

This proposal has to be a morphism in (A,B)(RaLa,RbLb), that is to say, it has to ful�ll the
requirements in (4.20) and (4.21). For example, the �rst requirement for Raj

a
MN · ηaM to be an
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object in ARaLa is translated to the following diagram

RaLaM
RaLaηaM //

RaLaχM

��

RaLaRaLaM
RaLaRaja

MN // RaLaRaJMN

RaεaJMN

��
M

ηaM
// RaLaM Raja

MN

// RaJMN .

This diagram commutes because of the following calculation,

Raε
aJMN ·RaLaRaj

a
MN ·RaLaη

aM = Raj
a
MN ·Raε

aLaM ·RaLaη
aM

= Raj
a
MN ·Ra1LaM

= Raj
a
MN · 1RaLaM

= Raj
a
MN ·Raε

aLaM · ηaRaLaM

= Raj
a
MN ·RaLa

RaLaχM · ηaRaLaM

= Raj
a
MN · ηaM · RaLaχM ,

where in the �rst equality, the functor Ra was applied to the naturality of εa over jaMN . In the
second equality, the triangular identity associated to the left adjoint La was used. In the fourth
one, the triangular identity associated to the right adjoint Ra was used. In the �fth equality, the
property of the cocone was used, in particular, that of jaMN being a cofork. And �nally, in the
sixth equality, the naturality of ηa over RaLaχM was used.

The fact that Rbj
b
MN · ηbN is an object in BRbLb is proved similarly.

On the other hand, the requirement given by the �rst diagram in (4.21) renders, after trans-
lation, the following diagram

RaLbN
RaLbη

bN //

v

��

RaLbRbLbN
RaLbRbj

b
MN // RaLbRbJMN

RaεbJMN

��
M

ηaM
// RaLaM Raja

MN

// RaJMN ,

which commutes because of the following calculation,
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Raε
bJMN ·RaLbRbj

b
MN ·RaLbη

bN = Raj
b
MN ·Raε

bLbN ·RaLbη
bN

= Raj
b
MN ·Ra1Lb

N

= Raj
b
MN · 1RaLbN

= Raj
b
MN ·Raε

aLbN · ηaRaLbN

= Raj
a
MN ·RaLav · ηaRaLbN

= Raj
a
MN · ηaM · v .

In the �rst equality, the functor Ra was applied to the naturality of εb over jbMN . In the second
equality, the triangular identity associated to the left adjoint Lb was used. In the fourth equality,
the triangular identity associated to the right adjoint Ra was used instead. In the �fth equality,
the cocone property was used, in particular, that of jaMN and jbMN being a push-out. And �nally,
in the sixth equality, the naturality of ηa over v was used.

The requirement given in the second diagram in (4.21), is proved similarly. Putting together
all of this proves that the unit is well-de�ned.

Let us proceed to show that the unit is indeed a natural transformation. For such a proof, let
(f, g) : (M,N) −→ (M ′, N ′) be a morphism in (A,B)(RaLa,RbLb), then the following diagram must
commute

(M,N)
(f,g) //

(Raja
MN ·η

aM,Rbj
b
MN ·η

bN)

��

(M ′, N ′)

(Raja
M′N′

·ηaM ′,Rbj
b
M′N′

·ηbN ′)

��
(RaJMN , RbJMN)

(Rajfg ,Rbjfg)
// (RaJM′N′ , RbJM′N′) .

The next calculation shows that the commutativity is ful�lled,

(Raj
a
M′N′ · ηaM ′ · f,Rbj

b
M′N′ · ηbN ′ · g) = (Raj

a
M′N′ ·RaLaf · ηaM,Rbj

b
M′N′ ·RbLbg · ηbN)

= (Rajfg ·Raj
a
MN · ηaM,Rbjfg ·Rbj

b
MN · ηbN) .

In the �rst equality, the naturality of ηa over f was applied in the �rst component and the nat-
urality of ηb over g was used in the second component. In the second equality, the properties of
commutativity of the map jfg were used.

ii) The counit of the adjunction
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εJK : JKLR −→ 1L ,

has to be a morphism in L for any object Z in the same category. Following the same procedure
as before, let us �rst compute the image of the functor JKLR over Z,

JKLRZ = J
(
(RaZ,Raε

aZ), (RbZ,Rbε
bZ), Raε

bZ,Rbε
aZ
)

= JRaZRbZ =: JR∗Z .

In order to construct the counit, let us note that (Z, εaZ, εbZ) is a cocone for a diagram of
type ‡ corresponding to the object (RaZ,RbZ). It is worth to display the cocones to discuss the
statement just made

LaRaLaRaZ

LaRaεaZ

��

εaLaRaZ

��

LaRaLbRbZ

LaRaεbZ

xxrrrrrrrrrrrrrrrrrrrrr

εaLbRbZ

++VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV LbRbLaRaZ

εbLaRaZ

sshhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh

LbRbε
aZ

%%LLLLLLLLLLLLLLLLLLLL LbRbLbRbZ

εbLbRbZ

��

LbRbε
bZ

��
LaRaZ

ja
R∗Z

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS

εaZ

##GGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGG LbRbZ

jb
R∗Z

uukkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

εbZ

{{wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww
,

JR∗Z

εJK

��
Z

The map εaZ is a cofork for the �rst parallel vertical arrows because of the naturality of εa

over εaZ. The pair (εaZ, εbZ) is a cocone for the �rst push-out because of the naturality of εa

over εbZ and it is also a cocone for the second push-out because of the naturality of εb over εaZ.
And �nally, the map εbZ is a cofork for the right parallel vertical arrows because of the naturality
of εb over εbZ.

Since (Z, εaZ, εbZ) is a cocone, there exists, because of the property of colimits, a unique
arrow, termed εJK which makes the bottom triangular diagrams commute. This unique arrow is
the de�nition of the counit over the object Z

εJKZ : JR∗Z −→ Z . (4.47)

In order to check for the naturality of the counit, let z : Z −→ Z ′ be a morphism in L, then
the diagram
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JR∗Z

jR∗z //

εJKZ

��

JR∗Z′

εJKZ′

��
Z z

// Z ′

(4.48)

must commute. This diagram can be doubly embedded in the following one.

LaRaZ

ja
R∗Z

%%KKKKKKKKKKKKK

εaZ

��

LaRaz

��

LbRbZ

εbZ

��

jb
R∗Z

yysssssssssssss

LbRbz

��

JR∗Z

εJKZ
##GGGGGGGGGGGGG

jR∗z

��

JR∗Z

εJKZ
{{wwwwwwwwwwwww

jR∗z

��

LaRaZ
′

εaZ′

..

ja
R∗Z′ %%KKKKKKKKKKKKK Z

z

��

LbRbZ
′

jb
R∗Z′yysssssssssssss

εbZ′

pp

,

JR∗Z′

εJKZ′

##GGGGGGGGGGGG
JR∗Z′

εJKZ′

{{wwwwwwwwwwww

Z ′

Consider the following calculation,

z · εJKZ · jaR∗Z = z · εaZ
= εaZ ′ · LaRaz

= εJKZ ′ · jaR∗Z′ · LaRaz

= εJKZ ′ · jR∗z · jaR∗Z .

The �rst equality follows since (Z, εaZ, εbZ) is a cocone for the diagram of type ‡ corresponding
to the object (RaZ,RbZ). The second equality follows because of the naturality of εa over z. The
third equality follows also because (Z ′, εaZ ′, εbZ ′) is a cocone for the object (RaZ

′, RbZ
′). And

�nally, the fourth equality follows because of the commutative property for the map jfg, which in
this case is jR∗z.

Likewise,

z · εJKZ · jbR∗Z = εJKZ ′ · jR∗z · jbR∗Z .
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Then if Lemma 4.4.5 is invoked, the following equality must hold independently of jaR∗Z and
jbR∗Z,

z · εJKZ = εJKZ ′ · jR∗z .

This is the commutativity requirement for the diagram in (4.48), i.e. that the counit is a natural
transformation.

iii) The triangular identity associated to the left adjoint J .

The following identity has to be proved,

εJKJ ◦ JηKJ = 1J .

In order to prove it, let us break down the composition evaluated on the object (M,N) in
(A,B)(RaLa,RbLb). First,

ηKJ(M,N) = (Raj
a
MN · ηaM,Rbj

b
MN · ηbN) .

Then the functor J applied to it looks like,

LaM

ja
MN

%%JJJJJJJJJJJJJJJJJJJJ

LaRaja
MN ·LaηaM

��

LbN

jb
MN

zztttttttttttttttttttt

LbRbj
b
MN ·Lbη

bN

��
LaRaJMN

ja
R∗JMN

$$JJJJJJJJJJJJJJJJJJJJ JMN

JηKJ (M,N)

��

LbRbJMN

jb
R∗JMN

zztttttttttttttttttttt
.

JR∗JMN

On the other hand, the diagram associated to εJKJ(M,N), reads
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LaRaJMN

ja
R∗JMN

&&MMMMMMMMMMMMMMMMM

εaJMN

��;;;;;;;;;;;;;;;;;;;;;;;;;;;; LbRbJMN

jb
R∗JMN

xxrrrrrrrrrrrrrrrrrr

εbJMN

������������������������������

JR∗JMN

εJKJMN

��

.

JMN

If the last two diagrams are glued one after another, then the resulting diagram can be written
down as

LaM
ja
MN //

LaRaja
MN ·LaηaM

��

JMN

εJKJ ·JηKJ (M,N)

��

LbN
jb
MNoo

LbRbj
b
MN ·LaηbN

��
LaRaJMN εaJMN

// JMN LbRbJMN
εbJMN

oo .

But εaJMN · LaRaj
a
MN · LaηaM = jaMN · εaLaM · LaηaM = jaMN , using the naturality of εa over

jaMN and the triangular identity associated to the left adjoint La, respectively. Likewise, εbJMN ·
LbRbj

b
MN · LbηbN = jbMN .

This means that the following diagram commutes,

LaM

ja
MN

%%JJJJJJJJJJJJJJJJ

ja
MN

��88888888888888888888888888 LbN

jb
MN

yytttttttttttttttt

jb
MN

����������������������������

JMN

εJKJ ·JηKJ (M,N)

��

.

JMN

There is, though, another morphism which makes the previous diagram commute, 1JMN
. Due to

the universality of the colimit, εJKJ · JηKJ(M,N) = 1J(M,N), as it was required.

iv) The triangular identity associated to the right adjoint KLR.

The following identity has to be proved
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KLRεJK ◦ ηKJKLR = 1KLR .

In order to do so, let Z be an object in L, then breaking down the composition we �rst compute

ηKJKLRZ = ηKJ
(
(RaZ,Raε

aZ), (RbZ,Rbε
bZ), Raε

bZ,Rbε
aZ
)

= (Raj
a
R∗Z · ηaRaZ,Rbj

b
R∗Z · ηbRbZ) .

On the other hand,

KLRεJKZ = (Raε
JKZ,Rbε

JKZ) .

Therefore, bringing the composition back,

KLRεJKZ · ηKJKLRZ = (Raε
JKZ,Rbε

JKZ) · (Raj
a
R∗Z · ηaRaZ,Rbj

b
R∗Z · ηbRbZ)

= (Raε
JKZ ·Raj

a
R∗Z · ηaRaZ,Rbε

JKZ ·Rbj
b
R∗Z · ηbRbZ)

= (Raε
aZ · ηaRaZ,Rbε

bZ · ηbRbZ)

= (1RaZ , 1RbZ)

= 1KLRZ .

The third equality follows because (Z, εaZ, εbZ) is a cocone for the diagram of type ‡ corresponding
to the object (RaZ,RbZ). The fourth equality holds because of the triangular identities associated
to the right adjoints Ra and Rb. This completes the proof of the proposition.

2

For the next proposition, the following de�nition and lemma are needed.

De�nition 4.4.7. The pair (Ra, Rb) converts colimits into coequalizers, if and only if for any
object (M,N) in (A,B)(RaLa,RbLb), the coforks,

RaLaRaLaM
RaεaLaM //

RaLa
RaLaχM

// RaLaM
Raja

MN // RaJMN ,

RbLbRbLbN
Rbε

bLbN //

RbLb
RbLbχN

// RbLbN
Rbj

b
MN // RbJMN ,

are coequalizers.
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Lemma 4.4.8. The following commutative diagram

RaLaRaLaM
RaεaLaM //

RaLa
RaLaχM

// RaLaM
RaLaχM //

Raja
MN

''PPPPPPPPPPPPPPPP M

Raja
MN ·η

aM

���
�
�
� ,

RaJMN

exits, where Raj
a
MN · ηaM is a unique arrow.

Proof :

First, RaLaχM is a coequalizer for the parallel arrows Raε
aLaM and RaLa

RaLaχM , since it is a
split coequalizer with the additional morphisms (ηaRaLaM, ηaM). Since jaMN is part of a colimit
for (M,N), Raj

a
MN is, in particular, a cofork for the same parallel arrows. Therefore, there must

exist a unique arrow from M to RaJMN that makes the triangle commute.

On the other hand, according to the following calculation

Raj
a
MN · ηaM · RaLaχM = Raj

a
MN ·RaLa

RaLaχM · ηaRaLaM

= Raj
a
MN ·Raε

aLaM · ηaRaLaM

= Raj
a
MN · 1RaLaM

= Raj
a
MN ,

where the �rst equality follows from the naturality of ηa over RaLaχM . The second equality is just
the cofork property of Raj

a
MN . In the third equality, the triangular identity associated to the right

adjoint Ra was used.

The unique arrow induced by the coequalizer must be then Raj
a
MN · ηaM .

2

A similar statement can be written for Rbj
b
MN · ηbN .

Proposition 4.4.9. The pair of functors (Ra, Rb) converts limits into coequalizers if and only if
J is full and faithful.

Proof :

If (Ra, Rb) converts colimits into coequalizers, then Raj
a
MN · ηaM and Rbj

b
MN · ηbN are isomor-

phisms, using Lemma 4.4.8, and so is ηJK(M,N) using Proposition 4.4.2. Note that this argument
can be reversed, giving the necessity part of the proof. 2

With all this background preparation at hand, the following Beck-type theorem for double
adjunctions can be stated.
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Theorem 4.4.10. Let (L, La a Ra, Lb a Rb) be a double adjunction. Then the pair (Ra, Rb) is
moritable if and only if the category L has colimits for the diagrams of type ‡ and the pair (Ra, Rb)
re�ects isomorphisms and converts colimits into coequalizers.

Proof :

Suppose that (Ra, Rb) is moritable, then the adjunction

(A,B)(RaLa,RbLb)

J
// L

KRL
oo

,

is an equivalence adjunction, hence the unit ηKJ is an isomorphism, i.e. J is full and faithful
according to [25]. By Proposition 4.4.9, the pair (Ra, Rb) converts colimits into coequalizers and
re�ects isomorphisms by Proposition 4.4.3. Then it only remains to show the existence of colimits
of diagrams such as (4.4).

Since KLR is part of an equivalence then it is essentially surjective, that is for an object (M,N)
in (A,B)(RaLa,RbLb)

KLRZ =
(
(RaZ,Raε

aZ), (RbZ, ε
bZ), Raε

b, Rbε
a
) ∼= ((M, RaLaχM), (N, RbLbχN), v, w)

for an object Z in L. Consider the cocone (Z, εaZ, εbZ) for the object (RaZ,RbZ), which can be
represented by the following diagram

LaRaLaRaZ

LaRaεaZ

��

εaLaRaZ

��

LaRaLbRbZ

LaRaεbZ

xxpppppppppppppppppppp

εaLbRbZ

++WWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW LbRbLaRaZ

εbLaRaZ

ssgggggggggggggggggggggggggggggggggggggg

LbRbε
aZ

&&MMMMMMMMMMMMMMMMMMMM LbRbLbRbZ

εbLbRbZ

��

LbRbε
bZ

��
LaRaZ

εaZ

))TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT LbRbZ

εbZ

uujjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj .

Z
(4.49)

If the functor KLR is applied to the whole of the previous diagram, the new diagram can be
obtained,
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R∗LaRaLaRaZ

R∗LaRaεaZ

��

R∗εaLaRaZ

��

R∗LaRaLbRbZ

R∗LaRaεbZ

yyrrrrrrrrrrrrrrrrrrrr

R∗εaLbRbZ

++VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV R∗LbRbLaRaZ

R∗εbLaRaZ

sshhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh

R∗LbRbε
aZ

%%KKKKKKKKKKKKKKKKKKKK R∗LbRbLbRbZ

R∗εbLbRbZ

��

R∗LbRbε
bZ

��
R∗LaRaZ

R∗εaZ

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS R∗LbRbZ

R∗εbZ

uukkkkkkkkkkkkkkkkkkkkkkkkkkkkkk
.

R∗Z
(4.50)

Remember that R∗ stands for (Ra_, Rb_), i.e. strictly speaking we should have obtained a pair
of diagrams, one for each component.

The object ((RaZ,RbZ), (Raε
aZ,Rbε

aZ), (Raε
bZ,Rbε

bZ)) is a cocone for this diagram, since
it is the image of the cocone (Z, εaZ, εbZ) under the functor KLR. This is the proposed colimit for
the diagram (4.50). In order to show this property, let (M ′, N ′) be an object in (A,B)(RaLa,RbLb)

such that ((M ′, N ′), (fa, ga), (f b, gb)) is a cocone for the diagram (4.50). If the proposed object is
a colimit, there must exist a morphism (k, k′) in (A,B)(RaLa,RbLb), such that the following diagram
commutes

(RaLaRaZ,RbLaRaZ)

(RaεaZ,Rbε
aZ)

))RRRRRRRRRRRRRRRRRRRRRRRRRRR

(fa,ga)

""FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF
(RaLbRbZ,RbLbRbZ)

(RaεbZ,Rbε
bZ)

uulllllllllllllllllllllllllll

(fb,gb)

||yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy

(RaZ,RbZ)

(k,k′)

��

.

(M ′, N ′)

(4.51)

We claim that

(k, k′) = (fa · ηaRaZ, g
b · ηbRbZ) . (4.52)

First, we are going to prove the commutativity of the diagram and the uniqueness of (k, k′)
and after that that (k, k′) is well-de�ned, that is to say, (k, k′) is a morphism in (A,B)(RaLa,RbLb).
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For the commutativity of the previous diagram, let us start with the left triangle. That
(k, k′) · (Raε

aZ,Rbε
aZ) = (fa, ga), is shown in this way

fa · ηaRaZ ·Raε
aZ = fa ·RaLaRaε

aZ · ηaRaLaRaZ

= fa ·Raε
aLaRaZ · ηaRaLaRaZ

= fa · 1RaLaRaZ

= fa .

In the �rst equality, the naturality of ηa over Raε
aZ was used. In the second equality, the fact

that fa is a cofork was used. In the third equality, the triangular identity associated to the right
adjoint Ra was used. As far as k

′ goes,

gb · ηbRbZ ·Rbε
aZ = gb ·RbLbRbε

aZ · ηbRbLaRaZ

= ga ·Rbε
bLaRaZ · ηbRbLaRaZ

= ga .

In the �rst equality, the naturality of ηb over Rbε
aZ was used. In the second equality, the

fact that (ga, gb) is a push-out was used. Finally, in the third equality, the triangular iden-
tity associated to the right adjoint Rb was used. Following the same lines, one proves that
(k, k′) · (Raε

bZ,Rbε
bZ) = (f b, gb).

In order to prove that (k, k′) is unique, suppose that there exists another pair of maps, (k̃, k̃′),
such that the commutativity of the triangles takes place, i.e.

(fa, ga) = (k̃, k̃′) · (Raε
aZ,Rbε

aZ) ,

(f b, gb) = (k̃, k̃′) · (Raε
bZ,Rbε

bZ) .

In particular,

fa = k̃ ·Raε
aZ ,

gb = k̃′ ·Rbε
bZ ,

then,

fa · ηaRaZ = k̃ ·Raε
aZ · ηaRaZ = k̃ ,

gb · ηbRbZ = k̃′ ·Rbε
bZ · ηbRbZ = k̃ ,
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which gives the same de�nition for (k, k′) in (4.52). In the previous calculation, the triangular
identities associated to the right adjoints Ra and Rb were used respectively.

Therefore, ((RaZ,RbZ), (Raε
aZ,Rbε

aZ), (Raε
bZ,Rbε

bZ)) is a colimit for the diagram in (4.50).
Since KLR is an equivalence it re�ects colimits, hence (Z, εaZ, εbZ) is a colimit for the diagram in
(4.49).

In order to �nish the proof, it remains to show that (fa · ηaRaZ, g
b · ηbRbZ) is a morphism in

(A,B)(RaLa,RbLb).

First, that fa ·ηaRaZ is a morphism in ARaLa means that the following diagram must commute

RaLaRaZ
RaLaηaRaZ //

RaεaZ

��

RaLaRaLaRaZ
RaLafa

// RaLaM
′

RaLaχM′

��
RaZ ηaRaZ

// RaLaRaZ fa
//M ′ .

Note that the part corresponding to the action RaLaχM under KLR(Z), which is denoted by
KLR(Z)RaLaχM

, is Raε
aZ. The commutativity follows from the following calculation,

RaLaχM ′ ·RaLaf
a ·RaLaη

aRaZ = fa ·Raε
aLaRaZ ·RaLaη

aRaZ

= fa

= fa · ηaRaZ ·Raε
aZ .

In the �rst equality, the fact that fa is in ARaLa was used. In the second equality, the triangular
identity associated to the left adjoint La was used. Finally, in the third equality, the commuta-
tivity of k in (4.51) was used. That gb ·ηbRbZ is a morphism in ARbLb follows along the same lines.

The �rst requirement in (4.21) for a morphism of Eilenberg-Moore algebras can be translated
to

RaLbRbZ
RaLbη

bRbZ //

RaεbZ

��

RaLbRbLbRbZ
RaLbg

b
// RaLbN

′

v′

��
RaZ ηaRaZ

// RaLaRaZ fa
//M ′ .

Note that KRL(Z)v = Raε
bZ. The commutativity follows from the following calculation
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v′ ·RaLbg
b ·RaLbη

bRbZ = f b ·Raε
bLbRbZ ·RaLbη

bRbZ

= f b

= f b ·Raε
aLbRbZ · ηaRaLbRbZ

= fa ·RaLaRaε
bZ · ηaRaLbRbZ

= fa · ηaRaZ ·Raε
bZ .

In the �rst equality, the fact that (f b, gb) is in (A,B)(RaLa,RbLb) was used. In the second equal-
ity, the triangular identity associated to the left adjoint Lb was used and in the third equality, the
triangular identity associated to the right adjoint Ra was used instead. In the fourth equality, the
fact that (fa, f b) is a push-out was used. Finally, in the �fth equality, the naturality of ηa over
Raε

bZ was used. The second requirement in (4.21) is done similarly.

For the converse part of the proof, since the pair (Ra, Rb) converts colimits into coequalizers the
functor J is full and faithful, according to Proposition 4.4.9, i.e. the unit ηKJ is an isomorphism.
Therefore if the counit is an isomorphism as well, the proof will be completed. In order to do so,
let us look at the de�nition of the counit on Z,

LaRaLaRaZ

LaRaεaZ

��

εaLaRaZ

��
LaRaZ

ja
R∗Z

%%KKKKKKKKKKKKKKKKKKK

εaZ

��999999999999999999999999999999 ,

JR∗Z

εJKZ

��
Z

If the functor Ra is applied to this diagram, then we obtain
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RaLaRaLaRaZ

RaLaRaεaZ

��

RaεaLaRaZ

��
RaLaRaZ

Raja
R∗Z

&&MMMMMMMMMMMMMMMMMMMM

RaεaZ

��<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<< .

RaJR∗Z

RaεJKZ

��
RaZ

It can be noted that since (Ra, Rb) converts colimits into coequalizers, Raj
a
R∗Z is a coequalizer.

On the other hand,Raε
aZ is a split coequalizer with the pair (ηaRaLaRaZ, η

aRaZ). Therefore,
Raε

JKZ must be an isomorphism. By the same arguments, Rbε
JKZ must be an isomorphism too.

The pair (Ra, Rb) re�ects isomorphisms, hence εJKZ is an isomorphism. 2

4.5 Example

4.5.1 Categories with Binary Coproducts

The following example is based on [11]. Let us look at a special case of the Eilenberg-Moore
constructions when the categories involved contain binary coproducts. Suppose that the categories
A and B have binary coproducts. Suppose further that (A,B, T, T̂ , ev, êv) is a Morita context

that preserves binary coproducts, i.e. A, B, T and T̂ preserve binary coproducts. The following
monad (Q, µQ, ηQ) can be de�ned on the product category A × B, where the endofunctor Q is
de�ned as

Q(X, Y ) = (AX + TY,BY + T̂X) , (4.53)

and the natural transformations are de�ned over the object (X, Y ) in A× B as

µQ(X, Y ) = (µA + ev)X + (λ+ ρ)Y : (AAX + ATY + TBY + T T̂X,

BBY +BT̂X + T̂AX + T̂ TY
)
−→ (AX + TY,BY + T̂X) , (4.54a)

ηQ(X, Y ) = ιXY · (ηA, ηB) : (X, Y ) −→ (AX,BY ) −→ (AX + TY,BY + T̂X) . (4.54b)



152 4.5. Example

Here ιXY is a short notation for the canonical injection (AX,BY ) −→ (AX +TY,BY + T̂X) and

(µA + ev)X : AAX + T T̂X −→ AX and (λ + ρ)Y : ATY + TBY −→ TY are de�ned by the
colimit of the following diagrams

AAX //

µAX

$$JJJJJJJJJJJJJJJJJJ AAX + T T̂X

µAX+ evX

��

T T̂Xoo

evX

zzuuuuuuuuuuuuuuuuu
,

AX

ATY //

λY

$$JJJJJJJJJJJJJJJJJ ATY + TBY

λY+ ρY

��

TBYoo

ρY

zzttttttttttttttttt
.

TY

The morphisms (µB + êv)Y and (λ̂+ ρ̂)Y are de�ned in a similar way.

In this case the Eilenberg-Moore category for the Morita context (A,B, T, T̂ ) is isomorphic
to the Eilenberg-Moore category of algebras for the monad (Q, µQ, ηQ), i.e. (A,B)(A,B) ∼= (A×B)Q.

On the other hand, consider a double adjunction (L, La a Ra, Lb a Rb) such that L has binary
coproducts and these coproducts are preserved by the functors Ra and Rb. Then there exists an
adjunction

A× B
L+

// L .
R∗oo (4.55)

The left adjoint L+ is de�ned on objects (X, Y ) as LaX + LbY , and for morphisms (h, k) :
(X, Y ) −→ (X ′, Y ′) as Lah+Lbk : LaX +LbY −→ LaX

′ +LbY
′. The right adjoint R∗ is de�ned

on objects Z in L as (RaZ,RbZ) and on morphisms z : Z −→ Z ′ as (Raz,Rbz) : (RaZ,RbZ) −→
(RaZ

′, RbZ
′).

The monad on A × B de�ned by the adjunction L+ a R∗ is just the monad (Q, µQ, ηQ)
corresponding to the Morita context (RaLa, RbLb, RaLb, RbLa), and due to the isomorphisms of
Eilenberg-Moore categories the moritability of (Ra, Rb) corresponds to the monadicity of R∗.



Appendix

A Structural Properties of IntCat(M)

This section collects some technical results concerning the 2-category IntCat(M).

Remark A.1. Consider the following diagram in a category C that has equalizers for all parallel
arrows

E
f //

r̃·f

��

A
h //
k

//

r

��

B

s

��
E ′

e′
// A′

h′ //
k′

// B′ ,

where f is a fork of the upper parallel arrows h and k, e′ is an equalizer for the lower parallel
arrows h′ and k′. Suppose also that the right square diagram commutes serially. Then r · f is
a fork for the lower parallel arrows and induces a morphism r̃ · f , through the equalizer e′, such
that

e′ · r̃ · f = r · f .

The previous remark helps to write the proofs to come where the category C is taken to be
our usual monoidal category (M,⊗, I) with ⊗-preserved equalizers.

The �rst lemma to be stated is needed, in particular, to prove that the composition of functors
in IntCat(M) is a functor, but here it is singled-out for the sake of referencing. This lemma is
termed as the factorization lemma.

153
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Lemma A.2. Let Ci be comonoids in M, i = 1, 2, 3. Assume that f0 : C1 −→ C2 and g0 : C2 −→
C3 are comonoid morphisms. Take objects Mi and Ni in MCi and CiM, i = 1, 2, 3, respectively.
If the following morphisms are de�ned

p1 : M f
1 −→M2 inMC2 ,

p2 : fN1 −→ N2 in
C2M ,

q1 : M g
2 −→M3 inMC3 ,

q2 : gN2 −→ N3 in
C3M ,

then the following composition

M1�C1N1

ιgf //M gf
1 �C3

gfN1

q1p1�C3
q2p2 //M3�C3N3

is equal to

M1�C1N1

ιf //M f
1 �C2

fN1

p1�C2
p2 //M2�2N2

ιg //M g
2 �C3

gN2

q1�C2
q2 //M3�3N3 .

Proof :

We prove �rst that q1 · p1 : M gf
1 −→ M3 is a morphism inMC3 . In order to do so, consider

the following diagram

M1 ⊗ C3
p1⊗C3 //

(i)

M2 ⊗ C3
q1⊗C3 //

(iii)

M3 ⊗ C3

M1 ⊗ C2

M1⊗g

OO

p1⊗C2

//

(ii)

M2 ⊗ C2

M2⊗g

OO

M1 ⊗ C1

M1⊗f

OO

M1 p1
//

ρ
C1
M1

OO

M2 q1
//

ρ
C2
M2

OO

M3

ρ
C3
M3

OO

.

1) The diagram denoted by (i) commutes because of the bifunctoriality of the tensor product ⊗.
2) The diagram denoted by (ii) commutes because p1 : M f

1 −→ M2 is a morphism in MC2 .
3) Finally, the diagram given by (iii) commutes because q1 : M g

2 −→M3 is a morphism inMC3 .

From the commutativity of the previous three diagrams, the commutativity of the outer most
diagram follows, which is the required property.
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That q2 · p2 : gfM1 −→M3 is a morphism in C3M follows by symmetrical arguments.

To show the equality of morphisms, consider the following diagram

M1�C1N1

ι1

))RRRRRRRRRRRRRRRR

ιf

��

(ii) M1 ⊗N1

M1⊗C1ρN1 //

ρ
C1
M1
⊗N1

//

p1⊗p2

��

(i)

M1 ⊗ C1 ⊗N1
M1⊗f⊗N1 //M1 ⊗ C2 ⊗N1

p1⊗C2⊗p2

��

M f
1 �C2

fN1

j1

66lllllllllllllll

p1�C2
p2

��

(iii)

M2�C2N2 ι2
//M2 ⊗N2

M2⊗C2ρN2 //

ρ
C2
M2
⊗N2

//M2 ⊗ C2 ⊗N2 .

In the inner diagram denoted by (ii), ιf is the induced map by j1 over ι1, hence it commutes

by de�nition. The inner diagram denoted by (i) commutes serially because p1 : M f
1 −→ M2 is a

morphism inMC2 and p2 : fN −→ N2 is a morphism in C2M. On the other hand, the morphism
j1 is the morphism associated to the cotensor product corresponding to the upper parallel pair
of morphisms, i.e. it is in particular a fork for the parallel upper arrows. Then, by Remark A.1,
ι2 · (p1�C2p2) = (p1 ⊗ p2) · j1. But ι1 = j1 · ιf , hence

ι2 · (p1�C2p2) · ιf = (p1 ⊗ p2) · ι1 .

Also, if the following diagram is considered
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M2�C2N2

ι2

))RRRRRRRRRRRRRRRR

ιg

��

M2 ⊗N2

M2⊗C2ρN2 //

ρ
C2
M2
⊗N2

//

q1⊗q2

��

M2 ⊗ C2 ⊗N2
M2⊗g⊗N2 //M2 ⊗ C3 ⊗N2

q1⊗C3⊗q2

��

M g
2 �C3

gN2

j2

55llllllllllllllll

q1�C3
q2

��
M3�C3N3 ι3

//M3 ⊗N3

M3⊗C3ρN3 //

ρ
C3
M3
⊗N3

//M3 ⊗ C3 ⊗N3 ,

a similar conclusion as before can be achieved, namely ι3 ·(q1�C2q2)·ιg = (q1⊗q2)·ι2. Furthermore,
if the previous two diagrams are glued together, the next diagram can be drawn

M1�C1N1

ι1

((QQQQQQQQQQQQ

ιf

��

M1 ⊗N1

M1⊗C1ρN1//

ρ
C1
M1
⊗N1

//

p1⊗p2

��

M1 ⊗ C1 ⊗N1
M1⊗f⊗N1//M1 ⊗ C2 ⊗N1

p1⊗C2⊗p2

��

M1⊗g⊗N1//M1 ⊗ C3 ⊗N1

p1⊗C3⊗p2

��

M f
1 �C2

fN1

j1

66mmmmmmmmmmmm

p1�C2
p2

��
M2�C2N2

ι2

((QQQQQQQQQQQQ

ιg

��

M2 ⊗N2

M2⊗C2ρN2 //

ρ
C2
M2
⊗N2

//

q1⊗q2

��

M2 ⊗ C2 ⊗N2M2⊗g⊗N2

//M2 ⊗ C3 ⊗N2

q1⊗C3⊗q2

��

M g
2 �C3

gN2

j2

66mmmmmmmmmmmm

q1�C3
q2

��
M3�C3N3 ι3

//M3 ⊗N3

M3⊗C3ρN3 //

ρ
C3
M3
⊗N3

//M3 ⊗ C3 ⊗N3 .
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Combining the two previous results, we obtain ι3 · (q1�C2q2) · ιg · (p1�C2p2) · ιf = (q1 ⊗ q2) ·
(p1⊗ p2) · ι1. On the other hand, if the internal arrows of this last diagram are removed and some
others are added, the following diagram can be obtained

M1�C1N1

ι1

))SSSSSSSSSSSSSSSS

ιgf

��

M1 ⊗N1

M1⊗C1ρN1 //

ρ
C1
M1
⊗N1

//

q1·p1⊗q2·p2

��

M1 ⊗ C1 ⊗N1
M1⊗g·f⊗N1 //M1 ⊗ C3 ⊗N1

q1·p1⊗C2⊗q2·p2

��

M gf
1 �C3

gfN1

j3

55llllllllllllllll

q1p1�C3
q2p2

��
M3�C3N3 ι3

//M3 ⊗N3

M3⊗C3ρN3 //

ρ
C3
M3
⊗N3

//M3 ⊗ C3 ⊗N3 .

Then ι3 · (q1p1�C3q2p2) · ιgf = (q1 · p1 ⊗ q2 · p2) · ι1 as before.

Therefore,

ι3 · (q1p1�C3q2p2) · ιgf = ι3 · (q1�C2q2) · ιg · (p1�C2p2) · ιf ,
and since ι3 is an equalizer

(q1p1�C3q2p2) · ιgf = (q1�C2q2) · ιg · (p1�C2p2) · ιf ,
as required. 2

Proposition A.3. Let M , N be objects in CMC. Then the map ι : M�CN →M⊗N is in CMC.

Proof :

Consider the following diagram,

M�CN
ι //

CρM�CN

��

M ⊗N
M⊗CρN //

ρC
M⊗N

//

CρM⊗N

��

(i)

M ⊗ C ⊗N

CρM⊗C⊗N

��
C ⊗M�CN

C⊗ι
// C ⊗M ⊗N

C⊗M⊗CρN //

C⊗ρC
M⊗N

// C ⊗M ⊗ C ⊗N ,
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where the inner diagram (i) commutes serially because of the bifunctoriality of ⊗ and because
M is an object in CMC . The map ι is an equalizer and so is C ⊗ ι, due to the preservation of
equalizers through the tensor product. In view of Remark A.1, (CρM⊗N) ·ι = (C⊗ι) ·(CρM�CN).
This means that ι is a morphism in CM. That ι is a morphism inMC is proved similarly. 2

Proposition A.4. Let r : R −→M ⊗N in CMC be a fork for the cotensor product (M�CN, ι).
Then r̃ : R −→M�CN , the induced morphism by the equalizer ι, is in CMC.

Proof :

Consider the following diagram

R

r̃

��

r

''OOOOOOOOOOOOOOOOOOOOOOOOO

M�CN
ι //

CρM�CN

��

M ⊗N
M⊗CρN //

ρC
M⊗N

//

CρM⊗N

��

M ⊗ C ⊗N

CρM⊗C⊗N

��
C ⊗M�CN

C⊗ι
// C ⊗M ⊗N

C⊗M⊗CρN //

C⊗ρC
M⊗N

// C ⊗M ⊗ C ⊗N .

Because of Remark A.1, (CρM ⊗N) · ι = (C ⊗ ι) · (CρM�CN). Since r is a fork for the upper
parallel arrows, ι · r̃ = r. Therefore,

(CρM ⊗N) · r = (C ⊗ ι) · (CρM�CN) · r̃ .

The morphism r is in CM, i.e. (CρM ⊗N) · r = (C ⊗ r) · CρR. Due to the bifunctoriality of the
tensor product C ⊗ r = (C ⊗ ι) · (C ⊗ r̃), hence

(CρM ⊗N) · r = (C ⊗ r) · CρR = (C ⊗ ι) · (C ⊗ r̃) · CρR .

Therefore, (C ⊗ ι) · (CρM�CN) · r̃ = (C ⊗ ι) · (C ⊗ r̃) · CρR, but C ⊗ ι is a coequalizer, then

(CρM�CN) · r̃ = (C ⊗ r̃) · CρR ,

which means that r̃ is a morphism in CM. That r̃ is a morphism in MC follows by similar
arguments. 2
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Corollary A.5. For a morphism of comonoids, f0 : C −→ D, the morphism ιf : M�CN −→
M f�D

fN is in CMC.

2

Lemma A.6. Let C, D be comonoids inM. Take the following comodules: a right C-comodule
R, left C-comodule S, right D-comodule T, left D-comodule U, and assume that there exists a
comonoid morphism f0 : C −→ D. Consider the following commutative diagram in M,

R⊗ S r⊗s // T ⊗ U

M g
//

h

OO

N

k

OO

.

Suppose that h and k are forks for R�CS and T�DU , and r and s are morphisms in
DMD. Then

there exists an induced commutative diagram

R�CS
ιf // Rf�D

fS
r�Ds // T�DU

M g
//

h̃

OO

N

k̃

OO

.

Proof:

Consider the following diagrams

M

h

&&LLLLLLLLLLLLLLL

h̃

��
R�CS ι1

// R⊗ S
R⊗CρS //

ρC
R⊗S

// R⊗ C ⊗ S

and
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R�CS

ι1

&&MMMMMMMMMMMMMMM

ιf

��
Rf�D

fS
j

// R⊗ S
R⊗CρS //

ρC
R⊗S

// R⊗ C ⊗ S R⊗f⊗S // R⊗D ⊗ S .

These diagrams commute. First, because the morphism h̃ is the one induced by the fork h over
the equalizer ι1. Second, because the morphism ιf is the one induced by the morphism ι1 over
the equalizer j. These diagrams can be glued together thus giving the following one:

M

g

��

h̃

%%KKKKKKKKKKKKKK

h

��

R�CS

ι1

&&MMMMMMMMMMMMMMM

ιf

��
Rf�D

fS
j

//

r�Ds

��

R⊗ S
R⊗CρS //

ρC
R⊗S

//

r⊗s

��

(i)

R⊗ C ⊗ S R⊗f⊗S // R⊗D ⊗ S

r⊗D⊗s

��
T�DU ι2

// T ⊗ U
T⊗DρU //

ρD
T ⊗U

// T ⊗D ⊗ U

N

k

(ii)

44hhhhhhhhhhhhhhhhhhhhhhhhhhhhhh

k̃

99ssssssssssssss

.

The square diagram corresponding to (i) commutes because of the colinearity of the morphisms
r and s. Due to Remark A.1, (r ⊗ s) · j = ι2 · (r�Ds). Finally, (ii) commutes because k̃ is the
morphism induced by the equalizer ι2 over the morphism k.

All of this together amounts to

ι2 · (r�Ds) · ιf · h̃ = (r ⊗ s) · j · ιf · h̃ = (r ⊗ s) · ι1 · h̃ = (r ⊗ s) · h = k · g = ι2 · k̃ · g ,

which immediately leads to the conclusion of the lemma. 2
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